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PREFACE 


This is an introduction to the use of coordinates and analytical 
methods in geometry. It is expected that the reader will 
usually have taken a previous course of elementary calculus 
and that during that course and from his study of graphs he 
will have gained some knowledge of rectangular cartesian 
coordinates. 

The early chapters contain numerous exercises suitable for 
a beginner, so that a previous course of coordinate geometry 
is not necessary. The book is intended to be easy throughout. 
For the better students some harder questions are included 
in the illustrative examples and in the exercises. 

The aim has been to introduce a large variety of methods 
and ideas. The use of parameters, envelope coordinates, and 
duality is emphasised, and vectors are used when this seems 
desirable. 

The importance of the parabola, ellipse, and hyperbola must 
be recognised, although it has been exaggerated in the past. 
The analytical processes that are introduced can profitably 
be illustrated by applications to other curves as weU as the 
conics, and many of the curves have an interest of their own. 
It has been found that the necessary knowledge of the conics 
is not easily acquired from an analytical course alone ; there- 
fore in this book some of the important properties are dealt 
with by pure geometry. Enough about the conics for the 
beginner is contained in Chapter 6, and it is recommended 
that chapters 13, 14. 15 should not be taken before any of 
the previous chapters ; these three chapters contain sufficient 
detail for those who require a treatment of analytical conics 
on traditional lines. 

An attempt is made in Chapter 8 to justify the use of 
complex coordinates and points at infinity. It is felt that 
they certainly ought not to be used without some justification, 



XU 


PREFACE 


and further that the important idea of an abstract geometry 
is one which should be presented to ordinary students. 

There is nowadays no definite line to be drawn between 
pure and:analytical geometry. Much of the bookwork of what 
is usually called elementary projective geometry is included 
in Volume I or Volume II. But the book is intended to be 
mainly analytical and it will be necessary for the student to 
supplement his reading by working sets of examples from some 
text-books on pure geometry on such subjects as cross-ratio, 
homography, involution, and inversion. Even then he should 
always feel at liberty to apply analytical methods when they 
are the most convenient. He needs to learn to choose for 
himself the most suitable method for particular geometrical 
problems. 

The distinction between metrical and projective geometry 
has been kept in mind in writing the book, with a view to 
making it a good introduction to the work which will be done 
later at the university. It is a distinction which the teacher 
himself will do well to emphasise in the schools. 

My thanks are due to Mr J. C. Manisty for the help he 
has given me in the production of the book. 


A.R. 



CONVENTIONS AND ABBREVIATIONS 


The following conventions or abbreviations are used in this book: 

0 * 1 . (a, 6) means the point whose coordinates are a, 6. 

(a, h, c) means the point whose coordinates are a, 6, c. 

Fn means or (x„,yn*Zn) according to the context. 

0*2. “Line” means “straight line”, and lines are supposed to be 
imlimited except when it is otherwise stated. 

[a, 6] means the lino whose coordinates are a, b. 

[a, b, c] moans the line whose coordinates are a, 6, c. 

Pn means or [X„, according to the context. 

0*3. If the angle (o between the cartesian axes is relevant, it is assumed 
to be Jtt unless the contrary is stated. When it is to bo specially 
noted that the axes are oblique, the symbol {6>} or {(o = oc} is 
used. 

0*41 . The word “respectively ” is omitted unless the omission is likely 
to load to misimderstanding. 

0*42. The words “whose equation is ” are often omitted in such expres- 
sions as “the line whose equation is ax-\-by + c =: 0^\ 

0*43. The word “wo” means “with respect to”. 

0*5. If in an equation : O 2 happens that Ui = 0, the equa- 

tion is taken to mean that iCi = 0; if 0^2 = 0,iti8takentomean1^|^t 
iCa = 0; if Ui = Ua = 0, the equation has no meaning. 

If iCj : ajg : iTg = a 2 • for example, = 0, the equation 

is taken to mean : Xa = Uj : O2 and = 0; 

if Oa = ^3 = if is taken to mean that — x^ = 0; 
if 02 = Ug = Us = 0, the equation has no meaning. 

Similar conventions are made for equations of the same t 5 q)e 
with n variables. 

0*6. A knowledge of the notation and elementary properties of 
determinants is assumed. 

The determinant h g which arises in connexion with the 
h b f 
g f ^ 

quadratic forms 

ax^ + 2hxy + hy^ -f 2gx + 2 / 1 / + c, ax^ + 2hxy -f by^ + 2gxz -t- 2fyz -b 
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is denoted by 8, Also it is assumed that if 
A = hc-f\ B=^ca-g^, 

F = gh-af, O = hf-bg, H=fg-ch, 
then S = Aa -|- Hh + Gg = Hh -f Bb + Ff = Gg + + Gc, 

^ 0 = Ah-hHb+ Gf = Ha + Bh-i-Fg := Ga + Fh+Gg 

0 = Ag + Hf+Gc = Hg + Bf+Fc=^Oh + Fb+ Gf, 
and A H G =S^ = A. 

B B F 

G F G 

Also BG-F^ = a8, GA-G^ = b8, AB-^H^ = c8, 
GH-AF=f8, HF-Ba = g8, FG-GH = h8, 

0*7. In mathematics the phrase “in general ” is often used to qualify 
a statement. It means that the statement is true unless the 
“constants” involved satisfy some special condition. 

For example: 

(1) In general + 6 = 0 is true for just one value of x, 

(2) In general two lines in a plane have just one common 
point. 

In (1) for the special value a = 0, a.r + 6 = 0 for no value of x 
unless also 6 = 0 when it is true for all values of x. In (2) if the 
lines are distinct and parallel, they have no common point; if 
they are coincident, they have an unlimited number of common 
points. 

The “constants” may be explicit algebraic constants as in 
(1) or they may be implicit. In (2) the “ constants ” might be the 
coefficients in the equations of the lines or they might be implicit 
in geometrical conditions determining the lines. 

0’8. The following abbreviations are used for references in the text: 

P,M. Pure MathermUics, Hardy (Cambridge). 

A, A. Advanced Algebra^ 3 vols., Durell and Robson (Bell). 

A,T. Advanced Trigonometry, Durell and Robson (Bell). 

E,C. Elementary Galculus, 2 vols., Durell and Robson (Bell). 

M,G. Modem Geometry, Durell (Macmillan). 

P.G» Projective Geometry, Durell (Macmillan). 

H,M. A Short Account of the History of Mathematics, W. W. R. Ball 
(Macmillan). 



Chapter 1 

COORDINATES 


1*1. Geometry of One Dimension 

I'll. If 0 is a fixed point on the line X'OX, the position of 
a point P on the line is determined by one coordinate x which 
takes positive and negative values and determines the dis- 
placement OP of P from 0. P is called the point (x). 


X' OP 


X 


If the length of OP is I units, the coordinate of P is + i or 
— I according as P is on the same side of 0 as JT or X', 

0 is called the origin. It has the coordinate zero. 

If A and B are the points (a) and (6), we write 


AP = 6-a, (1) 

and then, since the distance between the points is |a — 6| 
units, AB gives the distance or minus the distance according 
as a < 6 or a > 6. 

Since P^^ denotes the point {x^), the formula (1) may be 
written P P - t -t 

X 1^2 — *^2 •^ 1 * 


1-12. Example. Verify that 

BC.AD-^CA.BD + AB.CD = 0. 

Take D as origin and let the coordinates oiA,B,C\M a, b, e. 
Then 

BC.AD + OA.BD + AB.CD 

= (c — 6)(— a) + (o-c)( — 6) + (6-a)(-c) = 0, 


EXERCISE lA 

[In this exercise the points are in one line] 

In Nos. 1-4 verify 

1 . BC-^CA-\-AB = 0, 2 . AB + BG = AC. 

3. PoPi + PiP 2+P2^8+ - •+^n-l^n = 

4 . AD^.BC + BD^,GA + GD^.AB= CB.AC.BA. 
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5. If P jF = kPP^, find the coordinate {x) of P in terms of k and the 
coordinates x^y of P^, Pg. 

6. If A and B are fixed points and /c is a constant, show that a point 
P such that PA^ + PP® = kAB^ has 2, 1, 0 possible positions according 
as ic>, = , <i. 

In Nos. 7~9, the points Pj, Pg vary so that their coordinates satisfy 
the given condition. Find the positions in which Pj coincides with Pg. 

7. x^x^ + 4cx^ — Sxg —12 = 0. 8. 4^1 a?2 — Ix^ — Sajg + 9 = 0. 

9. x^x^ + ^x^ — Sajg +1 = 0. 

10. Verify that 

EA^,BC,GD,DB+EB^.CA,AD.DG 

-\-EGKAB,BD.DA + EDKGB.BA,AG = 0. 

1 - 13 . The ratio AP : PB is called the ratio in which P 
divides AB, It is positive if and only if P is between A and P. 

For example, if AB = 2PP, then AP : PB = 3 : — 1, and 
P divides AB in the ratio 3 : — 1. P may be said to divide AB 
externally in the ratio 3:1. 

If X is the coordinate of the point P which divides P 1 P 2 in 
the ratio AP ■. PB - : K,. 

K^{X-X-^) K^{x^-X)y 

• X = 

/Ci + ZCg 

This important formula applies whether Xg/zCj is positive or 
negative, but must not be zero. 


EXERCISE IB 

[The points are in one line and Ay B are the points (a), (6)] 

In Nos. 1-7, A Bis divided at P in the given ratio and the coordinate 
of P is to be found. 

1. a = 3, 6 = 8; 3:2. 2. a=3, 6 = -2; 2:3. 

3. a = -6,6= 3; 3:1. 4. a = 5, 6 = -3; 1:7. 

5. a = -7,6 = 6; 9:-6. 6. a=3,6 = -ll; -2:9. 

7. a = a?!, 6 = ajg; Xg : externally. 
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8. If DA := AB = 2BGy give the coordinates of C and D, 

9, If ^PA = AB = ^BQt give the coordinates of P and Q, 

10. If XRA = p,AB = vBSj give the coordinates of R and S, 

11 . If ^ JB is divided internally at P and externally at Q in the ratio 
A : 1, find the length of PQ in terms of that of AB. 

1 * 14 . The position of a point P in a line may be determined 
wo two fixed points^ and B instead of wo a single origin 0. 

The value of APjPB. = A, is called the ratio-coordinate of P. 
The position of P is uniquely determined by A. 

Instead of using A, it is possible to use two coordinates 
/Cl, /Cg such that AP : PB = : k^, calling P the point (/Cj, /Cg). 

These two coordinates are effectively equivalent to one. It is 
only their ratio that is relevant. The points (3, 2), (30, 20), 
(3c, 2c) are all the same provided that c is not zero. The pair 
of coordinates 0, 0 corresponds to no point. 

The coordinates of A and B are 1, 0 and 0, 1, and the point 
(/Cl, /Cg) is the centre of mass of /Ci at A and /Cg at B. For this 
reason the coordinates are sometimes called barycentric 
coordinates. 


EXERCISE Ic 

[The points are in one line and A, B are the fixed points of reference] 

1. If EA = 2AG = 2GB = BD, what are the ratio -coordinates of 
a, A A AL? 

2. What point has no ratio-coordinate, and what number A is the 
coordinate of no point? 

3. Sketch a graph to show how A varies when P describes the whole 
line. 

4. In No. 1, give the barycentric coordinates of Ay B, G, D, E. 

5. Does every point of the line have barycentric coordinates? 

6. What barycentric coordinates correspond to no point of the line ? 

7. Ay By G, D are poin\;S of a line having coordinates a, 6, c, d 
measured from a point 0 in the line, and ratio -coordinates A, /ly v, p 
referred to any two fixed points hi the line. Evaluate 

(AB.GD)I(AD.GB) 

in terms of a, 6, c, d and in terms of A, /4, Vy p. 


1-2 
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1*2. Geometry of Two Dimensions 

The position of a point P in a plane is determined with 
reference to two lines X'OX, Y'OY by two coordinates 
X = ON and y = OM which are the one-dimensional co- 
ordinates (referred to 0 as origin) of points N, M on X'OX, 
Y'OY such that ON PM is a parallelogram. 



X and y are called cartesian coordinates. They were intro- 
duced by Descartes (1596-1650). 

0 is called the origin. The line X'OX is called the axis of x, 
or, since every point on it has its y-coordinate zero, it may be 
called the liney = 0. Similarly T'OT is called the aids of y or 
the line x = 0. 

It is assumed that the reader is familiar with elementary 
numerical applications of • cartesian coordinates for axes 
X'OX, Y'OY at right angles to one another. These co- 
ordinates are particularly convenient for the investigation of 
problems in metrical geometry, i.e. problems in which 
distances are involved. 

There is an advantage for certain problems in using oblique 
axes (/LXOY = (o ^ \n) a-nd many formulae are as easily 
obtained for obhque as for rectangular axes, but rectangular 
axes are often used in applications of coordinate geometry. 
See 0-3. 
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1*3. Displacements and Vectors 


1*31. Instead of using two coordinates to determine the 
position of a point P we may determine it by the displacement 
OP from the origin to the point. 

This displacement has a magnitude or amount which is the 
length of OP, a direction namely that of OP, and a sense (from 
0 towards P). It is an example of a vector: a vector is a number 
associated with a direction. 

liABOD is a parallelogram, the displacements AB, DC are 
equivalent. Vectors having this 
property are called /rec vectors; 
they are to be contrasted with 
localised vectors, such as forces, 
for which AB, DC are not equi- 
valent. 

A displacement from A to B followed by a displacement 
from P to 0 is equivalent to a displacement from A to C. 
This is denoted by aB + BC = AC, 

where + and = have new meanings. 




( 1 ) 


We also write P + 0 = R, (2) 

where P, 0, R are any displacements equivalent to AB, BC, 
AC. 

(2) is, in effect, the definition of the sum of two free vectors. 
The equivalence of AB + BC and AD + DC, 


ie P + 0=0 + P, (3) 

is the commutative law of addition for free vectors. 

The identity P + (O + R) = (P + O) + R can be illustrated 
geometrically. In virtue of the result, either expression may 
be denoted by P + 0 + and by (3) the order of the terms 
P, 0, R can be changed. 

P - 0 denotes the vector S such that 

* p = 0 + s. 


— 0 denotes the vector T with the same amount as 0 but 
the opposite direction. 

Thus P + T = P-0. 
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1'32. The magnitvde or amount of a vector AB is the length 
of AB, When a vector is denoted by a clarendon symbol P, its 
amount is denoted by the corresponding italic letter P. 

A vector of magnitude 1 is called a unit vector. 

If fc is a positive number and P is a vector, kV denotes a 
vector of amount kP with the same direction as P. If k is 


negative, kV has amount — kP and the direction opposite to P. 


1*33. Unit vectors in the axes OX, OY are denoted by i, j. 
Hence if P is a point {x, y), 

OP = xi-^y], 

1*34. Scalar Product. The scalar 
product of two vectors Rj, Rg is de- 
fined to be where Pj, Pg 

are the amounts of the vectors and 6 
is an angle from the direction of R^ to 
that of Rg. It is denoted by R^ . Rg. 

Another meaning with which we shall not be concerned in 
this book is given to R^ x Rg. 

Since cos(2?i7r-f 0) = cos0, it is immaterial in the above 
definition which angle from R^ to Rg is taken. And since 

COS{— 0) = COS0 

R 2 • ®-l ~ • ®“2* (^) 

R2 denotes R . R and 

R2 = P2. (2) 

In particular = j2 = 1, i . j = j . i = cos o). 

If R = Ri + Rg, the projection of R on any line is equal to 
the sum of the projections of Rj, Rg on the same line. This is 
equivalent to Exercise 1a, No. 2. Hence, if u is a unit vector in 
the line, 

R.u = Ri,u+ Rg.u. 

Multiplication by S gives 

R.S = Ri.S + Rg.S. (3) 

Rv means of Qb (2). 13). relations between vectors analogous 




1-4] COORDINATES 7 

to ordinary algebraic formulae can be proved. For example: 

(X + Y)2 = (X + Y).(X + Y) 

= X.(X + Y) + Y.(X + Y) 

= (X + Y).X + (X + Y).Y 
= X.X + Y.X + X.Y + Y.Y, 

(X + Y)2 = X2 + 2X.Y + Y2. (4) 

EXERCISE Id 

1 . Simplify 2GX + GA and VA + VB + VC, where A BC is a triangle, 
O is its centroid, X is the mid-point of BG, and V is any point. 

2. If P + Q = R, show that kP -f- kQ = ^R, and interpret this when 
k = i. 

3 . Give the geometrical interpretation of 1 • 3 1 ( 3 ) . 

4. Give the value of OP^ . OPg when A Pi OPg = 

5. What conclusion can be drawn from P . O = 0 ? 

In Nos. 6-8 evaluate the product. 

6. i.{21 + 3j). 7. (i+j).(l-j)- 8. (3i-4j)*. 

9. Verify that 1*34(4) is equivalent to the trigonometrical formula 
= 62 ^ _ 26c cos A. 

1-4. Distance between Two Points 

Two points Pi and Pg may be represented by coordinates 
^ 1 , 2 /i and iCg, or by vectors OPi, OPg, where 

OPj = + «/ J, OPg = ajgi + j. 

Hence P^ P^ = OPj - OP^ 

= (*2-*i)i + {y2-2/i)j* 

Pi Pa* = Pi Pa* = {(xa -Xi)i + {y^ - yi) j}* 

= («! - aJa)* + (Vi - 2 / 2 )* + 2(a:i - x^) {y^ - y^) cos <o, 
and for rectangular axe§ 

Pi Pa* = (a:i-a;a)*+(yi-ya)*. 

These results are equivalent to the theorem of Pythagoras 
and its extensions. The vector method is applicable also in 
geometry of three dimensions (1-9). 
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EXERCISE lE 

Tn Nos. 1—4, state the distance OP in terms of the coordinates 
x,y of P for the given value of o)» 

1. in. 2. in. 3. in. 4. -Jtt. 

In Nos. 5—12, find the distance between the pair of points. 

6. (2,5), (6,9). 6. (3,6), (2,7). 

7. (a,b),{c, -d). 8. (-4,1), (-6,7). 

9. (4, -2), (-3,-1). 10 . (a + c,fe-d), (0,0). 

11. (a,6), (a+60,6-91). 12. (p + 12,g- 1), (p- 12,g~8). 

13. If the distance between {k, 8) and ( — 6, 3) is 13, find the value 
of k. 

14. Prove that the distance between (a cos a, a sin a) and 
(a cos a sin P) is | 2a sin i((X — )^) | , and verify the result geometrically. 

15. Find the lengths of the sides of the triangle ( — 1, 7) (3, 10) (13, 0). 

16. Calculate the perimeter of the convex quadrilateral whose 
vertices are (36, 60), (98, 2), (71, 38), ( - 19, 2). 

17. Prove that the points (121, 0), ( — 71, 66), (39, — 164), (4, 81) lie 
on a circle centre (4, — 44). 

18. Find the centre of the circle through (0, 1), (1, 2), (2, 2^). 

In Nos. 19-21, find the distance between (1, 2) and ( — 3, 4) for the 
given value of (o, 

19. in. 20. in. 21. -|7r. 

22. If the distance between (4, 1) and (7, — 9) is ^139, find w. 


1*5. Point dividing PiPg in a given Ratio 

1*51. If the point P{x,y) divides PiP^ ratio /Cg : /c^, 

then, since in the figure 

N^N : NN^ = PjP : PPg = /Cg : /Ci 
and P and N have the same ^-coordinate, therefore by 1-13 


Similarly 


^ 1 ^ 1 + ^ 2^2 
Kj + ZCg 


This proof may be expressed more concisely by means of 
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vectors. If Ti, Tj, r are the vectors OPj, OPj, OP, then 
r-r^ _ r^-r 

/Ca “ ATi ■ 

Ai + Aa 



This includes the two results of (1). It may also be expressed 
in the form ^ ^ ^ ^p ^2) 


1 *52. If the line joining the point P in 1 *51 to Pg is divided at 
Q in the ratio k^: + k^, then by (2) 

(^1 + ^2) OP + ^3 OP3 = {^1 + ^2 + ^3) 00^ 

and therefore by (2) again 

+ /Cg OPg ^sOPg = (/C]^ + /Cg 4" /C 3 ) OQ. 

If QP^ is divided at B in the ratio /C4 : /Cj + /Cg 4- /Cg, it may be 
proved in the same way that 

/Cl0Pi + /C2 0P2 + /Cg0Pg + /C 40 P 4 = (/Ci4-AC2 4-/Cg4-/C4)OR, 

and so on. If there are n points P i> •••? P^ and n numbers 
/fj, /Cg, associated with them, the final point 0(x, y) 

reached by the above process is called the centroid of at 
Pi, ATg at Pg, ..., at P^, and 

S(/cOP) = (Lk) OG. 




The symmetry of the result shows that the points ■Pij -Pa* •••> 
can be taken in any order provided that each P, is associ- 
ated with its assigned k^. 

The values of the /c’s need not be positive, but S/c must not 
be zero. When ... =/c„, the point G is called simply 

the centroid of Pj, P^, ..., P^- 

If the /c’s are positive, 0 is the centre of mass of at P^, /Cj at 
Pa> * • • > 


1 ' 53 . Example. Find the incentre of the triangle ( — 2, 47) 
( - 30, - 49) (70, 26), and the ecentre opposite to ( - 2, 47). 
The lengths of the sides are 

^(1002 + 762) = 125, ^(’722 + 212) = 75, ^{28^ + 96^^) = 100. 

Hence {A.T. p. 10) the incentre is the centroid of 5 at 
( — 2, 47), 3 at ( - 30, — 49), 4 at (70, 26) and its coordinates are 

5(-2) + 3(-30) + 4(70)_ 

* = — -Tr3+4 

5(47) + 3(- 49) -I- 4(26) 

y- 5T3T4 = 

The ecentre is the centroid of —5 at ( — 2, 47), 3 at 
( — 30, —49), 4 at (70, -26) and its coordinates are 

-5(-2)-h3(-30) + 4(70)_ 

* = 36 + 3 + 4 


- 5(47) + 3(- 49) + 4(26) 
-5 + 3-i-4 


= - 139. 


EXEBCISE If 

In Nos. 1-4, state the coordinates of the mid-point of the line joining 
the given points. 

1. (2,3), (6.9). 2. (3. -7), (-1,6). 

3. (0,6), (-a, 26). 4. (o-c,6-d), (o + c,6-l-d). 

5. Prove that the line joining (0, 0) to (3, - 4) is bisected by the line 
joining (6, 1) to ( — 3, — 6). 
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In Nos. 6—11, find the point dividing the line joining the given 
points in the given ratio. 

6. (5,2), (8,11); 2:1. 7. ( - 1, 2), (6, 8); 2:3. 

8. (-7,-4), (2, -13); 5:4. 9. (9,4), (7,2); -7:5. 

10 . (6,9), (-4,14); 6:-ll. 11 . (a, 5), (6, a); a + 6:a-6. 

12. Find the points that divide the line joining (3, — 7) to ( — 6, — 3) 
externally in the ratios 2 : 1 and 1 ; 2. 

13. Find the points of trisection of the line joining (2, 8) to ( — 4, — 1). 

14 . Find the points that divide the line joining (2, 81) to ( — 4, 11) 
into four equal parts. 

15 . The centre of a circle is (3, 5) and one end of a diameter is (2, — 1). 

Find the other end. • 

16 . ^ is (3, 7), S is ( — 1, 4), C7 is the point of trisection of AB nearer 
to D is the point in. AB produced such that 6J?D ^ AB, Find the 
coordinates of C and D, 

17 . Find the ratio in which (7,37) divides the line joining (35,21) 
to (-14,49). 

18. Find the ratio in which ( 14, 7) divides the line joining ( — 1, — 8) 
to (8,1). 

19 . Find the ratio in which the line joining (5,11) to (13,2) is 
divided by OX, 

20. Show that the line joining ( — 1, 13) to (9, — 7) is divided at (5, 1) 
and (29, — 47) internally and externally in the same ratio. 

In Nos. 21-25, find the centroid. 

21. (16,-17), (1,6), (-1,11). 

22. (2, 5), ( - 7, 3), (4, - 6), ( - 1, - 2), (7, 15). 

23. 3 at (1,2), 4 at (5, 6), 7 at (0,-8). 

24. -2 at (4, -6), 1 at (-3,5), -3 at (7,0) 

25. ^2^8 ^8^1 

26. Find the incentre of (3, 1) ( — 5, — 7) (2, — 6) 

27. Find the ecentres of (8, 37) ( — 20, — 59) (80, 16). 

28. If AC is divided by BD at E in the ratio 2:6, show that the 
centroids of 2 at A, 7 at B. 6 at O, latD 

and 1 at .4, 1 at B, 1 at (7, 1 at Z>, — 1 at 

are the same. 
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29. Pi, Pg, Pg, P 4 are any four points and denotes the mid-point 

of PrP*. Provo that ^ 13 ^ 34 , have the same mid- 

point. 

30. Prove that if the centroid of aTj at Pj, /Cg af ^ 2 * • • • , /c„ at P,j is P, 

and that of Aj at Qj, Ag at Qg* •••> '!»» 0r» is Q, then the centroid of 

S/c at P and SA at Q is the same as the centroid of at P^ /Cg at Pg, . . . , 

at P Ai at Qi, Ag at Qg, A„j at Q^. 


1*6. Polar Coordinates 

1*61. We have seen that a point P in two dimensions is 
determined by the vector OP or by cartesian coordinates x, y. 
It is also uniquely determined by the two coordinates r = OP 
and d = LXOP, which are caUed 
polar coordinates. 

0 is called the pole and OX the 
initial line. 

6 is measured from OX to OP 
with the usual sign convention of 
trigonometry. 

If r is restricted to be positive 
and 0 is restricted to satisfy —n <0 ^n, the polar coordinates 
of a point P are unique. [They are the same as the modulus 
and principal-value of the amplitude of the complex number 
represented by P in the Argand Diagram.] 

In geometry it is usually convenient to leave r and 0 un- 
restricted. The point ( + c, a) is then the same as ( + c, a + 2mT) 
and ( — c, a -f- TT 4- 2n7T), where n is any integer or zero. 

If X, y are the rectangular cartesian coordinates and r, d are 
the polar coordinates of the same point P, the equations 

COS0 : Bind : \ = x:y :r 

give X, y uniquely in terms of r, 6 in the form 

x = rQOB6, y — rBinO, 

but they do not give r, 6 uniquely in terms of x, y unless the 
restrictions are imposed. 
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1 *62 . The distance between the points ^i) and P 2 (^ 2 ) ^ 2 ) 

is given by 

PiP2" = PiP22 = (OP2-OPi)2 

= OPi^ + OPi - 20P^0P^ cos (<9i - d^) 

= + ^ 2 ^ - 2^1 rg cos {6^ - ^g)- 


1-63. Bipolar Coordinates. Occasionally the position of a 
point is fixed by its distances f 1 , 


from two fixed points ^i,^g. These 
are called bipolar coordinates, and 
they are unique; but given coor- 
dinates correspond to two points 
P, images of one another in A^A^. 
The values of r^, r^ must satisfy 

Ti --rg ^ ^1^42 ^r^-l-rg. 



EXERCISE iG 

1 . Show in a figure the points whose polar coordinates are 
(1,0), (2,i7r), (3, Itt), (l,7r), (-M,7r), (M, -tt), (L,.», 

In Nos. 2-9, state the restricted polar coordinates of the point whose 
cartesian coordinates are: 

2. {l,V3). 3. (1, 4. (-.1,-^3). 5. (-1,V3). 

6. (a^, -62), 7, (_a2,62). 8. (-a^, -62). 9. (x,y). 

In Nos. 10-18, state the cartesian coordinates of the points whose 
polar coordinates are: 

10. (2V2.i». 11. (2V2,{-». 

12. (2V2. — An-). 13. (6,taii-i|). 

14. (6, 7r+taii“'-f). 15. (13, — Tr + tan"*^ 

16. (101.w-tan-i|^). 17. (p\^). 

18. 

In Nos. 19—22, find the distance between the points whose polcu* 
coordinates are: 

19. (2.i7r)^(3,^l7r). 

21 . {-p,a,), (2p,a. + iT). 


20. (-3,ijr). (6 ,tW). 
22. (6,0), (7,860-17). 
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23 . Show in a figure the points with the following bipolar coordinates, 

taking = 10: 

(2. 12), (12,2), (11,11), (6,8), (6,6), (0,10). 

In Nos. 24 and 26, find the mid-point of the line joining the points 
whose polar coordinates are: 

24. (3,70°), (3,110°). 25. (r^di), (r.,d,). 

1-7. Area of Triangle Pi P 2 P 3 

1-71. If the polar coordinates of P^, Pg are (fj, 0^), 
the area of the triangle OP^P^ is |rir 2 sin( 0 i— ^ 2 ) or 
^rir 2 sin {0^ — 0^, whichever is positive. 

+ A OPi P 2 = r 2 (sin 0^ cos — sin 0^ cos 0^ 

= ^ Vi • 

^2 y2 

If new axes are chosen parallel to OX, OY and passing 
through P 3 , the new coordinates of Pg are {x^ - x^, - y^), 

2/2 -2/3)* 


APiPgPg — + J 

^1-^2 Vl 

-2/3 


^2-H Vz 

-2/3 

== ±l 

*1 Vl 1 

• 

► 

*2 2/2 1 

^2 2/3 1 



The sign is chosen so that the formula gives a positive area. 
This assumes that no convention has been made to distinguish 
between positive and negative areas. 

The formula can be applied to find the area of other recti- 
linear figures by dividing them into triangles. It can also be 
used as a test of the coUinearity of thiee points. 

1*72. CoUinearity. Three points {x^, y^), are 

colhnear if and only if the area of the triangle P^ Pg Pg is zero. 
Hence by 1-71 the necessary and sufficient condition for the 
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coUinearity of the three points is 

a?! 1 = 0. 

*2 Vi 1 
*3 Vz 1 

1'73. Example. Find the area of the convex quadrilateral 
whose four vertices are (0, 3), (6, 2), (4, 6), (6, 1). 



A rough figure shows that the quadrilateral is composed of 
the triangles (0, 3) (4, 6) (6, 2) and (0, 3) (6, 1) (6, 2). The areas 
of these triangles are the absolute values of 

i 0 3 1 = 0 0 1 =-11 

4 6 1 2 3 1 

6 2 1 3-11 

and i 0 3 1 0 0 1 = 3i. 

511 6-21 

621 6-11 

Hence the area of the quadrilateral is 14J. 

EXERCISE IH 
In Nos. 1-10, find the area of the triangle. 

1 . (0,0) (3,0) (0,-6). . 2. (6,3) (10,8) (12,1). 

3. (8,11) (-6, -9) (0,0). 4. (3,6) (7, -4) (2,1). 

5. (9,8) (-10,3) (-4, -1). 6. (0,1) (V3,0) (V3,2). 

7. (4, -7) (18,26) (3,11). 8. (-0,6) (o, -6) (0,c). 

9 . (6c,6 + c) (ca,c+a) (a6,a + 6). 10 . (m,m*) (n,n*) (p, p*). 
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In Nos. 11-14, find the area of the quadrilateral. 

11. (2, 1) (7, 2) (5, 3) (6, - 1). 12. (0, 0) (5, 0) (0, 3) (9, 7). 

13. (1,0) (2,3) (H, 4) (0,2). 

14. (9, 7) (31, 27) (43, - 13) ( - 6, - 21). 

15. Find the area of the pentagon (2, — 1) (9, 1) ( 1 1, 7) (2, 10) ( — 3, 6). 
In Nos. 10-21, verify the coUinearity of 

16. (4,7), (3,5), (2,3) 17. (1, 3), (6, - 1), ( -3, 7). 

18. (A; + 2,A;-3), (6,7), (2A;- 1,21;- 13). 

19. (-3, -4), (~1,2), (7,26), (2,11). 

20. (3p + 2, 1 - 2p), (p + 3, 0), (2p + 6, - 2 -p). 

21 . (a, 6 + c), (6, c + a), {c, a + 6). 

In Nos. 22, 23, find fc, given that the points are collinear. 

22. (31;+1,A;), (k-2,k+l), (lk,k-l). 

23. (1;+11,6), (2-3&, 6-21;), (14,13-1;). 

24. Prove that OPi OP^ cos Pi OP^ = a;i ajg + yi 

25. Prove that OPi OP 2 sin Px OP 2 = ± {^xV^ 

In Nos. 26 and 27, find the areas of the triangle 

26. {w}. (a,0) (0,6) (0,0). 27. {o)}. (a,b) (c,0) (0,0). 

28. {w}. Show that the area is ± Jrirg sin (61 — 62 ), where 

ricos^i = Xi + yicoso), risin^i = 2/isina>, etc., 
and ded-uce that the area of Pj P2 P3 is 

±i ^x Vi i sinw. 

y 2 1 

29. Find the area of the triangle (2, 60°) (2, 30°) (cos 16°, 46°). 

30. Find the area of the quadrilateral 

(3, -20°) (8, 10°) (6,40°) (2, 100°). 

1*8. Homogeneous Coordinates 

1*81. Trilinear Coordinates, If ABC is a fixed triangle, the 
position of a point P in its plane may be determined by its 
perpendicular distances a, y from the sides. The convention 
is made that the first coordinate a is given a + or — sign 
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according as the point is on the same side of BC as A or the 
opposite side. Similar conventions are made for ^ and y, 
ABC is called the triangle of re- 
ference and the coordinates are called 
trilinear coordinates. 

The three trilinear coordinates are 
effectively equivalent to only two. 

When two of them are known, the 
tliird can be found from the relation 
now to be proved. 

Let P be a point (a,/?, 7 ) inside 
the triangle of reference. Then 



APP(7 = laBC = laoL. 

Similarly 1^0 PA = and AJLPP = ^cy. 

Hence aoL-vbp-vcy 2Au4P(7, = 2A, say. 

See also Exercise li, No. 2 . 

This relation shows that the coordinates a, yff, y cannot 
assume arbitrary values. The position of P is determined by 
two of the coordinates. In general it is most convenient to use 
the ratios a : /? : y instead of the actual values of two of a, /?, y . 
When the ratios are known, the actual values can be found 
from aa + 6/? + cy = 2A. 


1*82. Example. Prove that the bisectors of the angles of a 
triangle are concurrent. 

Take the triangle as triangle of reference. 

For any point (a, /?, y) on the bisector of J5, a = y, and for 
any point on the bisector of (7, a = Hence for the point of 
intersection of these two bisectors, /? = y . This point therefore 
lies on the bisector of ^4. 

This proof is equivalent to the usual proof by elementary 
geometry but it is expressed in a new language. 


RI AG 


2 
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EXERCISE li 

1 . Mark in a diagram the signs of a, y in the seven regions of the 
plane. 

2 . Verify that the formula oa + + cy = 2 A is true for all positions 

of (a,/^,y) by considering points in 
regions 2 and 3 of the figure. 

3. Show that the trilinear coordi- 
nates of the point of intersection of 
the medians of the triangle of refer- 
ence are in the ratios hcicai ah, and 
find their actual values. 

4 . Find the trilinear coordinates 
of the circumcentre of ABC, 

5. Find the trilinear coordinates 
of the orthocentre oi ABC » 

6 . For what points is a = 0? What 
are the coordinates of A ? What are the coordinates of the mid-point 
ofRC? 

7. If a = 6, 6 = 4, c = 3, find the actual trilinear coordinates of a 
point if they are proportional to 6, 7, 8. 

8. If (a,^,y) is on the circumcircle of the triangle of reference, 
prove that a/?y + 6ya -f cayff = 0. 

9 . Find the coordinates of the points of intersection of the tangents 
at A, B, G to the circle ABC with BG, CA, AB, 

10 . What is the moment about (OL,fi,y) of the resultant of forces 
F, Q, R along BG, GA, AJ5? 

11. If the trilinear coordinates of a point on the line of action of the 
resultant of forces P, Q, R along BG, GA, AB are proportional to 

prove that Fa + Q/?+ i?y = 0. 

12 . If P is the point (a,/?,y), find its cartesian coordinates x, y 
referred to oblique axes BG, BA. Verify that if a, /?, y satisfy a simple 
equation la -f m/? -f ny = 0, then x, y satisfy a simple equation 

pX’{-qy-\-r = 0. 

1*83. Areal Coordinates. This is another system of co- 
ordinates for which a triangle of reference is used. The areal 
coordinates of a point P for a triangle of reference ABC are 

_ ^PC _ aCPA aAPB 

= AABG 

with the same sign conventions as for trilinear coordinates. 
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The areal coordinates satisfy 

+ + = 1 . 

This relation determines the three areal coordinates when 
their ratios x^'.x^: x^ are known. The ratios are generally used 
instead of the actual coordinates; thus the point (2, 4, 1) 
means the point whose actual coordinates are ih t)* 

The point Pix^y x^y x^) is the centre of mass of n?! at ^ , iCg at iS, 
and a ?3 at (7. For, in the figure, 

BX :XG = AJBAP : ACAP = 0:3 : 

Therefore X is the centre of mass of 
X 2 at B and x^ at G, Hence the centre 
of mass of at A, X 2 at B, and x^ at 
G lies on AX. Similarly it lies on B Y. 

Hence P is this centre of mass. Thus 
the areal coordinates are the two- 
dimensional barycentric coordinates. ^ 

See 1*14. 


A 



1*84. General Homogeneous Goordinates. Trilinear or areal 
coordinates can occasionally be used to prove special properties 
of the triangle. Areal coordinates are to be preferred because 
of the simplicity of the relation x^ + x^ + x^— 1 . 

It is chiefly for general geometry that is not concerned with 
measurement that coordinates of this sort are used, and then 
it is immaterial which system is adopted. The actual trilinear 
coordinates of the incentre of the triangle of reference are 
(r, r, r) and the actual areal coordinate of the median point are 
(h i)* Thus, if only the ratios of the coordinates are con- 
sidered, ( 1 , 1 , 1 ) represents the incentre or the median point 
according as the coordinates are trilinear or areal. By using 
areal coordinates instead of trihnear the proof in 1*82 can be 
made to show that the medians are concurrent. 

Other coordinates carf be defined such that the orthocentre, 
circumcentre, or any other specified point has coordinates 
proportional to 1 , 1 , 1 . 

All these coordinates are special cases of general homo- 
geneous coordinates which are introduced from another point 
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of view in Volume II. They are mentioned in this chapter only 
as illustrations of dififerent kinds of coordinates. 


EXERCISE Ij 

1 . Verify that the relation + ajg = 1 between areal coordinates 

holds for all positions of {xi, aij, in the plane. 

In Nos. 2-6, find the ratios of the areal coordinates of the given 
points of the triangle of reference and deduce the actual coordinates. 

2. Incentre. 3. Econtres. 4. Circumcentre. 5. Orthocentre. 

6. For what points is iCi = 0 ? What are the areal coordinates of -4 ? 
What are the coordinates of the mid-point of RO? 

7. If (a, /?, y) are the actual trilinear coordinates and (Xi, x^f x^) are 
the actual areal coordinates of the same point, prove that 

a?! = aa/2A, x^ = 6/^/2 A, a ?3 = cyl2/\. 

8. Give the algebraic sum of the moments of forces P, Q, R along 
BCf CAf AB about the point whoso actual areal coordinates are 
(x^,x^,x^), 

9. If {xyyX^^x^) lies on the line of action of the resultant of forces 

al^j cl^ acting along BCy GA, AB, prove that = 0. 

1*9. Geometry of Three Dimensions 

1-91. Three coordinates are required to determine the 
position of a point in space. These may be the cartesian 
coordinates referred to axes 

z'oz, ror, z'oz. The 

coordinates of P are then 
the one-dimensional coor- 
dinates Xy y, z of the points 
Ly My N where the axes 
meet the planes through P 
parallel to YOZy ZOXy 
XOY. 0 and Pare opposite 
corners of a parallelepiped 
having OLy OMy ON as 
edges. In general the angles 
YOZ ( = A), ZOX XOY { = v) need not be right angles. 

The position of P is also completely determined by a single 
vector, namely the displacement OP of P from the origin. 


z 
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If unit vectors in OX, 0 Y, OZ are denoted by i, j, k, and P is 
the point {x, y, z), then 

OP = OM + MK + KP 

= xi + yi+zVi. 

The results about vectors in a plane given in 1-3 are applicable 
to vectors in space. 

1*92. Let X = /I ~ V = ^TT. The first two of the coordinates 
X, y, z are sometimes replaced by polar coordinates p = OK 
and (j) = XOK shown in the figure, so that P is then deter- 
mined by p, (}), z. These are called cylindrical coordinates. 

1*93. Again, in the plane ZOKP, p and z may be replaced 
by polar coordinates r = OP and 6 = ZOP, so that P is 
determined by r, 0, §5. These are called spherical polar co- 
ordinates. If the sphere centre 0 and radius r is regarded as 
the Earth, and XOF as the plane of the equator, and XOZ as 
the plane of the meridian of Greenwich, then 0 is the comple- 
ment of the latitude and ^ is the longitude of P. 

1*94. A point in space may also be fixed wo a tetrahedron 
of reference by coordinates analogous to trilinear, areal, or 
general homogeneous coordinates in two dimensions. Four 
coordinates x^, x^, x^, x^ are then used and there is a relation 
between them, so that they are equivalent to three independent 
coordinates. A special system of coordinates can be chosen 
to make a specified point (not on a face of the tetrahedron of 
reference) have coordinates proportional to 1, 1, 1, 1. When 
metrical properties are not involved, the general coordinates 
are left arbitrary. 

1*95. Coordinates in general. The idea of representation by 
means of coordinates is flot restricted to points. For instance, 
in geometry of two dimensions a circle may be represented by 
three coordinates; these can be the radius of the circle and the 
cartesian coordinates of its centre. Again, in space a sphere 
can be represented by four coordinates. 
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It is important to find suitable coordinates to represent a 
line. In a plane, the number of coordinates needed to repre- 
sent a line Is two. These might be the intercepts OA, OB 
made by the line on the axes; but every line through the 
origin would then have coordinates 0, 0. Actually it is a modi- 
fication of these intercepts that suggests the coordinates used 
in Chapter 4. Another possibility is to use the coordinates of 
any two points of the line to determine it; a line does not 
then have definite coordinates; its four coordinates are not 
independent. 


EXERCISE IK 

1. Use a figure of a parallelepiped to illustrate the equivalence of 

I* + (0+R)» (P + Q) + R» (R + P) + 0> ®to. 

2. If ABCD is a tetrahedron, and V is any point, interpret geo- 
metrically the equivalence of expressions such as 

(VA + VB + VG)+VD and (VA + VB) + (VC+VD). 

3. In the figure of 1*91 use the vector OL + OM + ON to show that 
the plane LMN trisects OP, 

4. Express OP^ in terms of the cartesian coordinates (a;, y, z) of P 
by squaring the vector OP. State the formula for P-^P^, 

5. If PiOPj is a right angle, prove that x^x^’\-y^y^-\-z^z^ = 0 by 
using Pi Pg® = OP^ + OP^ and by using OPi . OP^ = 0. 

6. What points have their first cartesian coordinate (a;) zero, and 
what points have y = z = 0 ? 

In Nos. 7, 8, describe the figure formed by points whose rectangular 
cartesian coordinates are: 

7. (±1, ±1, ±1). 8. (±1,0,0), (0,± 1,0), (0,0, ±1). 

9. Express the cylindrical coordinates p, ^ in terms of the cartesian 
coordinates x,y,z, 

10. What points have (i) p (ii) = a, (iii) p = Aj and </> = a, 
where k, a are constants ? 

11. Express the spherical polar coordinates r, 6, ^ in. terms of the 
rectangular cartesian coordinates x, y, z, 

12. What points have (i) r = kj (ii) d = a, (iii) ^ (iv) ^ = a 

and ^ (v) r = A; and ^ (vi) r = A: and 6 ^ cc^ 
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13. If Mfg is the mid-point of the edge PrPg of a tetrahedron 

P^P^PsP^f prove that have the same mid-point 

(i;(Xi + X2 + x^ + x^), J(2/i + 2/2 + 2/3 + 2/4))- Piovo also that this point lies 
on the line joining Pi to the centroid of Pg, Pa, P4 and on the three 
similar lines. 

14. Show that the four coordinates of a point in space which are its 
perpendicular distances from the faces of a tetrahedron of reference 
satisfy an equation aiCCi + a2iC2 + a3ir3 + a4a;4 = 3F, where V is the 
volume of the tetrahedron, and interpret a^, 02, a^f 

15. Define the barycentric coordinates of a point in space. 



Chapter 2 

EQUATIONS AND LOCI 

2*1. Graphs 

2*11. Cartesian Graphs. Points whose coordinates satisfy 
an equation y = f(x) or g{x, y) — 0 can be plotted by giving 
values to x and calculating the corresponding values of y. This 
method is particularly convenient when /(a;) is a one-valued 
function of x. For an equation x = f{y) it is convenient to give 
values to y and calculate the values of x. 

If the axes are rectangular, the graphs are usually drawn 
with the help of graph paper. Graph paper suitable for oblique 
axes can be obtained or can easily be made. 

The equation of a graph may be given in another form, x and 
y being given as functions of a single variable t. For example, 
a graph can be drawn by giving values to t in the equations 
X = t^^y — This graph is the same as that given by y^ = a?®, 
but the use of a single variable will be seen to be important. 

2-12. Polar Graphs, From an equation r = f(d) a curve can 
be plotted by giving values to 0, just as a cartesian graph is 
plotted from y = f{x). 

Polar equations may also occur in the form 6 — f{r) or 
g{r,d) = 0. 

Sometimes it is convenient to use polar graph paper. This 
consists of concentric circles, on each of which r is constant, 
and their radii, on each of which d is constant, just as ordinary 
graph paper consists of lines on which x is constant and lines 
on which y is constant. 

Polar equations are rarely used in the general theory of 
algebraic curves, but an algebraic equation can always be 
expressed in polar form and this forin is useful for particular 
problems. 

The transformation from cartesian coordinates to polar 
coordinates or from polar coordinates to cartesian coordinates 
involves the use of the relations a; = rcos0, 2 / = r sin0. 
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An algebraic equation in one system will therefore not be 
transformed into an algebraic equation in the other system. 
For example, the polar equation r = dis transformed into the 
cartesian equation y = cctan^(a ;2 4 -y 2 )^ 

2*13. Bipolar Graphs, Points can be plotted for which the 
bipolar coordinates r^ satisfy a given equation. For this 
purpose paper ruled with two sets of concentric circles centres 
would be useful. 

EXERCISE 2 a 

In Nos. 1~6, sketch and compare the graphs of the equation for 
= Jtt and (o = 

1. y = x^. 2. =: X. 3. x^ + y^ = l, 

4. xy = 24:. 5. x^ — xy-\-y^=l» 6. y = siax. 

In Nos. 7-12, by giving values to plot points {x, y) such that 
7. x=:t,y = t^. S. X = t+3, y = 2t-t 5, 

9. a; = 2 / = 10. a? = cos = sin <. 

11. x = t^yy=- Ijt, 12. X — t^,y ^ 

13. Sketch the graph of r = ^ if (i) r, 0 are both unrestricted; 

(ii) r>0,d unrestricted; (iii) r>0, — 7r<0<7r. 

In Nos. 14-22, sketch the graph of the polar equation. 

14. r = sin^. 15. r = sec^. 16. r = tan^. 

17. r=l. 18. e=cl. 19. r=:sin(9+l. 

20. r = 4 — A; cos 0 for A; = 1,2, 3,4, 8. 

21. 1/r = 1 — A;cos6^ for A; = J, 1, 2. 22. r= 1 — 1/6?. 

In Nos. 23—26, transform the cartesian equation into a polar equation. 
23. 33^ + 2 /^ = aaj. 24. (a; — a) ( 2 / — 6) ( 2 / — ca?) = 0. 

25. {x^4-y^T c^xy(x^--y^). 26. (x^4-y^Y — 2ax{x^ + y^)—a^y^, 

o 

In Nos. 27-34, transform the polar equation into a cartesian equation. 
27. r — a, 28. 6 = a. 29. rsin^ = a. 

30. r = acosd, 31. r^~a^siD.20. 32. rd = 7r. 

33. 1 /r* = (cos® ^)/a® + (sin® 6)/bK 34. r = a tan 6 + b seo 6, 
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In Nos. 35-40, describe or sketch the graph given by the bipolar 
equation, taking A 1 A 2 = 10. 

35. = rg. 36. ri + /*2 = 15. 37. rj — rg = 3. 

38. ri2 + r22 = 68. 39. = 30. 40. r^ = 2r2, 

2*2. Degree of Freedom 

2*21. We have seen that in geometry of one dimension a 
point has one coordinate, that in two dimensions it has two, 
and that in three dimensions it has three. In fact, the number 
of dimensions is the same as the number of coordinates re- 
quired to determine a point. 

This is also expressed by saying that an arbitrary point in a 
line has one degree of freedom, a point in a plane has two 
degrees of freedom, and a point in space has three degrees of 
freedom. 

For an arbitrary point (x,y) in two dimensions there is a 
double choice, the choice of x and the choice of y. For points 
in a plane which are not arbitrary but are restricted, say, to 
he on the graph oiy = x^^ there is no longer the double choice: 
when X has been chosen, y is determined by the equation. An 
arbitrary point of such a curve is therefore said to have only 
one degree of freedom: it needs only one coordinate to fix the 
position of a point on the curve. 

Curves are not always given by equations of the form 
y ^ f{x), X = g(y), or r = h{d). An important kind of equation 
is illustrated in 2* 1 1 . To determine a point of a curve given by 
equations hke x = t^,y — there is a single choice, the choice 
of a point of this curve has one degree of freedom. 

The equation of a curve, whether of the form y =f{x), 
X = g(y), r = hifi), 6 = k(r), or {x =f{t), y = g{t)}, restricts the 
position of the point and reduces its freedom from two degrees 
to one. 

A point on a curve f{x, j/) = 0 ot f(r, 6) = 0 is also said to 
have one degree of freedom, although at is not true that, for a 
given value of x, the equation f{x, y) = 0 necessarily deter- 
mines a unique value of y. There will usually be a finite number 
of values, and the effect of the equation is to reduce the 
freedom of {x, y) from two degrees to one. 
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2’22. Instead of saying that the geometry of the line is 
one-dimensional or that a point on a line has one coordinate 
or one degree of freedom, we shall sometimes say that there 
are oo^ points on a line. In the same sense there are oo^ points 
on a curve. And since a point of a plane has two coordinates 
or two degrees of freedom we say that there are oo^ points in 
a plane. Similarly there are oo® points in space. 

There is no such number as oo, cx)^, oo^, or oo®. The statement 
that there are oo^ points in a plane only implies that a point 
in a plane has two coordinates. Nevertheless this form of 
words is convenient. 

2*23. When a curve is defined by equations 

y = 9{t), 

t is called a parameter, and the equations are called parametric 
equations of the curve. 

In Exercise 2a, Nos. 7-12, it is easy to discover, by elimin- 
ating t, what are the corresponding cartesian equations. For 
example, in No. 7, 2 / = in No. 8, 2a; — y = 1; and in No. 10, 
— 1. The opposite process of discovering parametric 
equations is more important and more difficult. It is easy to 
guess parametric equations for = x®, xy"^ = 1, = 2 /®; these 

are given in Nos. 9, 11, 12. But it is not always possible to find 
a suitable parametric representation. The curve x®-f-2/® = 1 
might be represented by 

but cannot be represented by rational parametric equations. 

The most useful parametric equations are of the form 

^-g(ty y-mr 

where /(^), g(t), h{t), k{t) are polynomials in t. Also it is desirable 
that each point of the curve should determine just one value 
of the parameter. 

For example, x = ^, y is a suitable representation for 
2 / = x^; but X = ^2, 2/ = is not suitable because ^ ^ 

give the same point. 
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Sometimes parametric equations are at once evident: if the 
equation of the curve is y = f{x), it may be represented by 
{x = t, y — f(t)} in which x itself is, in effect, the parameter. 
Similarly, x = g(y) may be represented by {x = g{t), y = t), 

A simple equation ax + by = c can be replaced by parametric 
equations x ^ bt, y = —at + cib. 


EXERCISE 2 b 

1 . State the number of degrees of freedom of a circle in a plane, 
a line in a plane, a sphere in space, a circle in space, a line in space. 

2. Verify that a; = 3< — 4, ^ = 2i-fl are parametric equations of 
2a; — 32/ + 11 = 0. 

3. Verify that x = — + y 2tj{l + t^) are parametric 

equations of x^+y^ = 1. 

In Nos. 4r-13, find the x, y equation. 

4. a; = ^+ 1, 2 / = ^— 1. 5. a; = 3^— 6, i/ = 4 — 2^. 

6. a? = (4«-3)/(<+l), y = (e + 2)/(<+l). 7. a; = y = Ijt. 

8. a? = 2a«^ 2 / = 9. a; = sec 2 / = tan 

10. a; = 4sin^ — 3, 2 / = 3cos^ + 4. 11, x at^ + ht, y =: ct. 

i2» X = aoos^t, y = asin^t 13. x:y:l=:l + t^:2t:l-’t^. 

In Nos. 14-22, give parametric equations. 

14. y = a;*. 15. y^ = ax^, 16. x^ + 42/® = 9. 

17. 2a; + 32/ = 4, 18. 6x—6y=l. 19. ax + by + c=^0, 

20 . xy = 1. 21 . x^y = o®. 22 . y = x{x~-l). 

2*3. Cartesian Equations and Loci in Two Dimensions 

2*31. The study of the curves that can be represented by 
given cartesian equations is an important part of analytical 
geometry. It begins with the theorem that any simple equa- 
tion represents a line, and continues with the study of second 
degree equations. We shall not in this book attempt the general 
discussion of curves whose equations are of the third degree 
or of higher degree. Newton’s classification of cubic curves, 
published in 1704, gave more than seventy varieties of these 
curves, many of which are illustrated in Miscellaneous Exercise 
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C. See H,M. 3rd edition, p. 350. There are more than 200 
varieties of quartic curve. The precise numbers of cubics and 
quartics depend upon the principle of classification that is 
adopted. 

The solution of a locus problem by cartesian methods con- 
sists essentially of three parts: the defining property of the 
locus is expressed algebraically; the algebraic relations are 
reduced to a single equation; finally the equation is interpreted. 
It is for the final interpretation that we need to know what is 
represented by a given equation. Unless we have made some 
progress in that branch of the subject, our solutions are 
necessarily incomplete. Nevertheless a locus problem can be 
regarded as partially solved when the cartesian equation of 
the locus has been found. Certain conclusions can be drawn 
about the curve from the degree and form of the equation 
even if the complete interpretation is not known. For example, 
properties of symmetry can often be recognised (2*32). When 
the graph of one function is known, the graphs of related 
functions can be deduced (2-33). 

Another important part of analytical geometry is the dis- 
cussion of the properties of special curves. For this purpose, 
axes are chosen so as to simplify as much as possible the 
equation of the curve under discussion. The properties of 
three important curves are studied in this way in Chapters 
13, 14, 15. Other curves are illustrated in Miscellaneous 
Exercise D and elsewhere. 

2-32. Example. Discuss the symmetry of the curves 
(i) — = x^y, (ii) x^ — y^ = x^y^. 

(i) Since only even powers of x occur in the equation, it 
follows that if (a, b) hes on the curve, so also does ( - a, 6); the 
condition being a^ — b^ = aH) in each case. Thus the curve is 
symmetrical about 0 Y,^ But a different condition is required 
for (a, —6) to lie on the curve: the curve is not symmetrical 
about OX. Nor is it symmetrical through the origin, since 
a^ — b^ = a^b does not secure that (—a,—b) lies on the 
curve. 
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(ii) This curve is not symmetrical about OX, 0 Y, or through 
0. But if (a, b) lies on the curve, so also does ( — 6, — a). Hence 
there is symmetry about the bisector of LXOY'. 

2-33. Example. Sketch the curve _ .j 

4 x—l 

The curves y — y = y = 1) are drawn in 

figures (a), (6), (c). By adding the ordinates of these three 
curves the curve y = 1 — + 1 /(a; — 1 ) is found. See figure (d) . 
But the ordinate of y^ = 1— 1) is plus or minus 
the square root of the ordinate of the curve in figure (d) and 
hence figure (c) can be sketched. 



EXERCISE 2 c 
« 

1 . When the graph of i/ = f(x) is given, how can the graphs of 
y =/(«) + c, y =/(a; + c), y = cj(x) be deduced? 

2. Sketch in the same figure the graphs of a;*, a?* + 2, (a? + 2)*, 

3. Sketch in the same figure the graphs of sina;, sina; + 1, sin (a; + 1)» 
2 sin a;, a; sin a;. 
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4. When the polar graph of r = f{0) is given, how can the graphs of 

^ r =/(^+y),r = cf(d) be deduced? 

5. What is the relation of the graph of r = —J(d) to that of r = f{6) ? 
Answer the same question for r =f( — 6) and r =f{S), 

6. Sketch in the same figure the polar graphs of 

r = aec$, r = sec^-fl, r = sec (^4-1). 

7. Sketch in the same figure the polar graphs of r = ^, r = ^ + 2, 
r 20 for values of 6 from 0 to 


In Nos. 8-16, state any obvious sjmametry of the curve. 


8. 2/® = 9. = x^. 

11 . + — 2 /®* 

13. a;® — 2/* = 6aj®2/®* 

15. a? = ^2, 2/ = 


10. a:® — aJ2/ 4* 2/® = 0. 
12. a;® — 2/® = 5a;y. 
14. X = y = 

16. y = cos a;. 


17. State how to tell from an equation /(pj, 2/) = 0 whether there is 
symmetry about the bisector of Z.XOY, 


18 . If a curve has symmetry about both axes or about both bisectors 
of the angles between the axes, show that it has symmetry about the 
origin. 

19 . Sketch the graphs of x-\-l/x, x + log a;, x log x, 

20. Sketch the graphs of 2 / = x4- 1 1x^9 2/® = ^ + 1/^^®* 


In Nos. 21-26, state what is represented by the equation. 

21. a;-3 = 0. 22. x^-x = 6. 23. f(x) = 0. 

24. f{y) = 0. 25. f(.r/y) = 0. 26. xy = 0. 

27. Sketch the graph of y = 1 — Ja;2 + €/(a;— 1), where € is a small 
positive constant. 

[Further examples of graphs are given in Miscellaneous Exercise C.] 


2*4. Analytical Solution of Locus Problems 

2*41 . Example. Pind the locus of a point P whose distance 
from the origin is twice its distance from A (1, 0). 

Let {x, y) be an arbitrary point on the locus. 

Then OP^ = WA\ 

= 4{(a:- l)2+j/2}, 

a:* + y*-fa:+| = 0. 
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This is the equation of the locus. It may be written 
+ = I = (1)2, 

and this expresses that the distance from the point (x, y) of 
the locus to the fixed point (f , 0) is f . Hence the locus is the 
circle centre (f , 0) and radius f . 

2*42. Example. Find the locus of a point which is equi- 
distant from the point ( — 5, 4) and the line y = 2. 

Let (x, y) be an arbitrary point on the locus. 

Then ^{{x + 5f + {y-Af}=\y-2\. 

(x+5)2+(?/-4)2 = (^-2)2, 

{x + 5f = Ay-12. 

This is the equation of the locus. It is considered more fully 
in 2'51. 



2-43. Example. A and B are the points (a, 0) and ( — a, 0). 
Find the locus of the point P such that L.APB is ^n. 

Take an arbitrary point P{x, y) on the locus. 

Uy>0, 

t&nXAP = yl(x — a), tanXBP = yl{x+a), 

= tan-^{y/(x—a)} — taii~^{y/(x+a)}. 
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If 2 / < 0, similarly 

Jtt = tan“^{ — + 

From these equations may be deduced 

Ji y__ 

^ _7T x — a x-\-a _ 2ya 

+ 

x^ — 

i.e. x^-\-y^ — a^ 2ayl^3 : a circle ; 

^ , TT — 2ya 

‘*”,3 “ 

i.e. x^ + y^ — a^ = — 2aylJ3 : another circle. 


The steps of the solution in 2*43 are not reversible, and so 
the solution does not prove that every point on the circles 
belongs to the locus. Geometrical considerations show that 
the locus consists of the major arcs of the circles shown in the 
figure. 

In 2*41, 2*42, 2*44, 2*45 the steps are reversible. 


2 - 44 . Example. A rod AB of length 6 inches moves witt 
A and B on fixed perpendicular lines. Find the locus of the 
point P in 2 inches from B. 

Take the lines as axes of coordinates and let an arbitrar;^ 
position of P be (x, y). 

1st method. In the figure OA = fir Y 
and OB = f?/. 

Also OA^ + OB^=^ABK 
(fx)2+(fl/)2 = 52, 

/. 9a;2 + 4t/2 = 36. 

This is the equation of the locus. It is 
a curve symmetrical about both axes meeting them ai 
( ± 2, 0), (0, ± 3); these correspond to the positions of the roc 
with the ends at the origin. 



RIAG 
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2iid method. In the arbitrary position of the rod, let 
LOAB = t. The corresponding position of P is (2 cos/, 3 sin/). 

ic=2cos/, i/ = 3sin/. 

These are parametric equations of the locus. Elimination of 
/ gives = 1, which is the same as the result in the first 

solution. To sketch the curve, it is simplest to give values to 
/ in the parametric equations. This curve is called an ellipse. 

2*45. Example. Q is any point on the curve y — 1 , 

and P is the point of trisection of OQ nearer to 0. Find the 
equation of the locus of P. 

Let an arbitrary position of P be {x^, i/i) corre- 

sponding position of Q be (x^, y^). 

Then = Xi = \x^, 2/i = ^2/3. 

= 3a:i, 2/2 = Zy^, 

Sj/i = (3a:i)3+l = 27xi3+l. 

P lies on the curve Zy = 27a:® + 1 . 

2-46. In each of the locus problems that has been solved, 
the first step has been to take an arbitrary position of the point 
whose locus was required and to denote it by {x,y). This is a 
necessity; for the required equation is the relation which holds 
between the coordinates x, y of an arbitrary point on the locus. 

If the arbitrary point is represented otherwise, it must also 
be represented by {x,y). In 2-44, 2nd method, the arbitrary 
point is (2cos«, 3sin<) but it is also denoted by {x,y). Some- 
times it is necessary to use {Xx,yi) instead of (x,y) as a tem- 
porary measure to avoid confusion with the x and y co- 
ordinates of other points involved in the solution. This happens 
in 2-45. Even then x and y have eventually to be substituted 
for *1 and y^. 

The relation which holds between* the coordinates x, y of 
the arbitrary point P on the locus must hold no matter which 
point of the locus is chosen as P. This is what is meant by the 
use of the word ‘ arbitrary ’. Sometimes the word ‘ any ’ is used 
instead of ‘ arbitrary ’. It must be interpreted in the same way. 



2 - 46 ] 


EQUATIONS AND LOCI 


35 


EXERCISE 2d 

In Nos. 1-27, find the locus of P, 

1 . P is equidistant from (0, 7) and ( — 4, 0). 

2. P is equidistant from (3, 1) and ( — 5, 0). 

3. The distance of P from (3, 0) is twice its distance from ( — 3, 0). 

4. The distance of P from (3, 5) is twice its distance from ( — 2, 6). 

5. The distances of P from (2, 0) and ( — 3,0) are in the ratio 3 ; 2. 

6. The distances of P from (6, 7) andj( — 3, — 1 ) are in the ratio 5 : 3. 

7. P is equidistant from (5,0) and OY. 

8. P is equidistant from ( — 2, 6) and OX. 

9. The distance of P from O F is three times its distance from (1,1). 

10. P is equidistant from (3, 1) and y + 5 = 0. 

11. P is equidistant from (a, 0) and x-^a = 0. 

12. The sum of the squares of the distances of P from (1, 1) and 
(-2,0) is 16. 

13. The square of the distance of P from (2, — 7) exceeds the square 
of its distance from (0, 11) by 10. 

14. The difference between the squares of the distances of P from 
(3,4) and (11, -2) is 7. 

In Nos. 15-20, A, B are the fixed points (a, 0), ( — a, 0) and c is constant. 

15. PA^ + PB^ = 2c2. 16. P^2_PP2 = 2 c2. 

17. PA = cPB. 18. APAB = 2 APBA. 

19. tanP^P = 2tanPP^. 20. subtends 45° at P. 

In Nos. 21-27, L, M are variable points on OX, OY and c is constant. 

21. LM = c. P is the mid-point of LM. 

22. OL + OM = c. P is the mid-point of LM. 

23. LM = c, P divides LM in the given ratio l:m. 

24. OL . OM = c*. P is the mid-point of LM. 

25. {w}. LM = 5c. P divides LM in the ratio 3 : 2. 

26. OL + OM = c. P is the foot of the perpendicular from O to LM. 

27. {<y}. OL + OM = c. PLy PM are perpendicular to OX, OF. 

28. An equilateral triangle of given side has two vertices on fixed 
perpendicular lines. Find the locus of the third vertex. 


3-2 
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29. Find the locus of a point P such that PP® — P^S* = 4c®, where 
P, S are the fixed points (c, c), ( ~ c, — c). 

30. Q iS any point on 2a; -f 3y = 4 and 0<2 is produced to P so that 
QP = OQ, Find the locus of P. 

31 . Find the locus of P if OP is produced to Q so that PQ = OP 

and Q lies on = 2x, 

32. ^ is (1, 1), AB cuts OX a,t By AC is perpendicular to AB and 
cuts OY B,t G, Find the locus of the mid-point of BC, 


2*5. Change of Axes 

2*51. Change of Origin. If P is a point whose coordinates 
referred to axes OX, OY are x^y and if new axes are taken 
parallel to OX, OY through 
the point 0' {f,g)y then the 
coordinates of P referred to 
these new axes are x', y' such 
that 

x'-^x-fy or x = x'+f, 
y' = y = y'+9- 

If the coordinates of a fixed 
point referred to axes OX, O Y 
are p, q, then its coordinates referred to 0'X\ O'Y' are 
p—f,q — 9- The figure is drawn for positive values of / and g. 
The reader should see that the result is true for all cases. 

If the coordinates x,y of a variable point P referred to axes 
OX, OY satisfy an equation f{x,y) = 0, it follows that 
+ = 0 is the equation satisfied by the coordinates 

of P referred to axes O'Jf', O'F'. 

The way in which a discussion can be simplified by a change 
of origin is illustrated by 2*41 and 2*42. 

In 2*41, after reaching the equation — + = (f)® the 

new equation x'^-\-y'^ = (f)® is obtamed by change of origin 
to (f, 0). This equation represents a circle centre the new 
origin and radius f . 

In 2*42, the equation of the locus is {x-^6)^ = 4(i/-3). By 
change of origin to ( — 5, 3) the new equation x'^ = 4y' or 


Y 

/ Y' 
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y' = is obtained. The curve may be plotted by giving 
values to x\ 



2-52. Example. Show that there is no essential diflference 
between the curves x^ — 2y^ = \ and x^ — 2y^ — 4a: — I2y =15. 

The second equation can be written 

a:2- 4a: + 4- 2 ( 2/2 + 62 / + 9) = 15 + 4~.18, 
i.e. (a: - 2 ) 2 - 2 ( 2 / + 3)2= 1 , 

and if the origin is moved to the point (2, — 3) the new equation 
of this curve is x^ — 2y^^\. 

Hence the second equation gives 
the same curve relative to axes 
0'X\ O'Y' as the first gives 
relative to OX, OY. 

2*53. Rotation of Rectangular 
Axes. If new axes OX', OY' 
are taken, without change of 
origin, and if LXOX' = a, 

LXOY' = a + ^TT, then the new coordinates x', y' of a point 
P(x, y) are given by 

x' = the projection of OP on OX' 

= the sum of the projections of ON, NP on OX' 

§ 

= a; cos a + 2 / sin a, 
y' = the projection of OP on OY' 

= the sum of the projections of ON, NP on OY' 

= — a:sina + 2 /cosa. 
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By solving these equations for x, y in terms of x\ y\ or by 
using — OL instead of a: 

X = x' cosa~-y' sina, 
y = a;' sin a + 2 /' cos a. 

The four equations of transformation can be read off from 

the scheme , , 

x' y 

X cos a —sin a 
y sin a cos a 

They make x^ + y^ and x'^ + y'^ equal, each of them being equal 
to 0P\ 

2*54. Change of Oblique Axes. For a change from axes 
OXy OY inclined at an angle (jj to new axes 0X\ OY' such 
that /.XOX' = a, /.YOY' = the relations between the 


r Y p 



coordinates x^y and x\y' may be found by equating the 
expressions for the projection of OP in two directions. For 
example, taking directions perpendicular to OX, OY, 

ysino) = a;'sina+ 2 /'sin(w+/?), 

xsino) = x' sin (o) sinyff. 

These are of the form / , ^ 

X = ax +by , 

y = cx'+dy\ 

where ad’-bc = sin (6> — a + yff) cosec oj. 

By combining the results of 2-61 and 2-54 it is proved that 
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for any change of axes, the equations connecting the co- 
ordinates of a point relative to the two sets of axes are 

X = + + 

y = cx'-¥dy'^-f. 

Since ad^bc the equations can be solved for x\ y' and thus can 
be expressed in the form 

x' = Ax-\-By-\-E, 
y' = Gx-\rDy^-F. 

The equations in 2-51, 2*53, 2-54 can also be used in another 
way to define the position of a new point P' whose coordinates 
x' , y' are expressed in terms of the known coordinates x, y of 
a given point P, the same axes being used for both. See 
Exercise 2 e, Nos. 18-29. 

EXERCISE 2e 

1. If the origin is moved to (4,5), state the new coordinates of 
(3,6), (11, —2), (a, 6), and the old origin. 

2. If the origin is moved to (3, —3), state the new coordinates of 
(8,4), (3,3), (-4, -4), (a, 5). 

3. If the origin is moved to (1, 1), state the new equations of the 
line 2a; + 32/ = 1 and the curve y = x^. 

4. If the origin is moved to ( — 2, 3), state the new equations of the 
line a; + 2/ = 1 and the curve (a; + 2)* + (t/ -f 3)^ = 1 . 

5. To what point must the origin be moved so that 

(i) (3, 7) becomes (9, 6)? (ii) ( — 3, 4) becomes (3, — 4) ? 

(iii) (a, 6) becomes (c,d)? 

6. To what point must the origin be moved so that 

(i) (2/ — 2)2 = 4(a; + 3) becomes = 4a;'? 

(ii) a;2 + 2/® = 1 becomes (a;' + 1)2 + (2/' — 1)2 = 1 ? 

(iii) -f 21/2 4- 3a; ~ 42/ + 7 = 0 becomes of the form a;2 + 2y^ + c = 0 ? 

7. Find the new coordiijiates of (1,^3), (1, - 1), (a, 6) when the axes 
are turned through Jtt. 

8. Find the new coordinates of (^3, 1), (1, - 1), (c,d) when the axes 
are turned through — Jtt. 

9. If the axes are turned through ^tt, find new equations of the line 
a; = 2/ and the curve a;2 4- 2Qcy + 2/y^ = 1. 
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10. If the axes are turned through f tt, find the new equations of the 
line 2a; + 2^31/+ 3 = 0 and the curve = 41/. 

11. If the axes are turned through Jtt, find the new equations of 

i/-3a; = 1, xy = c^ W-\-2xy + ly^ = 24. 

12. Find the angle through which the axes must be turned so that 
1 la;^ -^xy— 9^/^ = 0 may assume the form ax'^ + hy^^ = 0. 

13. {(j) = in.} If the axes are turned through f tt, what are the now 
coordinates of (a, b) and the new equation ofy = x^^ 

14. If the origin is moved to (1, — 3) and the axes are then rotated 
through tan""^ f , find the now coordinates of the old origin and the new 
equation of 36a;^ + 24xy + 29y^ + 150y + 45 = 0. 

15. By moving the origin and then rotating the axes, reduce 
x^ + xy + y^ — 2x — y — 4 = 0 to the form ax^ + by^ + c = 0. 

16. The axes are changed twice by the substitutions 

x' y' x" y" 

X cos a —sin a x' cosfi —sin/? 

y sin a cos a y' sin/? cos/^ 

What single substitution would produce the same effect ? 

17. If ax^ + 2hxy + by^ becomes a'x'^ + 2h'x'y' + b'y'^ by rotating the 

axes through an angle a, prove that o' + 6' = o + 6 and a'6' — zz: ab — h^. 

In Nos. 18-29, the coordinates of P and P' referred to the same 
rectangular axes are x, y and x\ y' . In Nos. 18-21, P lies on a network 
of lines parallel to the axes at integral distances from them. Show in a 
diagram on what lines P' lies. 

18. = 2ac, y' = y. 19. x = x\ y ~ 3y\ 

20. x' = « + 22/, 2/' = y- 21. 5x' = 3x + 4ty, 5y' = 4x-3y. 

In Nos. 22-29, P lies on a given curve. State how to derive from this 
curve the curve on which P' lies. 

22. x' =zy,y' :=z -X. 23. x' = y,y'=: x. 

24. x' = Xyy' = —y. 25. x' = —y,y' = x. 

26. x' = 3x, y' = y. 27. x' -x,y' -- 2y. 

28. x' = cx, y' = cy. 29. a?' = ax f 6, y' = ay+ c. 

\ 

2*6. Equations and Loci in Space 

2-61. When the cartesian coordinates x, y,z oi& point in 
space are connected by a single relation/(a;, y, z) = 0, the point 
is restricted to lie on a locus called a surface, andf{x, y,z) = 0 
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is called the equation of the surface. A surface contains oo® 
points. The simplest example of a surface is a plane. 

The equations of the planes YOZ, ZOX, XOY are x = 0, 
y = 0, z = 0. 

2 ‘62. Another kind of locus in space consists of points 
and is called a curve. The simplest example is the line. The 
coordinates of a point in three dimensions must be subject to 
a double restriction to confine the point to a curve. 

The axis OX can be represented hy y — z = 0. 

2-63. A line or curve in space may also be represented by 
parametric equations 

x=f{t), y = g(t), z = h(t), 

which leave the point only one degree of freedom. 

Consider, for example, the points given by 

X = sint, y = coat, 2 = tan<. 

These points are all such that x^ + y^=l and this expresses 
that they are at unit distance from OZ. They lie on a cylinder 
with OZ for axis; = 1 is the equation of this cylinder. 

The points also lie on another surface whose equation is 
X = yz. They do not lie entirely in any one plane. 

In general the parameter t can be eliminated from 

x=f{t), y = 9(t}, z = h{t) 

in two independent ways, giving results 

^{x, y, z) = 0, rlf{x, y, z) = 0, 

which are the equations of two surfaces passing through the 
curve. These equations may be called the equations of the 
curve; but it must not be assumed that every curve consists 
of the common points of two surfaces found in this way. See 
Exercise 2 f, No. 20. 

2-64. From equations x—f{u,v), y = g(u,v), z = h{u,v), 
which express the coordinates of a point in terms of two para- 
meters u and V, there can be obtained 00 ^ points by giving 
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values to the parameters. These points constitute a surface. 
The equation of the surface is found in the form 2 ) = 0 

by elimination of u and v from the three parametric equations. 

2*65. Thus in space a locus may be a curve-locus consisting 
of 00 ^ points or a surface-locus consisting of 00 ^ points. Both 
a curve-locus and a surface-locus can sometimes be represented 
parametrically. 


EXERCISE 2f 

In Nos. 1-8, state what surface is represented by the equation. 

1, y = X. 2, xz = 0, 3. xyz = 0. 

4. a; = 2. 5. 22j-f3 = 0. 6. 2 /^ = 4. 

7. + = 1. 8. x^+y^^a^. 

In Nos. 9-16, state what curve is represented by the equations. 

9. a?=0, 2 / = 0. 10. a; = 2 /, = 0. 11. x^y^z^l. 

12. X = y ^ z. 13. 2/^+z^ = 1, a; = 0. 

14. + + = 1, a; = 2/' 15. a?z = 0, 2/2 = 0. 

In Nos. 16-18, state what you can about the form of the surface 
represented by the equation. 

16. f(y,z) = 0. 17. f(x) = 0. 18. /(xjz.ylz) = 0. 

19. Describe the curve given by a? = a cost, y =: asin^, z = ht, 

20. Verify that the curve given hj x = y ^ t^, z =: t lies on the 

surfaces — zx, yz = x. Show also that the point (0, 0, h) lies on these 
surfaces for all values of k, and only lies on the curve for A; = 0. 

In Nos. 21-23, find the a?, y, z equation of the surface given by the 
parametric equations. 

21. X — y z = 8t, 22. a; = y = z = ^^2 

23. X = acosa cos^, y = &sin« cos^, z = csini. 

In Nos. 24-27, state the a;, y, z equations of two surfaces on which the 
curves with the given parametric equations lie. 

24. X ^ t^y y t^y z = 25. a; A 2 + 3i, = 3 — 4i, z = f + 1. 

26. X = sec^, y = tan^, z = sini-hcos^. 

27. a;=:fa-h3«, y = f + 2, z = 6«2 + 4. 

28. What is represented by the equations a: = ^H-l, 2/ = i-“l when 
t is (i) a constant, (ii) a parameter? 



Chapter 3 

THE POINT AND LINE 


3*1. Equation of Line 


3*11. The graph of ax + b, where a and b are constants, 
passes through the point £(0,6). Any other point P on the 
graph has coordinates k,ak-\-b, and therefore BP makes with 
OX an angle tan-^ a. Hence the graph is a line with gradient a. 
ax 4- 6 is called a linear function. 



When a line is said to make an angle 0 with OX, this is to 
be taken to mean that an angle from OX to the line, measured 
in the positive direction of rotation, is d. 

When the axes are oblique, the graph is still a line. This line 
makes with OX an angle 6 given by 

^ ^ MP _ afcsina> a sin o) 

BM k^akGo^io 1+acosw* 

Any linear equation ux + vy + w = 0 in which u,v are not 
both zero is of the form y = axH-6 or else x = c. It therefore 
represents a line. 

3*12. Example. Ein^ the equation of the line through 
( — 1,2) perpendicular to the line joining (2, 3) to (9, 8). 

The gradient of the joining line is f. Hence that of the 
required line is — f . Therefore the equation is of the form 

5x + 7y = 
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The right side is a constant, and its value is found from the 
fact that the equation must be satisfied by a; = — 1, y = 2. 
Hence the constant is 5( — 1) + 7.2. In practice the result is 
written down as follows: 

5a;-}-7y = 5(-l) + 7.2 = 9. 

EXERCISE 3 a 

In Nos. 1-6, state the gradient of the line. 

1. 2ac-y-l. 2. 4rr-5i/ = 6. 3. 7a; + 82/ = 9. 

4. 2/ = 3. 5. oj = 2. 6. ax + fet/H-c = 0, 

In Nos. 7-22, find the equation of the line through the given point 
satisfying the given condition, and state whether the result holds 
when (j) 9^ ^TT. 

7. (1, 3), gradient 2. 8. ( - 2, 1), gradient - f . 

9. (4,-2), parallel to 30? + 5y = 7. 

10. (3, 1), parallel to 2aJ— y + ^ 

11. (6, — 7), parallel to a? = 4. 

12. (6, — 1), perpendicular to 2x — y = 3. 

13. (2, 3), perpendicular to 4aj — 7^/ + 8 = 0. 

14. O, parallel to Zx—ly^ 2. 

15. O, perpendicular to ao? + + c = 0. 

16. {h, k)j perpendicular toy = tx, 

17. (p, q), parallel to ttx + by-\-c = 0. 

18. (4, 7), parallel to the 2/-axis. 

19. 0, making an angle of 60° with the a;-axis. 

20. (0, — 1), making an angle of 135° with the a;-axis. 

21 . (2, 3), making an angle of 30° with O Y, 

22. (3, — 4), making an angle of tan“^ | with OX, 

In Nos. 23-31, find the equation of the line satisfying the given con- 
ditions and state whether the result holds when o) ^ Jtt. 

23. Through (0,0) and (p,g). 24. Through (3,5) and (-2, 7). 

25. Through (6, 7) and (5, - 3). 

26. Perpendicular to 6a; + 61/ = 1 at the point where it meets OX, 

27. PajpaUel to 3a? + 42 /-fl = 0 and 3a7-|-4y-6 = 0 and midway 
between them. 
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28. Through (2, 0) perpendicular to the line joining (4,-8) and (0, 3) . 

29. Through (a, h) parallel to the line joining (c, d) to the origin. 

30. Find the perpendicular bisector of the line joining (0,0) and 
(3,7). 

31. Find the perpendicular bisector of the line joining (4,1) and 
(-5,8). 

32. Prove that the lines joining ( — 4,1) to (2,4) and ( — 4,3) to 
( — 3, 1) are at right angles. 

33. Find the equations of the lines through (1,1) making 46° with 
2a; + 2/ = 7. 

3*2. Point of Intersection of Two Lines 

If two lines have a common point, the coordinates of this 
point satisfy the equations of the lines and are found by solving 
these simultaneous equations. 

(i) If the equations are x-\-2y = 7, 3a: — 4^ = 1, the solution 
is a: = 3, 2/ = 2. The point of intersection is (3, 2). 

(ii) If the equations are 3a?+2^ = 5, 6a:-f 41/ = 7, there is 
no solution. The equations are inconsistent. The lines have no 
common point: they are parallel. 

(iii) If the equations are 3a; + 2^ = 5, 6a; + 4^/= 10, the 
equations are identical and are satisfied by an unlimited 
number of values of a:, t/. The fines are coincident. 

In the general case ofui a; Cl = == 0 

the coordinates of any common point satisfy 

b^{a^x-\-b^y^c^) = b-^(a^x + b^y-^o^) 
and a^{a-^x-\-b^y^-c^) = a^{a^x-^b^y-\-c^), 

and therefore 

6i a; = 6i Cl , o,x K V — • i^) 

^2 ^2 ®2 ^2 ^2 ^2 


Put 

&! Cl — A, 

C^l Cl — — By 

Oi 61 1 = C, 


b^ ^2 

C2 

U.2 62 1 


Then, unless (7 = 0, 

x^AjC. y^BIC, 
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It is easy to verify that these values actually satisfy the two 
equations. They are the coordinates of the point of inter- 
section of the lines, and this exists when C is not zero. 

No exception arises from ^ = 0 or S = 0, but if the solution 

is written i a d n 

x:y:l = A:B:C, (2) 

this must be interpreted by the convention of 0-5. 

Thus if -4 = 0, (2) means x = 0 and y = BjC, 

and if jB = 0, it means y = 0 and x = A/C, 

and ii A — B = means a: = «/ = 0. 

If (7 = 0 and if the equations have a solution, it follows from 
(1) that A = B = 0. Hence there is no point common to the 
lines when (7 = 0 unless also A = B = {). 

The lines are parallel when (7 = 0 and coincident when 
^ = (7 = 0. 


3*25. Concurrence 

Suppose that the lines 

a^x-\-b-^y + c^ = Q and a^x-\-b^y-\-C 2 = 0 

have a single common point, so that 

Then by 3-2(1), the third line a^x + b^y^-c^ = 0 will also 
pass through this point if 


CO 

h Cl 

CO 

1 

«1 Cl 

H- C3 

61 . 


^2 C2 


^2 


CL^ 62 


i.e. A= b^ = 0. 

^2 ^2 
/ 63 C3 

If A = 0, the point x = A/G, y = B/C lies on 
€i^x-\-b^y + c^=^0 

as well as on the other lines because 

a^A/C + b^B/C^c^ = A/(7 = 0. 

Although this argument breaks down when (7 = 0, a similar 
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3-31] 

argument would then apply, with the lines in a different order, 
unless also , „ ^ ^ i ^ ^ = 0. 


• 

0/2 62 

= 0 and 

<*3 

h 

63 



*1 


U /1 l/i VUn Uo t&o 

When , , , ^re all zero, the three hnes 

are parallel. 

Therefore when A = 0 the lines are either concurrent or else 
parallel. 


3*3. Angle of Intersection of Two Lines. {ce>} 

3*31. Unit vectors in the axes being denoted by i, j, the 
vector pi + qj has the direction of the line xjp = yjq. Therefore 


a vector which has the direction 
of the line aic + fty + c = 0 is Y 

6i-aj. Hence the angle be- / 

tween two lines / 

a^x + b^y-^c-^ = Oy / 


< 

a2X + b2y + C2 = 0 

is the same as the angle between 0 / 

pi 

i_L 

X 


the two vectors 


E^E2Cos6 = ( 6 ii-aij).( 62 i“"^ 2 j) 

= 6 i 62 »2 j ^ - ^1 ^2 i • i - *2 % j • i 

= aj^a2 + b^b2—(aib2 + a2bj)GOS0j, (1/ 


Also = Ri^ = (ftii-aj)^ = ai^-{-b^^-2a^biQOB(i), 

E^^ = Rg^ = (621-^2!)" = V-2a2ft2Cosw. 

From the last three results, the value of cos d can be found. 
Putting COS0 = 0 in (1), the condition of perpendicularity is 
found to be , , , a , ^ a \ . 

or, if w = ^TT, a^a^-^-b^b^ = 0. 

In practice it is usually more convenient to use this result 
than to express that the product of the gradients is — 1. 
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[332 


3*32. Example. Find the angle between the lines 
3a; + 2y=l, 5x — y = 6, 

when 0 ) = 

1st method. By 3-11, for the first line 


^ — 3sinw ^ 

»--f, tene.-j-— = -3V3, 

and for the second line 

6 sin 6; 5J3 

a = 4- 5, tan 6 ^==- — ^ . 

^ H- 5 cos 6 > 7 

The angle between the lines 

2nd method. By 3-31 (1), 

i2i = V(3^ + 22-2.3.2 cosw) = V7, 

i?2 = V(^* + ®^ + 2-5co8(y) = 

^7./31 COS0 = 15 — 2 — 7 co8&> = 


0 = cos"^ 


1 ^ 

2 "^ 217 ’ 


EXERCISE 3 b 

In Nos. 1—8, find the point of intersection of the lines. 

1. 14a;— llt/+ 13 = 0, 2 / = 6. 2. a; + Ty = 20, 4a; + 5?/ = 11. 

3. a;-}-2i/ = 0, 7a;— 31/ = 6. 4. 2a;+ 71/ + 4 = 0, 5a; + 92/ + 3 = 0. 

5. (a — 5) a; 4- (a — 3)2/ = 2, Zx + (a—\)y = 2a— 6. 

6. m^i/ = a;-f am^, rngi/ = a;+amj. 

a a 

7. 2/ = w^ii*JH ,2/ = W2a;H- — . 

8. x-^yt^ = 2aii, a; + 2/«a^ = 

9. Prove that a; + 22/ = 8, 3a; — 42/4-6 = 0, 6a; — 72/-4* H = 0 are 

concurrent. * 

10. Prove that a;4-42/4- 7 = 0, 3a; — 21/4-8 = 0, 1 la; 4- 2i/ 4- 38 = 0 are 
concurrent. 

11 . If oa;4- 3i/ 4- 4 = 0, a?— 21/4- 3 = 0, a; = 1 / are concurrent, find the 
value of a. 
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12. If a; + % = 3, 7a; + 52/ = 4, Saj + ^ + A; = 0 are concurrent, find 
the value of k, 

13. Verify that the perpendiculars from the vertices to the opposite 
sides of the triangle (4, 11) (6, - 6) (2, - 3) are concurrent. 

14. Find the condition for the concurrence of the three distinct lines 
Zax-2y = ka^, 3bx — 2y = kb^, Zcx—2y = A;c®. 

In Nos. 15—18, find the area of the figure bounded by the lines. 

15. i^ + 2/ = 7, 11a; — 5 = IS?/, a;-axis. 

•16. 2x — Zy+\l = 0, 1.3a;-?/ = 58, 9a; + 5?/ = 6. 

•17. 4a;-3?/-13 = 0, 4a;-3^+37 = 0, 3a; + 4?/+9 = 0, 

3a; + 4?/ — 16 = 0. 

18. a;-7?/+10 = 0, 4a;+ 3?/- 22 = 0, a;- 3?/+ 17 = 0, 4a;-?/+13 = 0. 
In Nos. 19—24, find the angle between the lines. 

19. a; — 3?/ + 6 = 0, a;+2^ + 7 = 0. 20. a;^3 — ?/ = 2, a; + ?/-y/3 = 0. 

21. 12a; + 20?/ = 15, a; = 0. 22. 17a;+ 11?/ = 53, 4a;+ = 3. 

23. (a + 6)a;+(« — 6)2/ = c, (a — h)x + (a-\-b)y = d. 

24. my/n = (m + n)a;/(m — n), nxjm = (m + n)?//(m— n). 

25. Find the angles of the triangle formed by 

2a; + 3?/=4, 2a; — 3?/ = 2, ?/+l = 0. 

In Nos. 26-32, find the angle between the lines. 

26. {(O = tan“^ f }. x = 2y, OX, 

27. {«t> = tan-i fj}. y — 2x, OX, 

28. {6; = i7r}. a; + 2?/ = 3, 2a;— ?/ = 1. 

29. {(i)}. x^y=h OX. 

30. {a>}. 3a; — ?/ + 3 = 0, a;4-3?/ = 0. 

31. {w}. 3a; + 4?/ = 6, 7a; — 6?/+l = 0. 

32. {a;}, a; — a = ?/(sin o) — cos w), h — y = a;(sin o) + cos w). 

33. {6>}. State the condition of perpendicularity for 

hy = x + t^y z=^x+ 

34. {<*>}. Write down the equations of the perpendiculars to the 

axes at the origin. ^ 

35. {o^}. Find the equation of the perpendicular at (1,2) to 
3a; + 2 / = 0. 

36. {w}. Find the equation of the perpendicular from (ajj, y^ to 

ax^hy + c = 0 . 


RIAG 


4 
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In Nos. 37-39, find the orthocentre of the triangle. 

37 . (6, -7) (8,3) (0,0). 

38 . Sides y = 2a;— 3, 2^/ = a;-f 2, 2x + Zy = 24. 

39 . Sides t^y =: x + t^y = x+ t^y z=:x + at^, 

40 . Deduce the value of tan 6 from the value of cos 6 given in 3-31. 

3*4. Length of Perpendicular 

Let p denote the length, essentially positive, of the per- 
pendicular from (iCi, y^) to 

ax-\-by + c = 0 . 

If <l> is the angle between OX 
and the perpendicular, then the 
foot of the perpendicular is 

{^1 ~^P cos (p, yi —p sin $5) 
or (a;i+f>cos^, yi+jJsin^S). 

Since this point lies on 

ax + by-{-c = 0 , 

a(x^TpQO^(j)) + b{y-^Tpmi^) + c = 0. 

/. ± i? = + by^ + c)/(a cos ^ + 6 sin ^). 

But tan^ = 6/a, 

• ^ _ I ax^ + byy + c 

" ^ ^j{a^ + b^) ■ 

The sign is + if ax^ -\-by^-\-c is positive and — if ax^ ■\-by^-\-c 
is negative. 

When (i) ^ \7r, the formula for the length of the perpendicular 
IS 

_ (aa;i-f-6^i-|-c)3inw 

^ ~ cos (I)) ' 

A proof of this is indicated in Exercise 3c, No. 29. 

3*45. Sign of ax^ + by^ + c 

The expression ax + by + c, which is zero when (x,y) Ues on 
the line aa;-f-6y-t-c = 0, is positive when (x,y) lies on one side 
of the line and negative when it lies on the other side. 
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For let Pj, Pg be any two points, and let the point of inter- 
section P of PjPg and ao; + + c = 0 be 

\ /Ci + ATg ’ /Ci-fACg / 

See 1*51. 

Then P^P : PPg = : /Ci. 

Since P lies on the line aa;-|-6y4-c = 0, 

^ ^1^1 + ^2-^2 I ^ ^1^1 + ^22/2 I ^ _ Q 

A1 + A2 ATl + ZCg 

/. a{K^x^ + K^x^) + h(K^y^ + K^y^)-\-c{K-i^-]~K^) = 0 , 

A:i(aa:i + 6^iH-c) = - K^(ax^ + hy^-^c), (1) 



But AC 2 /A 1 is positive when P is between Pj and Pg and then 
Pj, Pg are on opposite sides oi ax-\-by + c = 0, ( 1 ) proves that 
ax^ + by^ + c and ax 2 -h by^ + c then have opposite signs. 

Similarly, K^jK-^ is negative when P^, Pg are on the same side 
of the line and ax^ + by-^ + c, ax^ -f- by^ 4 - c then have the same 
sign. 



Consider for example the lines 2 a: + = 4 and 61 / = 6x, 

When X = y = Q,2x'\'^y — 4 c\^ negative. Hence it is negative 
when X, y are the coordinates of a point below the line 
2a; + 3^/ = 4, and positive whenever x, y are the coordinates of 
a point above the line. 

When x — 0 and y — I, 6y--5x is positive. Hence it is 
positive when x, y are the coordinates of a point above the 


4-2 
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line 6y = 5x and negative when they are the coordinates of a 
point below it. 

A line does not possess one side which is necessarily its 
positive side: the equation of the line 2x + 3y — 4 = 0 can also 
be written — 2a; — 3y + 4 = 0. 


3*5. Angle -bisectors 


3*51 . The equation of a bisector of an angle between two 
lines can be written down by equating the lengths of the per- 
pendiculars to the lines from an arbitrary point {x,y). To 
distinguish between the two bisectors the signs of ax + by-hc 
must be considered. These signs can usually be determined 
from a rough figure as in the 
examples of 3*45. A method y 


which may be used in a 
doubtful case is given in 


\y 

the following example. 




3*52. Example. Find the ^ 


/ \ ' 


equation of the bisector of the 

obtuse angle between the lines 11a; == 60y and 99a; -h 20y =1100. 
From the figure 


tan y = tan (a — 


tana-tan/g ^ 
l+tana taring 


And, since 20 . 60 > 99 . 1 1 , tan y < 0, thus y is obtuse. 
Now if P is (a:, y) and PP,' PK are the perpendiculars, 


Pjr- , 99a; + 20j/-1100 
-V(lP + 602)’ ^(992 + 202) • 

The point (1,0) and the point P are on the same side of 
1 la: = QOy, and 1 1 . 1 — 60 . 0 is positive. Therefore 1 la: — 60y is 
positive when x, y are the coordinates of P. Thus 


PH = +{Ux-my)j%\. 

Also the origin and P are on the same side of 


99a: + 20y = 1100. 
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Therefore 9to + 202 /- 1100 negative when x^y are the co- 
ordinates of P. Thus 

PK = -(99a; + 20y-1100)/101. 

Hence the required equation is 

101(lla;-602/) = -6](99a; + 20i/- 1100), 
i.e. 65a; — 44?/ = 610. 

In an example of this kind the figure should be used to 
check that the correct bisector has been found. 

EXERCISE 3 c 

In Nos. 1-8, find the length of the perpendicular from the point to 
the line. 

1. (0,0), 3a; + 4?/ = 2. 2. (6, 4), 4a; + 3?/ = 11. 

. 3. (1, -3), 2 / = 3a; + 2. 4. ( - 6, 0), Ja;- = 1. 

5. (3,7), 6(a;-4) = 12(2/-3). 6. (a, 0), y = 3a;+ Ja. 

7. {a,0), ty — 

8. (a;i, 2 /i),a;cosa + 2 /sina = p. Also show how the sign is determined. 

9. Find the distance between 3a; + 4?/ + 7 = 0 and 3a; + 4?/ — 10 = 0. 

10. Prove that the lines x = 65, 63a; + 16?/ = 4225, 6a; + 12i/ = 846, 
3a;-~ 4?/ = 325 touch a circle centre the origin. 

11 . Prove that any point on %y = lx is equidistant from 3a; + 4?/ = 5 
and 12a; + 5?/ = 13. 

12. Are (1,2) and (3,-4) on the same or opposite sides of 

60a; + 202/ = 99? 

13. Which of the points (3, —9), (5, —11), (4,7), ( — 3,1), (0, — 1) 
are on the same side of 6a; + 2?/ = 1 as the origin? 

14. For what values of c are (8, — 3) and (3,c) on opposite sides of 
12a; + 5?/ = 70? 

15. Find the conditions for (/, g) to be inside the triangle formed by 
3a;-22/ = 6, a; + 2?/ + 4 = 0, a; + 2 / = 6. 

In Nos. 16-19, find the bisectors of the angles between the lines. 

16. 3a; + 4?/= 5, 12a;-6?/ = 41. 17. 4a; + 3?/ = 0, y = 0. 

18. a; + 2 / = 30, a; — ?/ = 4. 

19. 77a; +36?/ = 10, 33a; -66?/ = 8. 
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20. Find the bisector of the acute angle between 8 a;+ I 62 / = 7 and 
3a; -41/= 13. 

21. Find the bisector of the obtuse angle between 12a? — 52/ = 4 and 
3a; 4- 42/ = 16. 

22. Find the bisectors of the angles between 

a; + 2 / = 6 and y—x^2-\-l = 0 
and distinguish between them. 

23. Find the bisectors of the angles between 60a; = 112 / and 
lx + 242/ = 3 and distinguish between them. 

24. Find the bisector of that angle between 4a; + 82 /= 12 and 
3a; — 42/ = 3 in which (1,2) lies. 

25. Find the bisector of that angle between 8a?— 152/= 12 and 
5 a; — 122 / = — 6 in which the origin lies. 

26. Find the internal bisectors of the angles of the triangle formed 
by 2 / = 7 , 12a; — 52/ = 37, 12a; — 02 / = 57. Verify that they are concurrent 
and find the incentre. 

27. Find the incentre of the triangle formed by a; = 2 /, 7a; — y = 2, 

a; — 72/ = 14. * 

28. Find the ecentres of the triangle formed by 4a; — 3iy=l, 
80a; — 302/ = 41, 40a; — 02 / = 871. 

29. A and B are the points in which the line oa; + & 2 / + c = 0 meets 
the axes, p is the length of the perpendicular from (a?!, 2 / 1 ) to the line. 
By equating \p,AB to the area of the triangle P^AB given by Exercise 
1 H, No. 28, prove the formula stated in 3*4 for oblique axes. 

30. {w}. Find the length of the perpendicular from (5,-7) to 
4a; + 132/+ 1 = 0. 

31 . {(0 = f tt}. Find the internal bisectors of the angles of the triangle 
formed by Sx + 6y = 8 , a; = 4, 7a; + 8 y + 28 = 0. 


3-6. 


-+l 

a b 


= 1 


3*61. By 3-11 the equation 
xla + ylb=l represents a line be- 
cause it is of the first degree. It is 
satisfied by cc = a, y = 0 and by 
X = 0,y = b. Hence the line passes 
through.4(a, 0)and-B(0, 6). It cuts 
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off intercepts a, b from the axes, due regard being paid to a 
sign convention. 

3*62. Example. ABC is a triangle with sides (7JS, GA along 
given lines and ljGB-\-\IGA is constant. 

Prove that AB passes through a fixed 
point. 

Take the given lines as axes. Then if 
CA = a and CB = 6, it is given that 
l/a+ 1/6 = fc. Also the equation of AJS is ^ 
xla-\-yjb — 1. The given condition there- 
fore proves that AB passes through the point (l/fc, 1/4), which 
is fixed. 


3-65. Polar Equation and x cos a+y sin a =p 

Let the polar coordinates of an arbitrary point P on a given 
line be (r, 6) and let the polar coordinates of the foot of the 
perpendicular from the origin to 
the line be (p,a). Then in the 
figure 

ON = OP qobNOP, 

i.e. p = rcos(a~0), 

which is therefore the polar equa- 
tion of the line. 

Since 

r cos [6 — a) = rcos0 cos a -hr sin a sinO 

and the cartesian coordinates of P are rcos0{ = x) and 
rsin^ ( =y), 

p = a; cos a H-y sin a. 

This is the cartesian equation of the line. Negative values of 
p can be avoided by the change of a into a ± tt when necessary. 
For example, a;-h2/^3-h4 = 0 can be written 

ajcos^TT-hysin^TT = — 2, 




A X 



56 THE POINT AND LINE [3*65 

but it can also be written 

a;cos(-~|7r)-f ysin(-- |;r) = -1-2. 

Any equation ax + by'\-c = 0 can be reduced to the form 
X cos a + y sin a = by division of both sides by ± + b^). 


EXERCISE 3d 

In Xos. 1-4, express the equation in the form xja H- yjh = 1 and sketch 
the graph. 

1 . 3a; — 4^=12. 2 . 4a;-f 32/-^ 12 = 0. 

3. 2a;-|-32/ = — 6. 4. i/ = 3a;— 7. 

In Nos. 5—15, express the equation in the form a; cos a -}- 2 / sin a = 0 

5. x^\-y^J^=4:, 6. x — y=:2, 7. a; -f- 1 / -f 1 = 0. 

8 . a; =3. 9. 7a; + 24^=12. 10 . 2 / + 5 = 0. 

11 . 2y-3x = 4. 12 . 20a;- 992/ = 303. 

13 . x/a-hy/b = If {a>0,b>0). 14 . y = ax + b, (a>0fb>0), 

15 . aa; + 6y4-c = 0, (a>0,5>0,c>0). 

In Nos. 16-24, -write down the equation of the line. 

16 . Cutting off intercepts 6 , 3 from the axes of x, y. 

17 . Cutting off intercepts —2,^ from the axes of x, y. 

18 . Joining (8,0), (0, —4), 

19 . Through (7, 11) making equal positive intercepts on the axes. 

20 . Through (2, —3) having the part cut off between the axes 
bisected at that point. 

21 . Through (a;i,2/i) having the part cut off between the axes 
bisected at that point. 

22 . Through (2, 5) having the part cut off between the axes divided 
at that point in the ratio 4 : 3. 

23 . At a distance 3 from the origin such that the perpendicular 
from the origin makes 30® with OX. 

24. At unit distance from the origin and making jTr-htan-i^^^ 
with OX. 

26 . Write down the equation of the line joining (pcos h* painty) 
to (pGoat^f painty) and the coordinates of the point of intersection of 
a; cos 4“ 2 / sin =p and a;cos <2 + ysin ^2 = P* 
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In Nos. 26-28, give the polar equation of the line. 

26. Through (c, 0) perpendicular to the initial line. 

27. Through (A;, in) parallel to the initial line. 

28. Through the polo and (rj, d^). 

In Nos. 29-34, show the position of the lino in a diagram. 

29. 2 = rcos(^— J tt). 30. — 3 = rcos(0 + i7r). 

31. 3 = 2rsin^. 32. r = sec(^ + f7r). 

33. r = cosec (0 + In). 34. rcos(^ + a) = p. 

In Nos. 35-37, give the polar equation of the line. 

35. Parallel to ^ — Jtt at unit distance from it. 

36. Through (k, — in) making tan~i m with the initial line. 

37. Joining (a, 0), (6, in). 

38. Find the point of intersection of the lines r cos {6 — a) = p and 
r cos (0 — /?) = q. 

39. Show that Ijr-i- cos 0 = cos(^ — a) represents a line and find its 
distance from the pole. 

40. Find the point of intersection of the lines 

Z/r + cos 6 — cos (6 — a) and Z/r + cos 0 = cos (0 — p). 

3*7. Line Joining Two Points 

3-71 . Let Pi, P2 be the points and let P(x, y) be an arbitrary 
point on the line joining them. Then since 

JVi N : NN^ = Pi P : PP2 = Ifi M : if Jfg , 



ing that the area P1PP2 is zero. ( 1 ) shows that the equation 
of a line is of the first degree. 



58 


THE POINT AND LINE 


[ 3-71 

In numerical examples the equation of the line joining two 
points can often be written down at sight. In particular this 
can always be done if one of the points is the origin. The line 
from (0, 0) to (3, 4) is 4x = 3^ and the line from (0, 0) to ( — 2, 5) 
is 5x + 2^ = 0, because these equations are of the first degree 
and are satisfied by the given coordinates. Similarly the line 
joining (1, 4) to (3, 2) is x-h^ = 5, 

The equation of the line joining two points whose polar 
coordinates are given is found as in 
the following example. 

3 * 72 . Example. Find the polar 
equation of the line joining (u, 0) to 
ivJ). 

Let .4, JS be the given points and let 
P be an arbitrary point (r, d) on the 
line joining them. Then in the figure 

liAOB= l\AOP+hPOB. 

\uv sin /? = ^ur sin 6 + \vr sin — (?), 
i.e. {uv/r) sinfi = usixid-^vsin{^—0). 

If P is in AB produced, then, in the above proof, APOB is 
replaced by — A BOP and this is —^vrsm(d—fi). Hence the 
result is unaffected. It also remains the same when P is in 
BA produced. 

By adopting a sign convention to distinguish between 
A BOP and A POP, the same proof can be made to apply to 
all positions of P on the line. 

EXERCISE 3e 

In Nos. 1-8, find the equation of the line joining the points. 

1. (0,0), (6, -7). 2. (5,6), (11,12). 3. (8, 12), ( - 3, 7). 

4. (0,0), (p,g). 5. (0,p), (~^ir,0). 6. (3, 11), (- 7, 20). 

ih I )» ( " » 1)* ®* ®^)* 

9. A is (0, 3), P is ( — 2, 0), (7 is (11, 5), D is (4, 7). Find the equation 
of the line joining the mid-points of .4P and CD, 
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10. Find the equations of the medians of the triangle (4, — 1) 
6, 7) (11,2) and verify that they are concurrent. 

[n Nos. 1 1-15, find the polar equation of the line joining the points. 

11. (a,a), (a,73r-a). 12. (6,;^), (6,27r~^). 

13. (c, 7 ), (d,r + i7r). 14. (2,10°), (3,70°). 

15. (3,tan-i^), ( — 4,tan-i Z^). 

16. Provo that the line joining (r^, 6^) to (rg, 0^) is 

(r^r^lr) sin (^i - 6^) = sin (0 - 0^) - sin (0 - d^). 


3*8. Coordinates of a Line 

The various forms of the equation of a line 

xja + ylb = 1, ajcosa + j/sina = p, 
r cos (0 — a) = ^, y = ax + b 

all contain two arbitrary constants. 

Inax + by + c — 0 there are three constants, but they are not 
independent because 

ax + by + c = 0 and Kax + Kby + /crc = 0 (/c 7 «^ 0) 

represent the same line. Two of the ratios a\b:c are inde- 
pendent, and thus a, b, c are equivalent to two independent 
constants. 

We therefore say that there are oo^ lines in a plane. A line 
in a plane can be represented either by one of the above equa- 
tions or by two coordinates. The coordinates might be p, a or 
they might be the a, b of the intercept equation, but it is best 
to emphasise the duality that exists between the geometry of 
the point and of the line in two dimensions by defining 
coordinates X, F of a line as follows : 

When the equation of a line is written in the form 

Xx+ Yy+l = 0, 

with the constant term equal to + 1, the coefl&cients X, Y of 
X, y are called the coordinates of the line. 

These coordinates are such that the intercepts made on the 
axes by the line are — 1/X and — 1/F. Thus the dimensions 
of X and Y are — 1 in length. 
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We shall write line coordinates in square brackets. Thus 
[X, Y] means the line whose coordinates are X, Y and whose 
equation is therefore Xx+ Yy^l = 0. See 0*2. 

EXERCISE 3f 

In Nos. 1-10, state the coordinates of the line. 

1. 4a? — 61/ + 2 = 0. 2. 3a? + 21/— 1 = 0. 3. 2i/ — 7a; + 3 = 0. 

4. 0? = 5. 5. 22/ + 3 = 0. 6. ax-\-hy-\-c = 0, 

7. x/a + y/b = 1. 8. y=^mx-^c. 9. a? cos a + 1/ sin a = p. 

10. = 

In Nos. 11-16, state the equation of the line. 

11. [3.4]. 12. [-1,5]. 13. [1,-1]. 

14. [4,0J. 15. 16. [0,- n. 

17. What lines have no coordinates ? 

18. What coordinates give no line? 

19. If [X, F] passes through (4, 5), what equation is satisfied by 
X, F? 

20. If [X, F] passes through { — J), what equation is satisfied by 

X, F? 

21 . If 3X — 7 F + 1 = 0, prove that [X, F] passes through a certain 
fixed point and state its coordinates. 

22. If 4X + 5F — 6 = 0, prove that [X, F] passes through a certain 
fixed point and state its coordinates. 

23. Prove that [X, F] and \1cX,kY^ are parallel for all values of k 
except zero. 

24. Prove that all lines [X, F] such that 2X + 3F = 0 are parallel. 

25. Find the coordinates of the line through (2, 3) parallel to [4, 6]. 

26. State the condition for [Xj, Fj] and [Xg, Y^] to be parallel. 

27 . State the condition for [X^, F j] and [Xj, Fg] to be perpendicul ar . 

28. What is known about [X, F] if X* + F^ = ? 

29. Find the tangent of the angle between [Xj, F^] and [Xg, Fgl- 

30. Find the coordinates of the bisectors of the angles between 
[3, 4] and [5, -12]. 

31. Prove that [Xi, Fj], [Xj, Fg] and 

[(/CiXi + /c,X,)/(/Ci + Kt), (/Cl F, + /Cj Fa)/(/fi + /Cj)] 
are concurrent. 
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32. Find the coordinates of the line joining to 

33. Find the coordinates of the point of intersection of [X^, and 

[^ 2 , Y,], 

34. Find the area of the triangle bounded by [X^, Yi], [Xg, Yg], 
[^ 3 , 5 ^ 8 ]. 

3*9. Duality in Two Dimensions 

3*91. The idea of dual statements in two-dimensional 
geometry may be illustrated by: 

There is one line There is one point 

and only one and only one 

which passes through which lies on 

two given points two given lines 

and it is called and it is called 

the join the meet 

of the two points. of the two lines. 

It is not asserted here that the dual of a true statement is 
necessarily true and there is in fact an exception to the state- 
ment on the right : the two given lines may be parallel. 

A geometrical statement of a certain kind can be translated 
into another (dual) statement by using 


point 

line 

lies on 

passes through 

join 

meet 

etc. 

etc. 


as a dictionary. Two-dimensional geometry can be built up 
in two different ways, with the point as the fundamental 
element as in the left column, or with the line as the funda- 
mental element as in the right column. 

3*92. Theideaof duality also appears in analytical geometry : 
When the coordinates x, y When the coordinates A, Y 
of a variable point P of a variable line jp 

obey a linear relation obey a linear relation 

lx-\-my^n (^^0), LX + MY + N = {N^Q), 

the point (x, y) lies on the line [X, Y] passes through 

a certain line, namely a certain point, namely 

X = Ijuy Y = m/n. x = LjN, y = MjN, 
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We call lx-\-my-{-n — 0 We call LX + MY -\-N = 0 

the equation of the line the equation of the point 

which may be thought of as which may be thought of as 
generated by the variable point. , generated by the variable line 

When there is any danger of confusion, x, y are called the 
locus or j^oint coordinates and X, Y are called the envelope or 
line coordinates. Also Ix + my-^n = 0 is called the locus or 
point equation of the line, and LX + MY -\-N = Ois called the 
envelope or line equation of the point. 

3-93. When n = 0, points such that lx + my + rt = 0 still lie 
on a certain line, but this line passes through the origin and 
has no envelope coordinates. 

When A = 0 , lines such that LX-\-MY + iV^ = 0 , instead of 
passing through a fixed point, are parallel. 

For if [Zi, 7i], [Xg, Y^ are two such lines, 

+ = 0 and LX^^MY^^{), 

and so X^ 7^ = 0, 

which is the condition of parallelism by 3-2. 

Thus lines [Z, 7] such that LX -{-MY = 0, where i, M are 
constants, form a set of parallel lines. 

3*94. Example. What is represented by Z = a^ + 6, 
Y = ct + d, where i is a parameter? 

For any particular value of t ', the equations give the co- 
ordinates of a line. When t varies, the line varies in such a way 
that its coordinates satisfy 

X — b a =0, 

Y-d c 

i.e. cX-aY = cb-ad. 

t 

This is of the form LX + MY +N = 0 and is the envelope 
equation of a point unless cb = ad. The given equations are 
parametric equations of a point. 

When cb = ad, the equations represent a set of parallel lines. 
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EXERCISE 3g 

In Nos. 1-4, state the coordinates of the point. 

1. 4Z-7r+l = 0. 2. 2Z + 3F=6. 

3. X+7 = 0. 4. 2r = 3. 

In Nos. 6-9, state the equation of the point. 

5. (3,4). 6. (-7,-6). 7. (2,0). 8. (0,-^). 9. 

10. What point has no equation? 

In Nos. 11-13, indicate the position of the point in a diagram, 

11. X4 -y=l. 12. 3X-4y + 5 = 0. 13. 2X = 7. 

14. Write down the distance between the points aiX + 6iFH-Ci = 0 
and a^X + 62 ^ + ^2 = 

15. Write down the equation of the mid -point of the line joining 

cLyX 4“ 61 y 4* Cj = 0 to d^X -f- 62 ^2 — 

In Nos. 16-19, state the coordinates of the line. 

16. Through 2X-f 31" = 1 parallel to [4, - 1]. 

17. Through aX + hY + c = Q parallel to [Xj, yj. 

18. Through 3X - F 2 = 0 perpendicular to [1, 2]. 

19. Through aX^-hY + c-O perpendicular to pa; + gy 4 r = 0. 

20. Find the condition for the linos joining 0 to OjX H- 61 F -f Cj = 0 
and a2X + 62 y 4 Cj = 0 to be at right angles. 

21. Prove that lines [X, F] such that PX 4 QF = 0 are parallel to 
the line joining the origin to (P, Q). 

22. Find the relation satisfied by the coordinates of lines parallel to 

px^qy = 0 . 

23. Find the locus of the points given by aX 4 6 F = A when A varies. 

24. Find the equation of the locus of the points given by 

F = Aa(AX4l) 


when A varies. 



Chapter 4 

DUALITY AND DEGENERACY 

4*1. Duality 

4*1 1 . When the coordinates x, y When the coordinates Z, Y 
of a variable j^oint P of a variable line 'p 
satisfy an equation satisfy an equation 

f{x,y) = 0, F(X,Y) = 0, 

the point generates a the line generates a 

certain curve (locus) certain curve (envelope) 

and /(a:, y) = 0 is called and F{X, F) = 0 is called 
the (locus) equation of the (envelope) equation of 

the curve. the curve. 

The words in brackets are omitted when there is no doubt 
about the meaning. 

The simplest cases, when / and F are functions of the first 
degree in x,y and in X, 7, are given in 3-92. The line is the 
simplest form of a curve locus generated by a variable point. 
The point, when it is not taken as the fundamental element, 
occurs as the simplest form of curve envelope generated by a 
variable line: a point that occurs in this way may be called an 
envelope point. 



The locus equation of a curve The envelope equation of a curve 
is the relation which is is the relation which is 

satisfied by the coordinates satisfied by the coordinates 
of an arbitrary point of the of an arbitrary line of the 
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locus. Hence the solution of envelope. Hence the solution of 
a locus problem usually an envelope problem usually 

])egins with the words begins with the words 

“Take an arbitrary point (x, y) “Take an arbitrary line [X, Y] 
of the locus....” of the envelope....” 

4-12. Tangents. If 4 is a fixed point Contacts. If a is a fixed line 

of a curve locus, and P is a of a curve envelope, and p is a 

variable point of it, the limit variable line of it, the limit 

when P tends to A of the line when p tends to a of the point 

through A and P (denoted by AP) on a and p (denoted by ap) 
is called the tangent at A to is called the contact of a with 

the curve locus. the curve envelope. 

AB is the join of the points A, B. ah is the meet of the lines a, b. 

A curve locus of a ])oint Q has A curve envelope of a line q has 
tangents, and these lines contacts, and these points 

generate a curve envelope. generate a curve locus. 

Thus there are two kinds of curve: a curve locus which is a 
collection of points, and a curve envelope which is a collection 
of lines. But a curve locus has tangents and these lines con- 
stitute a curve envelope, and a curve envelope has contacts 
a.nd these ])oints constitute a curve locus. 

In Chapter 12 we start with a curve locus defined by an 
equation f(x,y) = 0 of the second degree. We prove that 
its tangents constitute a curve envelope whose equation 
F(X, 7) = 0 is also of the second degree, and that the contacts 
of this curve envelope are the points of the original curve locus. 

The name conic is given to this curve whether it is regarded 
as a locus or as an envelope. Other curves can be generated 
either as loci or as envelopes, but the degrees of their locus and 
envelope equations are not usually the same. 

EXERCISE 4 a 

In Nos. 1-8, by drawing the lines [Z, 7] in various positions, show 
the curve envelope given by the equation. 

1. Z+7 = 5. 2. Z7 = 24. 3. Z = 0. 4. 7 :t: Z^. 

5. 7=1. 6. 5Z = 77. 7. I/Z 4 - 1/7 = 1. 8. 7^ = X\ 


R1 AG 


5 
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9. Prove that all lines such that X^+ } are at the same 

distance from the origin. Hence obtain the curve whose envelope 
equation is 4- = i* 

10 . A is a fixed point and a is a fixed line not through A» F is a 
variable point on a and p is the lino through Y perpendicular to A Y, 
By taking various positions of F, show in a figure the envelope of jj. 

11 . A piece of paper is in the form of a circle and A is a point inside 
the circle. Show in a figure the envelope of the crease formed by folding 
the paper so that the circumference passes through A. 

In Nos. 12-15, state the duals. 

12. Four points can be joined in pairs by six lines. Those meet in 
three other points. 

13 . Five lines meet in pairs at ten points. These can be joined by 
fifteen other lines. 

14 . Three points A, (7 lie on a line p, and three points A', B\ ( " 
lie on a line q. The meets of BG' and CB\ CA' and AG\ AB' and BA' 
are collinear. 

15 . Two triangles which have their corresponding vertices joined by 
concurrent lines also have their corresponding sides intersecting in 
collinear points. 

4*2 . Degenerate Loci and Envelopes 

4-21 . The equations x = 0 and y = 0 represent the axes O Y 
and OX respectively. The equation xy = 0 represents the pair 
of lines OX, 0 Y ; for it is satisfied by the coordinates of any 
point on either line. 

More generally, {ax -\-by + c) {lx + my + = 0 represents the 

line-pair composed of the two lines ax + by-\-c — 0 and 
Ix-^^my + n = 0; for it is satisfied by the coordinates of any 
point on either of these two lines. 

Again, {x'^ y"^ — 1) {y — x) == 0 represents a circle and line. 

And generally if f{x,y) = 0 and g{x,y) — 0 are any two loci,, 
the equation - 0 

represents the locus composed ofthe separate curves/(a;, 2/) = 0 
and g{x, y) = 0. Such a composite locus is called a degenerate 
locus. 

Dually an envelope equation 

F{X, Y).G{X, r) = 0 
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represents the envelope composed of the separate envelopes 
F{X, Y) = 0 and 0(X, Y) = 0, and this is called a degenerate 
envelope. For example, the equation (-X+ 1) (X— 1) = 0 is 
satisfied by the coordinates of any line which passes through 
(1,0) or through (—1,0) and is the envelope equation of this 
poinUpair, 




4*22. Example. What is represented by the equation 

+ = 0 ? 

This equation may be written (a:+ 1) (a:- 1) (a:2 + 2i/2) = 0 
and therefore represents the locus composed of the three loci 

x = +l, x^-{-2y^ = 0, 

+ 2^/2 = 0 is satisfied by a; = y = 0 only. The equation 
therefore represents two lines a; = ± 1 together with the origin. 

4*23. Example. What is represented by the equation 
(X-4:)^ + {Y^-lf = 0i 

This equation is true if and only if X = 4 and F = ± 1. 
Therefore it represents the two lines [4, 1] and [4, — 1]. 


EXERCISE 4 b 

In Nos. 1-20, state what is represented by the equation. 


1 . = 0 . 

3. {x+l){y-2) = 0. 

5. (X-A)^ + (Y-Bf = 0. 


2. 3a:“ + 2y2 = 0. 

4 . (X+l)(r-2) = 0. 
6 . X^Y = Y. 

8. xy + 3x—2y — & = 0. 


5-a 
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9. 8a;2 4-30(r2/-272/a = 0. 10. X^-^XY + Y'^ = 0. 

11. x^ = yK 12. (X+F)2 = 4. 

13. X2 + ra + I = 0. 14. X* - 6xHf + 4^* = 0. 

15. X3 4-F3 = 0. 

16. {x+l)^ + (y - 2)‘-> = (X - 3)2 + (2/ + 4)2. 

17. (a; + 2/ + «)^ + (a;-2/-“«)^ = 0. 

18. (x+r+i)2+(x-r-i)2 = 0. 

19. x^ + 2xy + y^ = 3x + 3y, 20. .r2-f.2/2 = (aa;4-6?/)2. 

In Nos. 21-26, give a single locus equation to represent: 

21 . The pair of lines -f- 2 = 0, 2/ — 3 = 0. 

22. The pair of lines [3, 1 1, [ — 2. 8]. 

23. The three lines x = 0^ y = 0^ x = y. 

24. (3, —5) only. 25. (0,0) and (1,1) only. 

26. The meet of the lines a^x + bi^y + Ci = 0 and + + ^ 

only. 

In Nos. 27-30, give a single envelope equation to represent: 

27. The pair of points X = 4, F = — 3. 

28. The pair of points^(4, 7), ( — 3, — 2). 

29. x + y = I only. 30. L1>0] and [0, 1] only. 

4*3. The Locus ax2 + 2hxy + by2 =0 and the 
Envelope AX^ + 2HXY + B = 0 

4-31 . The locus equation may be written 

(ax-hhy)^ — {h^ — ab)y^ = 0, (a 4=0). 

If fi^ > ab, hr — ab = k'^, this becomes 

(ax + hy + ky) (ax -\-ky — ky) — 0 

and represents a pair of lines through the origin. 

If = ab, it represents one line + = 0 and con- 

ventionally is said to represent two coincident lines. 

If < ab, }i^ — ab = — the equation is 

(ax 4- hyY 4- = q. 

This is only true ii ax-\-hy ^ Q and y — 0, i.e. if a: == ?/ = 0. 
Hence it represents the point (0, 0) only. 

The first two results hold even if a or 6 is zero. 
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4-32. Orthogorml and Oblique Line-jpairs. 

If ax^ + 2hxy + by^ = {l-^x + rn^y) + mg^), 

the condition for the lines represented by ax^ + 2hxy + by^ = 0 

to be at right angle,!. . 0 , 

But 1^1.2 = a and = b, 

/. « + /> = 0. 


Thus the equation of a pair of perpendicular lines through 

the origin is « . o o a 

^ x^^-2cxy—y^=^(). 

When the lines are not at right angles an angle between them 
" tan e - 

+ a + b ’ 

because 

— = ( 2/^)2 — 4 a 6 . 


4*33. For the envelope equation AX^ + 2HXY -^BY^ = 0, 
as in 4*31, if H^>AB, the equation is of the form 

{AX + HY^KY) (AX^HY-KY) = U. 

Hence X : Y has one of two fixed values, and a line whose 
coordinates satisfy the equation belongs to one of two sets of 
])arallel lines. 

If = ABy the equation is satisfied by the coordinates of 
a line belonging to a set of parallel lines. 

If H'^<AB, the equation is satisfied by X = F = 0 only, 
and there is no line which has coordinates 0, 0. 

When H^> AB, — AB = K^, the two sets of parallel lines 
make angles tan~^{(jy + iC)/^}, ta,n-'^[{H — K)/A} with OX. 
Hence the angle between them is given by 

^ (H + K)IA-{H-K)IA ^ 2AK 

1 + {H^-K^)IA^ A^ + H^-K^- 

2K _2^(H^-AB) 

~ A + B~ A + B ■ 

The two sets of lines are at right angles if 4 B = 0. 
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4-34. Angle-bisectors of ax^ + 2hxy + by^ = 0. It is assumed 
that > ab. Suppose as before that 

ax^-{-2hxy-{-by^^{l-j^x + m^y) {l^^x-^-m^y). 

Let (x, y) be any point on either bisector. Then the sum of 
the angles made by the given lines with OX is 2 tan“^ (y/x) or 
differs from this by a multiple of n. Hence 

2 tan~^ - = taii"^ — ^ + tan“^ — ^ 4- nn. 

X Wg 

2ylx _ — li/m^ — + l^ni^ _ 21i 

1 — y^jx^ 1 — I1I2 — ^ 1^2 d — b' 

x^ — y^ xy 
a — b h 

This is an equation of the form 

x'^ + 2cxy — ^ 0 


4*35. Example. Find the angle between the lines 
— ^xy — 3 ^^ = 0 

and find the equation of the angle-bisectors. 

Let X- — ^xy — = — ^(y-^jpx) (y — qx). 

Then + ? = and pq = —\- 

... + 

The angle between the lines 

= tan~^ p — tan“^ q 

= tan“^:p — — = tan“^W7. 

Also, if (x, y) is a point on either bisector, 

^ tan(tan--ij? + tan-ig) = - 1 . 

l—y^jx^ ^ l—pq 

x^ + 2xy — y^ = 0. 
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4-36. Example. Find the equation of the lines through the 
origin perpendicular to the lines ax^ + 2hxy + by^ = 0. 

If (x^ y) lies on either of the required lines, then ( — y,x) lies 
on one of the given lines ax^ + 2hxy + by^ = 0. 


ay^ — 21ixy -f bx^ = 0. 


This is the required equation. 


4-37. Example. Find the orthocentre of the triangle formed 
x^-\-*<^xy — 2y'^ = i) and 4a; — 2 /-h 2 = 0. 

Let x^ + ^xy — 2i/^ = (a; + t^y) {x /g?/)- 

Then + = 3, = — 2. 

( —2t 2 \ 

I -|- 4:1^ J + Ml/ 

perpendicular from this point to a;4- ^ 2 ^/ = ^ 1*=^ 

t^x-y = (- 2 < i < 2 - 2)/(1 + 4 < i ). 

The orthoeentre is the point of intersection of this line and 
liX-y = (- 2 « i < 2 - 2)/(1 + 4 < 2 ), 

namely 

_2(<i<2+1)/ 1 1 -8(«i<2+1) _ 

^ Ij+ 4<2 1+W l+4(<i + «2)+16<ii2 19’ 

y ~ ~ Ti)- 

Thus the orthocentre is ( — jV)- 


4*38. Example. Find the equation of the lines through the 
origin whose perpendicular distance from (a, b) is c. 

Let j>x-\-qy — Ohe either line. 


Then 


^ - . i>«+g6 


c^p^ + q^) = {pa + qbf. 


Eliminating p : q, 

c2(a:2+y2) = (ay-bx)^. 
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EXERCISE 4 c 

In Nos. 1, 2, state for what values of k the locus is a line-pair and for 
what values of k the line -pair is orthogonal. 

1 . kx^ -f 2xy k'^y^ = 0. 2. 4.r2 — 2(k ■^^)xy — ky^ = 0. 

In Nos. 3-8, find the angle between the lines. 

3. x^-lxy+lOy^ = 0. 4. 2x^ - 6xy -^y^ - 0. 

5. W + l2Zxy - 7^2 ^ 0. 6. 3a;2 - ^xy - \0y^ = 0. 

7. x^-\- 2xy sec a -f 2 /^ = 0. 8. (x^^ -f y^) sin a — 2xy. 

9. For what values of k does kX^-hXY -k^Y^ = 0 represent two 
perptadicular sots of lines ? 

In Nos. 10-12, find the angle between the sets of lines. 

10. X^ = ZY\ 11. 7X2H-2.Yr-3r2 =: 0. 

12. 2X2-f 3XF-2y2 = 0. 

In Nos. 13-19, find the angle-bisectors of the line-pairs. 

13. 2/2 — 4xy + 3a;2 = 0. 14. 5x'^ — 1 Ixy — 1 Sy^ = 0. 

15. 3a;2 = 62/2. 16. x^ + kxy-y^ = 0. 

17. a;2 + 2 a; 2 / cosec a -f 2 /^ = 0. 18. (£c2 + 2/^)cosa = 2.^2/. 

19. ca;2 -f 2dxy + (c — d)y^ = 0. 

In Nos. 20, 21, find the equation of the sets of parallel lines bisecting 
the angles between the given sets. 

20. X2-5r2 = o. 21. X2 + 7XF+12F2 = 0. 

In Nos. 22, 23, find the equation of the pair of lines through the origin 
perpendicular to the lines. 

22. a;2 - 3y^ = 0. 23. 7a;2 + 4xy - 5y^ = 0. 

24. Find the orthocentre of the triangle formed hy x^ — y^ = 0 and 
2x + y = 2. 

25. Find the orthocentre of the triangle formed by 

aaj2 + 2hxy + by^ = 0 and lx + my -f- n = 0. 

26. Prove that the centroid of the triangle formed by 

ax^ -f- 2hxy + hy^ = 0 and lx -f my -f n = 0 

is given by 

a; : 2 / : §n = hm -blihl — am : am2 — 2hlm + bl^. 
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4*4. Line -Pairs and Point -Pairs in general 

4*41 . When ax^ + 2hxy + by^ + 2gx + 2fy + c 
lias factors l^x + m^y-^n^^ l^x + m^y^n^, 
the equation ax^ + 2hxy -f by^ + 2gx + 2fy + c = 0 
represents the pair of lines 

Ij^x + miy + Ui = 0 , + + = 0 . 

At the same time l^x + m^y, l 2 X-\-m^y are the factors of 
ax^-\^2hxy-^by^. Hence ax'^-\-2hxy-\-by’^ 0 represents the 

pair of lines through the origin parallel to the lines 

ax^ 2hxy + by^ + 2gx + 2fy + c = 0. 

When AX^ + 2HXY + BY^^2GX-v2FY-\-C 
has factors L^^X + M^Y L^X-\-M^Y Ag, 
the equation AX^ + 2HXY -^BY^ + 2GX + 2FY = 0 
represents the pair of points 

LiZ + ilfi 7 + = 0, L 2 X + J/g r + iVg = 0. 

At the same time L^X-\-M^Y, L^X + M^Y are the factors 
of AZ2 + 2HZ7 + jS72. Hence AX^-^2HXY BY^^ = 0 re- 
presents the same as the equations 

LiZ + Jfi7 = 0, iygZ-filfgr^O, 
i.e. it represents two sets of parallel lines (3*93). 

4*42. Example. Find the equation of the lines througli the 
origin parallel to the lines whose coordinates satisfy 

AZ2 + 2HA7 + H72 = 0. 

Let [X, Y] be one of the lines. The line through the origin 
parallel to it is Xx-{- Yy = 0. The coordinates of any point on 
this line satisfy x:y = Y : — X, But they also satisfy 

AZ2 + 2HA:7-h JS72 = 0. /. Ay^-2Hxy^Bx^ = 0. 

This is the required equation because it is satisfied by the 
coordinates Xy y of any point on either of the lines. 
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4-43. Example. Find A such that 

2x^ + xi/ — p^ + 5z + 2y + A = 0 

represents a line-pair. 

Since 2x^ + ayy — y^ = (x + y){2x — y), 

put 2x^ ■\-xy — y^-\-^x-\-2y+X = (x-\-y-Va) {2x — y + b). 
Then .5 = 2a-f6, 2 = — a + 6, X = ab. 

a = 1, 6 = 3, A = 3. 


4-44. ExampIjE. Find y such that 

2X2 + .fX r - ya 4- 5X + 2 1' 3 = G 

represents a point-pair. 

Since 2X2 -f- 5X -I- 3 ^ (X 4-1) (2X 4- 3), 

put 

2 X 24 - /tXF- y2.4.5Jt + 274-3 = (X4-l4-^F) (2X4- 3 4- -fiT). 
Then ft=2A + B, -\ == AB, 2 = ZA + B. 

A = l, B = - l or A = B = 'i, 

/. /^ = 1 or 


4-45. When l^x^-m 2 y-\-n 2 are the factors of 

ax^ + 2hxy + by^ + 2gx + 2fy + c, 
a = c = 

2/ = TWing + mg^i 2g = 2h = Z]^m 2 4-i2^i* 



a A gr = 0. 

A ft / 

[/ / c 
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Hence this is a necessary condition for 

ax^ + 2hxy + by^ -f 2gx + 2fy + c 

to factorise. It is not a sufficient condition in real algebra: for 
it holds when a = 6 = l, c=/=gf = A = 0 , whereas x^-^-y^ 
does not factorise. When the factors exist, the equation 

ax^ + 2hxy + + 2gx + 2fy + c = 0 

re})resents the pair of lines 

J^x^-m^y-\-n^ = 0 , = 0 . 

4*46. As in 4*45, it can be proved that a necessary condition 
for + 2HX Y ^ BY^^20X^2FY ^ C to factorise is 

A H G ^0, 

'hbf 
G F C 

Wlien the factors exist, the equation 

AX^^2HXY-\-BY^-{-2GX + 2FY-^C ^ 0 

represents a pair of points. But either of these points may be 
replaced by a set of parallel lines as explained in 3-93. 


4*47. Example. If x^ + 2xy — by^ -f7a; + 82 / + A = 0 repre- 
sents a line-pair, find the value of A and the angle between the 
lines. 

From 1 1 I =0, A = ^. 

j 1 -5 4 

! I 4 A 

Tf + 2xy - 5«/2 = (l^x + m-^y) {l^x + m^y). 


(iim2-i2»»i)2 = 22-4.1.(-5) = 24. 
The angle is given by 

tan^ = ^ 1^6 

^1 ^2 * 1 ” ^2 
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448. Example. Find what is represented by 


when [i has the value for which the left side factorises. 


From 


0 


I 


-“2 
-J 0 


= 0, /^=-l. 


The equation is then 

(Z-F) (Z+F+1) = 0. 

It represents the point (1,1) and the set of parallel lines 
making equal intercepts on the axes. 


449. Example. Write down the equation of the pair of 
lines through ( — 2, 3) parallel to the lines 

8^4:X^ — xy — y^ = 0 . 

The equation is 

5' = 4(a; + 2)2-(a; + 2)(2/-3)-(i/-3)2 = 0. 

s' is found from s by changing x into x + 2 and y into y — 3. 
Hence if the factors of s are liX + m^y, l^X’\‘m^y^ those of s' 
are l-^{x + 2)-\-m^{y — Z), l 2 {x-{- 2 ) + m 2 ,{y — Z), Thus the lines 
5 ' = 0 are parallel to the lines ^ = 0. Also they both 2 )ass 
through ( — 2, 3). 

The equation is the same as that of the given lines referred 
to axes through (2, — 3) parallel to the original axes. 


4-5 . The Locus x'‘^ + x^-^ y + a^ y^+ ..,-\-a^y^^0 

The irniGtion f{x,y)^aQX'*^-\-a^x'^~'^^- can be ex- 

pressed as the product of r ( < 7^) linear factors and \{n — r) 
quadratic factors which are not reducible to hnear factors, i.e. 
quadratic factors of the form ax^-\-2hxy-\-by^ where h^<ah. 
See 4.4. p. 257. 

Thus the locus /(a;, y) = 0 consists of r lines through the 
origin. The quadratic factors merely give the origin. If r = 0, 
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the locus is the origin only. If n is odd, 1 and there is at 
least one line in the locus. 

Similarly, the lines whose coordinates satisfy an equation 
of the form + = 0 constitute r 

( ^ n) sets of parallel lines. 


EXERCISE 4d 

In No«. 1—6, use the method of 4*43 to find the value of A for which 
the locus is degenerate, and give the separate ©({nations of the lines. 

1. '2x^ + xy — y^-^l\x + 2y + X^0, 

2 . Xx^ -f 6xy + 2/2 + 5 aj 4- 2f/ + 1 = o. 

3 . + ^xy + Xy^ ~ 1 3ir — 301/ +36 = 0. 

4. — 32/^ — 37 — 42/ -*1 = 0. 

5. Aoji/ — 36a? + 6//— 15 = 0. 

6. 12a;2— 13.^2/ — 142/^ + 3837 — 812/ + A = 0. 

In Nos. 7-9, use the method of 4*44 to iind the values of A for which 
the envelope is degenerate, and state the coordinates of the separate 
points. 

7. 3X2+7Xr + 4F2 + X + 2y + A = 0. 

8. 2X^ + XY^Y^-\-XX-3Y--2=^0, 

9. AXy + 6X-20y-10 = 0. 

In Nos. 10-15, find the equation of the pair of lines through the given 
point satisfying the given condition. 

10. (0 ,0), parallel to x^ — xy — 2y^ + 337 + 2 = 0. 

11 . (1, 1), parallel to 37^ + 072/ — 2#/^ = 0. 

12 . (2,-3), parallel to + xy — 6?/^ + 43; + 2*/ + 4 = 0. 

13. (0, 0), perpendicular to x^ + ^xy + 2y^ — 37 + 2 / — 6 = U. 

14. (2, 3), perpendicular to 237^ + Zxy — 4^/^ = 0. 

15. ( — 3, — 1), perpendicular to — xy — y^ + ^x—\ = 0. 

In Nos. 16-18, find the value of A, given that the locus or envelope 
is degenerate. 

16. 237^ + 6xy — 2/® + 437 — 22/ + A = 0. 

17. Xx^ + 2xy — 2y^ — 61/ — A = 0. 

18. X2 + 2AXy+5ya + 6X + 2y-l = 0. 
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In Nos. 19-21, find the angle-bisectors of the line-pairs. 

19. 20a:2 + 63a;t/-f362/2 -103x- 1362/+ 119 = 0. 

20. 2a;2 + .'r2/ — 2/*~ lla? + 42/ + 6 = 0. 

21 . + ^xy + 2/^ ~ 6a; — 3 = 0. 

22. Find the product of the lengths of the perpendiculars from 
(/,gr) to ax^ + 2hxy + hy^ = 0. 

4*6. Common Points of Two Loci 

4-61. The coordinates of the points common to two loci 
f(x,y) = 0, g(x,y) = 0 satisfy both f{x,y) = 0 and g{x,y) = 0 
and are found by solving these simultaneous equations. 

Any other equation deducible from/(a;, ?/) = 0and^(a;,2/) = b 
must also be satisfied by the coordinates of any common point. 
Such an equation therefore represents some locus which passes 
through all the common points of the two loci. This principle 
is of great importance. Several examples of its application are 
given here. Further developments are considered in Chapter 
16 . 

4*62. Hit = 60t/ and 99a:4-20y = 1100 are two lines. The 
bisector of one of the angles between them is found in 3*52 

to be I01(lia:-60y) = - 61{99a: + 20y- 1100). 

The truth of this last equation follows from that of the other 
two. This corresponds to the fact that the bisector passes 
through the meet of the two Jines. 

4*63. a; + 2 / = 3 and 1 / - 3a; -f 5 = 0 are two lines. 

= K{y — 3a; + 5) represents a locus which passes 
through the meet of the two lines, because the coordinates of 
that point when substituted for x and y reduce both sides to 
zero. 

This is true for all values of k. If k is numerical (not in- 
volving X or y) the locus represented by a; + j/ — 3 = K(y — 3a; + 5) 
is a line because the equation is of the first degree in x^y. It is 
therefore a line through the meet of a; + 1 / = 3, — 3a; -t- 5 = 0. 

If K involves x or y, the equation represents some curve 
through the meet of the two lines. 
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4*64. 1 / = 3 and x^-\-y^ = 25 represent a line and circle. 

The equation + 3^ = 25, which can be derived from them, 
must represent some locus through the common points ( ± 4, 3) 
of the line and circle. Actually it reduces to — 16 and is the 
equation of a line-pair. This line-pair meets the circle in two 
points besides the common points. 

4*65. = 4 and 2 /^ = 9 represent pairs of parallel lines 

meeting in the four points ( ± 2, ±3). 

^2 = 13 passes through these four points. So do the loci 
= 36, 2 /“ — .T- = 5, 4- 2/^)^ = -h 7?/^ -f 86, etc. 

4*66. l^XAMPLE. Tindtheequationof the line joining (3, - 2) 
to the meet of 2x-\- By -{-I = 0 and Ax — ly—ll = 0. 

The line 2x-{-By-\-i=K{4^x-’ly—\l) passes through the 
meet. It also passes through the point (3, ~ 2) if 

6 — 10+1 = Ar( 12 + 14 — 11)) i-C. /c = — 

Hence the required equation is 

5(2x + 5y-h l) + (4x-7y—ll) — 0, i.e. 7x + yy = 3. 

4*67. Example. Eind the equation of the perpendicular to 
4a; + 52/ + 6 = 0 from the meet of 3x — Sy = 4 and 7x + y — 1 . 

The line 3a; — 8y — 4 + Ac(7a; + 2/— 1) = 0 })asses through the 
meet. It is perpendicular to 4a; + 5?/ + 6 = 0 if 

4(3 + 7ac) + 5( — 8 + /c) = 0, i.e. k = f^. 

Hence the required equation is 

33(3a’-82/-4) + 28(7a; + 2 /-l) = 0, i.e. 295a;- 236?/ = 160. 


4*7. Join of a Point to the Meet of Two Lines 


4*71 . If : ACg is an arbitrary con- 
stant and Q 

X^x +Yiy + = i), ^ 

X^x ‘{'Y^y + Z2^=^ i) ^ 

are two lines meeting at Q, then 

Ky^X-^X-\‘Y-^y 4r Z^^" K^^X^x-^rY^y 4r Z^ = 0 
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is an arbitrary line through Q. For the coordinates of Q satisfy 
X^x-\’Y^y + = 0 and + and therefore they 

satisfy K-^{X^x-^Y-^y + Z-^)-\-K^{X^x + Y^y-{- Z^) = 0. But this 
equation is of the first degree in x, y. Hence it represents some 
line through Q, 

Also A'l : Ag can be chosen so that the equation represents a 
given line through Q. For let P be a point (/, g) on such a line. 

Then + Y^y-h Z^) + k^(X^x -{-Y^ y Z^) = 0 

passes through P if 

K^{XJ+Y^g + Z,)-^K^{XJ+Y^g + Z^) = 0. 

This gives a value of : /Cg for which the line passes through P 
as well as Q, and therefore coincides with PQ. 


4*72. The constants Zj^, Z^ are introduced in 4-71 so that the 
work may be applicable to lines through the origin. If the lines 
do not pass through the origin, we may put Z^ — Z 2 = 1. The 
lines are then [X^, Y^] and[X 2 » ^ 2 ! the arbitrary line through 
their meet is 


“aiXi + a:. 
Ai + a:. 


gXg ^jli + /CgTg 




K 2 

This should be compared with the result in 1-51. 


4-73. If a = 0 and yJ = 0 are two intersecting lines, it is 

proved in 4-71 that an arbitrary line through their point of 

intersection is , /> n 

/Cj^a + zcg/o = 0. 

In practice it is often convenient to replace this equation by 
a = in which k takes the place of the arbitrary constant 
-kJki. 


4-74. 

meet of 


Example. Find the equation of the line joining the 
2x -{ 3y = 4: and 3x+ly 2 


to the meet of 

2x-\-Zy+l=^0 and Zx-\-ly = &. 
The equation is 

2x-\-Zy-4 = A(3a: + 7«/-2), 
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and is also 2x-\-Zy+\ = X(Zx + 7i/ — 5). 

2-3a: 3-7/c -4 + 2/c 

2-3A“ 3^A~ TTT^* 

From the first ecinality, k = A. Hence from the second 
-4 + 2/c = 1 + 5/c. /. /c=-f. 

Hence the equation is 

3(2a; + 3y — 4) + 5(3rr + 7i/ — 2) = 0, i.e. 21a; + 44?/ = 22. 

4*75. Example. The line 3a; — 2y=l meets the curve 
= 5y + 4 in two points P, Q, Find the equation of the line- 
pair OP, OQ. 

Consider the equation 

a;2 = 5^(3a;-22/) + 4(3a;-2^)2. 

It is satisfied by the coordinates of P and Q, since these 
coordinates satisfy 3a; — 2^ = 1 and o;^ = 5i/ + 4. Hence it 
represents a locus passing through P and Q. Also the equa- 

35a:2 - 33x?/ + = 0, 

and this represents two lines through 0. Hence it represents 
OP, OQ, 

4-8. If the line lx-\-my-\-n = 0 meets the curve 

jpx^ -f qxy -f ry^ -\-ux^-vy-\-w=^0 

in points P, Q, the equation of the line-pair OP, OQ can be 
written down by the method used in 4*75. Since the co- 
ordinates of P and Q satisfy 

px'^ + qxy ^-ry^ -{-ux^-vy -Vw = 0 and -(lx + my)ln = 1, 
they also satisfy 

px^ -h qxy + ry^ - {ux + vy) {lx + niy)ln -f w(lx -f myfjn^ = 0. 

This represents a locus to which P and Q belong, and as it is 
of the form ax^ + 2hxy -f by^ = 0, it must represent OP, OQ. 

6 


K 1 AG 
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EXERCISE 4e 

In Nos. 1-7, find the common points of the loci. 

1.2/ = x^, 2y = rt' + O. 2. = x, y-\-l = Qx\ 

3. y^ = 3x = 22/+ 1. 

4. (.^^-1)(2/-2) = 0, (x'~3)(2/-4) = 0. 

5. (x-l)(y-2) = 0, (x-2y + 2)(2x + y-H) = U. 

6. x^ + 2xy^ = 2x, y^ + x^y = 2y, 

7. 2/®(^ + 2/) = + •xi(x + y) = (i« + 2/)- 

8. Discuss the common points of the loci y- = 4rt.r, y = + a) for 

different values of t. 

In Nos. 9-21, find the line through the meet of the two lines satisfying 
the given condition. 

9. x + y == l,2x — y =■ 4, through (1, 1). 

10. Sic = 91/, a; + 2/ + 2 = 0, through (2, 7). 

11. a; + 2/ + 4 = 0, ^x-\-4ty = 11, through (4, 5). 

12. 3a; + 52/ = 7, a? + 2/ + 3 = 0, through (0,0). 

13. x+y 0, 2.r + 1 12/ = 27, parallel to a; + 32/ = 40. 

14. 20; + 32/ = 8, 3.r = 2/ + 1, parallel to 172/ = 

15. 0; + 2/ = 1 1, 3a; + 22/ = 7, perpendicular to 2a; — 4// = 7. 

16. 1 la; = 2/ + 52, 7.r = 131 — I82/, perpendicular to 7a; + 62/ = 1. 

17. 7a? +132/= 15,a; + 2/= 126,parallel to the joinof (8, — 4), ( — 7, 2). 

18. xja + yjb = 1, aa; + 62/ = a6, through the origin. 

19. a^x + h^y + Cj^ = 0, a^x^b^y^-c^ = 0, through {f,g), 

20. 2/ = + 5, 2/ = ca? + d, parallel to OX, 

21. aa; + ^->2/ = 0, ca; + ^2/ + e = 0, perpendicular to 2/ = 

In Nos. 22, 23, find the join of the meets of the two pairs of linos. 

22. a; — 2/ = 7, 3a; + 22/ = 8; a; — 2/ = 5, 3a? + 22/ + 3 = 0. 

23. 5a? — 42/ + 7 = 0, 4a; + 5?/ + 3 = 0; 2y — a; + 2 = 0, 2a; — 2/ + 1 = 0. 

24. Prove that ca? + 2/ = c + 3 passes through a fixed point for all 
values of c. 

25. Find the fixed point through which (2 — 3A;)a; + (3 — 4ik)y = 6 — Ik 
passes for all values of k. 

26. Find the envelope of the line (2 — A) a? + (A + 2)2/ = A when A 
varies. 
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27. Prove that the curve (cc^ — 1) (1 - Aj) = (2A; — 1 ) passes through 

two fixed points for all values of k. 

28. Through what fixed points does kx(x^— 1) = 2 /( 2 / ~ 4) pass for 
all values of k ? 

29. Find the points common to the curves given by 

2a(x^ + 4?/*) + %hxy = 5a -f 35, 

where a and h vary. 

30. Find the equations of the diagonals of the parallelogram formed 
by ax-\-by = 2o, hx-\-ay = 4a, ax + hy = 3a, hx + ay = 5a. 

In Nos. 31-35, find the equations of the lines joining the origin to 
the points of intersection of the given line and curve. 

31. y — 2y ^ x-\-Z. 32. i/^ = rr + 3, Soj — y = 1. 

33. 2x^ + 32/® = 6, a; -f 2/ = 1 • 4-32/ = 6, 0 ; + ?/ = 1. 

35. a;® + a;?/ + 2 /^ + 2a; + 37/ - 8 = 0, .u -f 2 / + 2 = 0. 


4-9. Common Lines of Two Envelopes 

4*91 . The coordinates of the lines common to two envelopes 
F{X, 7) = 0 and 0{X, Y) = i) satisfy both F{X, 7) = 0 and 
G(X, 7) = 0 and are found by solving the simultaneous 
equations. Any other equation deducible from F(X, 7) = 0 
and G(X, 7) = 0 must also be satisfied by the coordinates of 
any common line. Such an equation therefore represents some 
envelope which contains all the common lines of the two 
envelopes. 

This is the dual of the principle illustrated in 4-62-4*67. 
Further illustrations are given here. 

4*92. X + 7 + 1 = 0 and A + 7 - 1 = 0 are two points. 
X-{-Y +l = k{X +7—1) represents an envelope one of whose 
lines is the join of these two points, because the coordinates 
of that line when substituted for X and Y reduce both sides of 
the equation to zero. This is true for all values of k. If k is 
numerical, the envelope X + 7 + 1 = k(X +7 — 1) is a point 
because the equation is of the first degree in X, 7. It is there- 
fore a point on the join of the points 

X+7+1 =0, X+7~l = 0. 

6-2 
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4-93. = 1 and = 4 represent point-pairs. These are 

the corners of a rhombus and the common lines are the sides 
of the rhombus. These lines belong to all derived envelopes 
such as X2+ = 5, 72 = 4^2, = 5(9X^- 7^). 

4*94. 7=2 and Y^ = X rej)resent a point and a curve 
envelope shown in the figure. From 7 = 2 and Y^ = X can be 



derived X = 4. Hence [4, 2] is a common line of the envelopes. 
It is shown in the figure as the tangent from the point 7 = 2, 
i.e. (0, — ^). The other tangent from this point is 0 7 which has 
no envelope coordinates. 

4*95. Example. Find the point where the line Sx + 4y — 6 
meets the join of (4, — 4) and (8, — 2). 

The join is — 2?/ = 12 and this meets 3:r + 42/ = 6at(G, —3). 
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4*96. Example. Find the point where the line [X^, l^J 
meets the join of y^) and {x^, y^, 

1st method. Any point on the join is 

V ACi + Ag ’ A1 + /C2 / 

and this lies on [X^, Y^] if 

{K^X^ + K^X2)X^ + (Ky^yj^ + K^y^)Y^ + (K^ + K^) = 0 , 

i.e. K^{xj^Xi + y{Yi+l) + K 2 (x 2 X^-{-y^Y^ + l) = 0. 

This gives and hence the coordinates of the point are 

determined. 

2nd method. The equation of the point can be written down 
in the form 

x^X-^y^Y-^l x^X-\-y2Y-\-l = 0 . 

5 1 + ^*^ 2-^1 + 2 / 2^1 + 1 

For this equation is of the first degree in X, Y and therefore 
represents a point. It is satisfied by the coordinates of X^, F^. 
Also it is satisfied by the coordinates of the join of (x^^yi), 
(^ 2 ^ 1 / 2 ) because these satisfy both iTiX-f-yi F + 1 = 0 and 
o^gX + j/gF+l = 0. Hence it is the equation of the meet of 
[Xi, Fj] with the join. 

3rd method. The method of 4*95 can also be used for 4*96. 

4*97. Meet of a Line with the Join of Two Points 

This is the dual of 4-71. If is an arbitrary constant, 
a:;iX + 2 / 1 F+ 1 = 0 and X 2 X-\-y 2 Y -{-I 0 

are the two points, and if q is the line joining them, then 
/Ci(XiX + 2/iF+l) + /C2(a:2X + 2/2 F+l) = 0 
is an arbitrary point on q. 

For the coordinates of q satisfy o^iX + yiF+l = 0 and 
x^X-^-y^Y -\-l ^ ^ and therefore they satisfy 

K^(x-^X-\-y^ Y 4 - 1) 4- AC. 2 (a; 2 X 4 - j /2 F 4 - 1) = 0. 

But this equation is of the first degree in X^ F. Hence it 
represents some point on q. 
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Also /Cj : /Cg can be chosen so that the equation represents a 
given point on q. For let ^ be a line [F, 6 r] through such a point. 
Then K^{x^X^y^Y +l) + K^(x^X + y^r +1) 0 lies on p if 

h\(XiF + yj,G+l) + K^(x^F-^y^G+l) = 0. This gives a value 
of /Cj : /Cg for which the point lies on p as well as on q and is 
therefore the point pq. 

4*98. It is proved in 4*97 that if A = 0 and ^ = 0 are two 
points, then an arbitrary point on their join is K 1 A+K 2 B = 0. 

In practice it is often convenient to replace this equation by 
A = kB, where k takes the place of the arbitrary constant 

~ K2/K1, 


4*99. Example. Find the condition for two of the lines 
x^ —pxy^ + qy^ = 0 to be at right angles. 

The equation of any two perpendicular lines through the 
origin is + 

Hence, if the equation represents lines two ol which are at 
right angles, —pxy'^ + qy^ = (x^ + ctxy — y^) (x — qy). Equating 
coefficients of x^y, xy^, 

{)==a — q, jt> = ag+l. 

/. ^ — 1 = 

Conversely, when this condition holds x'^ + qxy — y^ is a 
factor of x^-pxy^ + qy^, the other factor being x-qy. Hence 
jt> ~ 1 = ^2 jg jj, necessary and sufficient condition. 


EXERCISE 4 f 

In Nos. 1-6, find the common linos of the envelopes. 

1. y2 = 17 , 2 X+ F = 6. 2 . 4 X 2 = 972 ^ 

3. (X-f l)(y + 2) = 0, (X-l)(2y-l) = 0. 4. oy2 = X, aX=l. 
5 . c 2 ( 2 X 2 -f 3 y 2 ) = 1 ± 2 cX. 6. XF = X, Xy2 = XK 

7 . Find the equation of the point in which the join of 2 X = 2 X 4-1 
and X4- y = 1 meets [—1, 1]. 

8. Find the equation of the point in which the join of 

( — ) meets 4 a; ~ 3 ^/ 4- 1 = 0. 
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9. Use the three methods of 4*96 to find the point in which the 
join of (1, ~ 1) and (2, —6) meets 2a? — ?/ = 

10. Find the equation of the point in which the join of 

+ + = 0 and + + = 0 

meets [^, jB]. 

1 1 . Prove that Y — kX = 2A; *f 3 lies on a fixed line for all values of k . 

12. Find the coordinates of the line on which 

A;X+3F+2 = 2X^2kY^k 
lies for all values of k. 

13. Find the locus of 4X -}- (2A — l)F+2 — A = 0 when A varies. 

14. Prove that the curve — ( 1 — A) F^ = A has four fixed tangents 
for all values of A and give their equations. 


EXERCISE 4 g 

1 . What is represented by 

(ax-^by -^-c) {(px-\-qy -\-r)^ + (lx-\-my = 0 
and by the corresponding envelope equation? 

2. An equilateral triangle has centre the origin and one side 
rr + 2 / = 1. Find the other sides and show that the equation of the three 
perpendiculars from the vertices to the opposite sides is 

x^{x-Jt^y) = y\y + ^x)- 

3. Find the equation of the bisectors of the angles between lines 
through (1, — 4) parallel to the lines 

16 a ?2 4 - 34 jc 2 / + 2/^ + 60 .r + 682/, + 60 = 0. 

4 . Show that^the lines ax + hy = c, (ax + by)'^ = ^(ay — bx)^ form an 
equilateral triangle. 

5. Find the area of the rectangle formed by the lines 

a;2 4- 2xy — 2/^ = 0, x^-k- 2xy — 2/^ — 41 / — 2 = 0. 

6. Find the equation of the remaining sides of the rectangle centre 

the origin two of whose sides are — 2 /^ + + 2 / + 2 = 0. 

7. Find the distance between the parallel lines 

+ 2t^xy + 102 /^ + 12a; + IGt/ — 6 = 0. 

8. State the conditions for aa?^ + 2 Aa; 2 / + + 2/?/ 4 - c = 0 to 

represent two parallel lines and assuming that they are satisfied show 
that the distance between the lines is 2 "■ cic)j(a^ 4- ] • 

9. {(0 = Jtt}. Find the angle between the lines 2(x^ 4- y^) = Sa;?/. 
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10. {w = Jtt}. Find the equation of the bisectors of the angles between 

the lines I4txy — y^ = 0. 

11. {w}. Find the condition that the lines ax^'h2hxy + by^ = 0 
should be equally inclined to the axis of x. 

12. {w}. Find the condition that the lines ax^ + 2hxy + by^ 0 

should be at right angles. 

13. What is the general equation of a line -pair having 

-f kxy — ^2 _ 0 

for angle-bisectors ? 

14. Find the area of the triangle formed by the lines 

ax^ -I- 2kxy + by^ = 0, Xx -f F?/ -f 1 = 0. 

15. Prove that the length intercepted by ax^ + 2hxy by^ = 0 on 
Ix-^my + n = 0 is 2n^l[(P-h'^n^){h'^-cib)}l{am^-2hlm + bP). 

16. Find the circumcentre and centroid of the triangle formed by 
ax^ -f 2hxy -f by^ = 0 and lx -f my = 1 . 

17. Find the foot of the perpendicular from (/, g) to lx -1- my -i- w = 0. 
Prove that the locus of a point such that the distance between the feet 
of the perpendiculars from it to ax^ + 2hxy -f by^ = 0 is 2A; is 

(x^ y^) (h^ — ah) = A;2{(a — 6)24- 4/^2), 

18. If ax^ + 2hxy + by’^-\-2gx-\-2Jy-\‘C= 0 represents lines meeting 
at P, prove that OP^ = (^ -h P)/(7. 

19. Prove that any line-pair, centre the origin, making equal angles 
with lx + my + n^0\s given by 

{{P - nP) x^ -f 2lmxy} -f A{(P - yrP) y^ ~ 2lmxy} = 0, 
and explain geometrically why the equation can also be written 
(lX’\’my)^’\-fi(mx — lyY = 0. 

20 . Obtain the condition that one of the lines x^ + 2hi xy-^biy^ 0 

should coincide with one of the lines + 2 h 2 xy + 622/^ = 

21. Obtain the condition that one of the lines 2^1 art/ -I- 61 2/^ = 0 

should be perpendicular to one of the lines + ^h 2 xy + b 2 y^ = 0. 

22. Find the condition that two of the lines x^ -f 3Hxy^ + Oy^ = 0 
should coincide. 

23. Find the conditions for each of the lines 

ax^ — 3bx^y — 3cxy^ -f dy^ = 0 
to bisect an angle between the other two. 
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24. Find the condition for two of the lines 

ax^ + hx^y + cx^y^ + dxy^ + = 0 

t o be at right angles. 

25. Write down the equation of the lines joining the origin to the 
points of intersection of 03® + 2/® = 3ao3i/ and x — y — h and find the values 
of h for which the line is a tangent to the curve. 

26. Prove that the product of the lengths of the perpendiculars from 
{li,k) to the n lines a^x^ + a^x‘^-^y -\‘ = 0 is 

“V{(«0-«2+ •••)* + («l-«8+ •••)*}’ 



Chapter 5 
THE CIRCLE 

5*1. Equation of Circle 

5'11. The form of the equation of a circle referred to rect- 
angular axes is suggested in 2-41. 

The circle centre (p, q) and radius r is the locus of a point 
whose distance from {p, q) is r and its equation is therefore 

{pc-pf + {y-qY = r2. 

This is of the form 

x^-\-y^ + 2,gx -h 2/t/ c = 0. 

Conversely x^ + y^ + 2gx -i- 2/y -f- c = 0 can be written 

{x - 1 - gY + {y +SY = g^ - c. 

If g^+P>c, this equation represents the circle centre 
( -g, -/) and radius ^(g^ +P - c). 

If g^ +p = c, the equation is satisfied only by x — —g, 
y = — It represents the point ( — g, —f) and may be said to 
represent the circle centre {—g, —f) and radius 0. 

If g^ +p < c, the equation is not satisfied by any values of 
x,y. 


5-12. The circle centre the origin and radius a is 
x^+y^ = a®. 

Any point P on this circle has polar coordinates {a, t) where 
t = LXOP. Hence x = acos#, y = a sin < are parametric equa- 
tions of the circle. 

By 3*65 the tangent at the point t is 
a: cos a -f-y sin a = a. 

Parametric envelope equations are therefore 
— aX = cost, —aY = sinf. 

Elimination of t gives the envelope equation X^+Y^ = 1/a®. 
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5 * 13 . Putting m for tan^^ we obtain the alternative para- 
metric equations 

x:y:a— 1 ~ : 2 m : 1 -h 

of the circle x^ + y^ = a^. 

Also the tangent x cos a -h 2/ sin a = a becomes 

x{l — m'^)-[‘ 2 ym = a(l 

Many of the properties of the circle are proved in elementary 
geometry. It is not proposed to prove them by analytical 
methods in this book. 

5 * 14 . Example. Find the equation of the circle through 
( 1 , 0 ) ( 3 , 4 ) (- 1 , 5 ). 

1st method. Let the equation be 2 gx + 2 fy -f c = 0. 

Then l-f 2 grH-c=: 0 , 

25 -f- Qg Sf -\-c = 0 , 

26 - 2 gr+ 10 / -fc = 0, 

therefore !/ = ~h f = -jh ^ = i 

and the equation is 

9(a:2 4-y2)-l0a;-49y4-l = 0. 

2nd method. The equation can be written down in the form 
x^-hy^ X y 1 = 0 

l2-f02 1 0 1 

324.42 3 4 1 

12+52 -15 1 

by eliminating g, /, c from the equations used in the first 
method. Alternatively, the expansion of the determinant by 
its top row shows that the equation represents a circle; and 
the other rows have been chosen so that the equation is 
satisfied by the coordinates ( 1 , 0 ), ( 3 , 4 ), ( — 1 , 5 ), 

5 * 15 . Example. Find the equation of the circle on (Xi, yi) 
(^2? 2/2) diameter. 

The equation — (x — x^) = 0 represents,^he pair of lines 
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PiQiy P 2 Q 2 parallel to 07, and (y-yi) (y-y^) = 0 represents 
the pair of lines P^ Q\ parallel to OX. The equations are 

both satisfied by the coordinates of P^, Pg, Qi, © 2 * Therefore 


(x-x^){x-X 2 ) + {y-yi) (y 

\ 

-2/2) = 

1 


' \ 

) 

I ^ V y 

1 .... 

^2 

1 


is also satisfied by the coordinates of those points. Hence it 
represents a curve through the points. But it is of the form 
0:^ + 2/^ + igx + 2 / 2 / + c = 0. Therefore it represents a circle. This 
must be the circle through Pj, Pg, Qg, which is the circle on 
P^Pg as diameter. 

5-16. Example. PQ is the chord lx-\-my — n oi the circle 
x^ + y^ = a^. Find the equation of the circle on PQ as diameter. 

Eliminating y from the equations, 

Similarly, eliminating x, 

l^y^ + {my — n)^ = l^a^. 

The form of these equations shows that 
they represent pairs of lines parallel to 
the axes. Since they are derived from 
Ix-hmy = n and x^-\-y^ = a?, they are satisfied by the co- 
ordinates of P and Q. Hence the lines must be the parallels 
to the axes through P, Q. 

Adding the equations, 

{P + m^) {x^ +y^) — ^Inx — 2mny + 2n^ = (l^ + m^) a^, 
and this must be satisfied by the coordinates of four points of 
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intersection of the line-pairs, i.e. the corners of a rectangle 
with PQ as a diagonal. But the form of the equation shows 
that it is the equation of a circle. Hence it must be the equation 
of the circle on PQ as diameter. 

KXERCISE 5a 

Tn Xos. 1-5, find the equation of the circle with the given centre 
and radius. 

1. (2,3), 4. 2. (-1,0), 2. 3. (4, -5), 7. 

4. (-H, -2), 2i. 5. (a, -6), a + 6. 

In Nos. 6— J 2, find the centre and radius of the circle. 

6. + + = 16, 7. ic* _j_ ^2 ^ 2a; — 8 = 0. 

8. + — 3a; + 4y + 5 = 0. 9. 3a;2 + 32/^ + 12a; + 2 / = 2. 

10 . 5a;®+ 57 /® + 62/— 1 = 0 . 11 . x^ + y‘^ = 2a(x + a). 

12. a(a;2 + ^®) = 6a; + c?/. 

Tn Ntos. 13-16, show in a diagram the position of the circle. 

13. a-® + 7 /® — 2a; — 4t/ = 4. 

14. .7;® + 2/^ — 2aa; + 262/ = 0, (a>0, 6>0). 

15. .a;2 + 2/® + ay = 0, (a>0). 

16. x(a;-/)+7/(7/ + 9 r) = 0, (/>0, gr>0). 

In Nos. 17-31, find the equation of the circle through the given 
points satisfying the given condition. 

17. (1, 2), centre ( — 4, 5). 18. (0, 0), centre (19, — 37). 

19. (12,c+ 5), centre (0,c). 20. (3, 5), (7, - 1), (0, 0). 

21. (8,4), (-5,3), (7,6). 22. (1, 2), (2, 3), ( - 3, - 5). 

23. (o, 6), (a, — 6), (a + 6, a — 6). 

24. (a + 36, 6 + 77), (a - 84, 6 + 13), (a - 40, 6 - 75). 

25. (1, 2), (3, 4), centre on OX, 

26. ( — 1,1), (3, — 3), centre on [ — 1, 6]. 

27. (] , — 2), (3, — 4), touching OX, 

28. ( — 2, 3), touching OX and 0 Y, 

29. (0, 0), cutting off intercepts +3,-4 from OX, 0 Y, 

30. (a, 0), (6,c), centre on OY, 

31. (6,0), ( — 6,0), radius a, (a >6). 
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In Nos. 32, 33, prove that the points are concyclic. 

32. (0,1), (2, 3), (3, 6), (-7,0). 

33. (a-5,6 + 3), (a-1,6 + 7), (o + 3,6 + 9), (a-7,6-11). 

34. Find the condition that the points (o,0), (0,6), (c,d), (0,0) 
should be concyclic. 

In Nos. 36-39, find the equation of the circle on the given line as 
diameter. 

35. (3,6) (4, -7). 36. (o,0)(0,6). 

37. Chord x+3y = 35 of x^ + y'‘= 125. 

38. Chord a:-y+l = 0ofx^ + y^-10x-l2y + 5l = 0. 

39. Chord lx + my = 1 of .r* + + 2gx + 2fy + c = 0. 


5*2. Tangent 

5'21 . The tangent at (a cos t, a sin () to = a* is found 

in 5-12. In general the tangent to a circle at a given point is 
found by using that fact that it is perpendicular to the radius. 
Let y-i) be a point on the circle 

x^+y^-Y'2gx-\-2fy + c = 0. 

The centre of this circle is (-p, -/) and the tangent at is 
the line through (Xi,yi) perpendicular to the join of 
and ( — g, — /). Its equation is therefore 

x(xi + !7) + y(yi +/) = x^(xi + gf) + y^iy^ +/). 

Since Pj lies on the circle, 

•V + Hi + 29^*1 + 2/2/1 + ® = 0 

and the equation of the tangent may be written 
•^*i + y2/i+2/('*^ + ^i)+/(2/ + 2/i) + c = 0. 

5-22. Example. Find the tangents to x^ + y^= 10a; that 
are parallel to 3a; = 0. 

The equation of the circle is {x — 5)^ + = 5^. Therefore the 
centre is (5, 0) and the radius is 5. 

An arbitrary line parallel to 3a; + 4i/ = 0 is 3a;4-4y = h. The 
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length of the perpendicular from (5, 0) to this line is ± 15 - 

Equating this to the radius gives 

15-./; = 25 or 15 — /; = — 25, 

/; = — 10 or jfc = 40. 

Thus the tangents are 3a; + 4^ + 10 = 0 and 3a; + 4^ — 40 = 0 . 

5-23. Example. Find the envelope equation of the circle 
x^-^y^ + 2gx-{-2fy + c = 0 . 

The required equation is the condition of tangency for 
Xx -hYy+1 =0 and it is found by expressing that the length of 
the perpendicular from the centre ( - — /) to Xx + Fy + 1 = 0 
is equal to the radius ^J{g^ — c). Hence 

(.Y<7 + Yf- 1)2 = (^2 _ c) (X2 + r2) . 

EXERCISE 5 b 

In Nos. 1-3, writ© down the equation of the tangent. 

1 . At (3, 4) to the circle centre (0, 0), radius 5. 

2. At (4, — 1) to the circle centre ( — 1, 11), radius 13. 

3. At (o^i, 2 /i) to the circle centre {/, g), radius h. 

In Nos. 4 - 6 , use the method of 5*21 to find the equation of the 
tangent at the given point to the circle. 

4. (5, -2),a;2 + y2 = 29. 5. (.v^, y^), x^ + y^ - a'K 

6 . ( — 1,4), a;2 + 2/2 + 3a; + 22/ = 22. 

7. Obtain the result of 5-21 by calculating dyjdx at (x^,yi)^ 

In Nos. 8 - 12 , write down the equation of the tangent at the given 
point to the circle. 

8 . (3, -2), x^ + y^= 13. 9. (1/V3,2/V3), 3 :(;* 4 - 3^2 _ 5 . 

10. (0, 1), !C® + y* + 6a:+ II 2 / = 12. 

11. (7, -9), 6a:® +61/* -7a:- 92/ = 682. 

12. (a;i,j/i), ifc(a:2 + y*) + 2zw: + 2«2/+M' = 0. 
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In Nos. 13-17, find the equation of the circle. 

13. Centre ( — 5, — 4), touching OX. 

14. Centre (2, 3), touching 3x + 4:y — 23. 

15. Centro (0, 0), touching ax + by + c = 0. 

16. Centre (0, 0), touching the circle centre (3, — 4) and radium 7. 

17. Centre the origin, touching + y'^ IQx + 24,y + 69 = 0. 

18. Find the condition that .r/a-fy/fe = 1 should be a tangi^nt to 
^2^2/2 = c2. 

19. If y-\-2x*j2 = A; IS a tangent to + 1/* -f 62/ = 0, what is the 

value of A’? 

20. Prove that 1/ = 3a;4-a>y/10 touches + = and find the 

jioint of contact. 

21. Find the condition that lx-\-my = 1 should be a tangent to 

In Nos. 22-25, find the tangents to the given circle satisfying the 
given condition. 

22. parallel to y = x^jZ. 

23. .T* + 2/^ = 4, perpendicular to 3.r + 4?/ + 6 = 0. 

24. a;* + 1/2 4- 4a; — 2]/ d- 1 = 0, parallel to 0 Y. 

25. + 1/2 = a2, perpendicular to lx + my -f n = 0. 

26. Find the equation of the chord of x^ + y^ 81 with mid-point 
(-2,3). 

27. Find the equation of the chord of a;2 H- 1/2 — 6a; — 1 6 = 0 with mid- 
point (0, — 1). 

28. Find the length of the chord y = 3a; -f- 2 of a;2 -f _ 4^ ^ _ 7 _ q 

29. Find the length of the chord xja-^ylb = 1 of a;2-f i/^ = c2. 

5-3. Power of a Point wo a Circle 

5-31 . The power of a point P wo a circle centre C and radius 
r is defined to be PC^ — r'^. 

When P is outside the circle, the power is equal to the square 
of the tangent from P to the circle. It is also equal to PQ . PQ\ 
where PQQ' is any secant through P (figure a). 

When P is inside the circle, the power 

= {PG-\rCA')(PC-AC) (figure 6) 

= -^p.p^' = -(2P.P(2', 
and is negative. 



THE CIRCLE 


97 


5-35] 

The power of a point on the circle is zero. 

When the radius of the circle is zero, the power of P is the 
square of the distance PC, 



The power of (a?!, wo the circle + 2/^ + 2^^ + + c = 0 

whose centre is ( — — /) and radius ^j{g^ +/^ — c) is 

(a^i + gf + {«/i +f? - {g^ +P - c) = V + yi® + ^g^i + 2/2/1 + 

Thus it is the expression formed by substituting for x and 
for y in the left side of the equation of the circle. This 
assumes that the equation has been written in the standard 
form with the coefficients of x^ and y^ equal to unity. 

5-32. When (x^, y-^) is outside the circle 
x^^y^ + 2gx-{-2fy^c = 0 , 
the formula x^ + y^ -h 2gx^ -f 2fy-^ + c 

is also the formula for the square of the tangent from (x^, y^) 
to the circle. 

5-35. Power of Two Circles, This is defined as — r^ — 

where are the centres and r^ are the radii. When rg = 0 

it reduces to the power of the “point circle” Cgwo the circle 
centre C^ and radius r^. When = rg = 0 it reduces to 6\ C^, 
The power of the circles 

+ 2/i2/ + Ci = 0, 

x^-Vy^^^g^x^-^f^y-^c^ = 0 

is (gi - i/a)* + (A - A)* - (S'!* + A* - Cl) - (g^ +A* - Ca) 

= Ci + c^-2g^g^-2fJ^. 


RI AG 
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5-4. Angle between Circles. Orthogonal Circles 

An angle between two circles is an angle between their tangents 
at a point of intersection. Orthogonal circles are those whose 
tangents at a point of intersection are at right angles. It 
follows that the tangent to each at either point of intersection 
passes through the centre of the other. Hence i.e. 

the power of orthogonal circles is zero, and the condition for 
two circles to cut orthogonally is + Cg ~ ^^9192 “ == 

5*45. An angle between any two curves at a point of inter- 
section is defined to be an angle between the tangents to the 
curves at the point. 


EXERCISE 5c 
In Nos. 1-4, find the power of: 

1. (3, 4) wo aj*H- 2 /* + 3a5--52/H-2 = 0. 

2. (1, — 1) wo = 4a;4*2^. 

3. (6, -7) wo 3a;^-f-3^2 = 7a?+6^+ 12. 

4. (a, h) wo (x — a)^ + {y — b)^ = c®. 

Jr 

In Nos. 5-10, find the lengths of the tangents from: 

5. (7, 4) to 4- 2 /^ = 5. 6. (3, —8) to 4a;2-f-42/^ = 7. 

7. (0, 5) to a;2 4-y2^2a;4-32/ = 4. 

8. (6, -6) to 2x^-\-2y^ + x = 1.5. 

9. (0, 0) to (x — a)® + (y — 6)® = 

19. (/, g) to ax^ + ay^ + 2ux + 2vy + w == 0, 

In Nos. 11, 12, find the product of the segments into which a chord of 
the circle is divided at the point. 

11. + = 49, (2,3). 12. a?2 + 2/^-|-4a;4- = 87, ( - 1, 4). 

In Nos. 13, 14, find the power of the circles. 

13. + = 1, + 2a?-f* 14t/ = 14. 

14. a;2 4- 2 /^ + 22/ = 3, a:* + 2 /* = 2a? — 4y — 5. 

In No^. 15, 16, find the angle of intersection of the circles. 

15. x^-\- 2 /® — 14a; -f 42/ + 28 = 0, a;^ 4- 2 /^ + 42/ = 5. 

16. 2a;2 + 2y^ 4- 3a; - 52/ + 4 = 0, 9a;2 4- 92/2 - 21a; 4- 331/ - 70 = 0. 
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17. Prove that the circles x^+y^ = ax, x^ + y^ = by cut orthogonally 

at ((o6V(»“ + &’). + &“))• 

18. If a circle cuts 

8i = x^ + y^-i-2giX + 2fiy + Ci = 0 

and 82 = x^-^y^-]r 2g^x + 2f^y -f C2 = 0 

orthogonally, prove that it also cuts /Ci52 + ^ 2^2 == ^ orthogonally. 

19. Find the circles which cut 

a;2 + 2 /^ + 2aia; + 6 = 0 and rr2_|.y2 + 2 a 2 a; + 6 = 0 
orthogonally. 

5-5 . Radical Axis 

5*51. The locus of a point which has equal powers wo two 
circles is a line called the radical axis of the circles. 

If the circles are 

s = x^-^y^-h2gx-{-2fy-\rC = 0, 
s' ^x^-{-y^ + 2g'x + 2f'y + c' = 0, 
the powers of {x, y) are s and s'. They are equal if and only if 

i.e. 2(gr - gr') a; + 2(/-/') y -f (c - c') = 0. 

Hence the locus is a line unless g = g' and/ =/'. 

When g — g' and / = /', the circles are concentric and there 
is no locus. 

5*52. The radical axis of the circles 5 = 0, 5 ' = 0 is 5 = 5 ' 
provided that the equations of the circles are written, as in 
3*51, with unit coefficients of x^ and y^. 

The form of the equation s = s' shows that the radical axis 
passes through the common points of the circles when these 
exist: for the coordinates of these points satisfy 5 = 0 and 
5 ' = 0 and therefore they satisfy s = 5'. That these points 
belong to the locus is also an immediate consequence of the 
definition. 

The tangents from any point of the radical axis which is 
outside the circles are equal. But if the radical axis had been 
defined by the equality of tangents instead of by the equality 
of the powers, the radical axis of intersecting circles would have 
been only part of the line. 


7-2 



100 


THE CIRCLE 


[5-53 


5-53. The radical axis 

2(S'-S'')a: + 2(/-/')«/ + (c-c') = 0 
is perpendicular to the join of the centres of the circles. 

If the line of centres is chosen as a:-axis, / = /' = 0. The 
equations of the circles are then 

x^-\-y^ + 2gx-\-c = 0, x^+y^ + 2g'x+c' = 0 

and the radical axis is 

^g-g')x-\-(c-c') = 0. 

If, at the same time, the radical axis is chosen as y-axis, 
c = c'. The circles are then 


a:® + 2/^ 4- 2gr'a; + c = 0. 

(-gr',0), and radii ^Jig^-c), 


x^ + y^ + 2gx + c = 0, 

These have centres (— 0), _ , , 

^{g'^ — c). Hence the radical axis of circles with centres A, B 
and radii a, b is the perpendicular to AB at the point OinAB 
such that 


AO^-OB^ = a^-i 


5-54. Badical Centre. The radical axes of three circles 

5=a:2 + y2 + 2gr^a; + 2/i2/ + Ci = 0, 
s' = x^ + y'^ + 2g^x + 2f^y + c^ = 0, 
s"=a? + y^ + 2g^x + 2f^y + c^ = 0 , 

taken in pairs, are s' = s", s" = s, s = s'; and unless these 
coincide, they meet in a point given by s = s' = s". This is 
called the radical centre of the three circles. 


5*6. Goaxal Circles 
5*61 . The powers of P{x, y) wo the circles 
s=x^-\-y^ + 2gx + 2fy + c = 0, 
s' ^x^+y^ + 2g'x + 2f'y + c' = 0 

are s and s'. These are equal when P lies on the radical axis 
(s=s') of the circles. 

Consider the circle s = ks', 
i.e. (1 - x) (a;2 + y^) + 2{g - Kg') x + 2(/- x/') y + {c- kc') = 0. 




and this is equal to {s — /cs')/(l — k). But if 5 is equal to 5 ' each 
of them is equal to (s — /cs')/(l — /c). Hence if P lies on the 
radical axis of 5 = 0 and s' = 0, it has the same power wo all 
the circles s = ks\ Hence every pair of circles of the system 
s = Ks' has the same radical axis (s = s'). Such a system is 
called a coaxal system. There are three types of coaxal 
system. 


5 * 62 . If s = 0 and s' = 0 are intersecting circles, every circle 
of the coaxal system s = /cs' defined by them passes through 
their points of intersection. For the coordinates of these 
points when substituted in s = ks' reduce both sides to zero. 
Thus the coaxal system consists of circles which pass through 
two fixed points. This is called an intersecting system of 
coaxal circles. 

With the central axis and radical axis as OX and OF, the 
equations of two circles are, by 5*53, 

s = x^ + y^-\-2gx-{-c = 0 , 
s' = x^ + y^'\-2g'x + c = 0 . 

The points of intersection are (0,-^— c) and (0, Hence 

c must be negative for an intersecting system. 

5 * 63 , When c is positive the circles s = 0, 5 ' = 0 do not meet. 
And no two circles of the system s = ks' meet. The circles are 
said to form a non-intersecting coaxal system. 

Any circle s = ks' of the system has an equation 

x^-{-y^-\-2kx-{‘C = 0, (c>0) 

and this may be written 

(x 4- A)2 4- 2 /^ = — c. 

The circles given by A = ^c, X = —^Jc have zero radius and 
centres (^c, 0), ( — 0). These are called the limiting points of 

the coaxal system. 
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5‘64. The circles given by c = 0 form an intermediate type. 
They all touch the y-axis at the origin. 

5*65. A coaxal system is determined by two of its members. 
If it is a non-intersecting system, either or both of the deter- 
mining members may be a limiting point. 

Many of the properties of coaxal circles are conveniently 
proved by the methods of pure geometry. {M.O. Chapter xi.) 

5’66. Circle of Apollonius. The equation s = ks' expresses 
that the power of Pwo the circle « = 0 is x times the power 
wo s' — 0. Thus; 

The locus of a point whose powers wo two given circles are 
in a constant ratio is a circle coaxal with the given circles. 

In particular, replacing the circles by limiting points: 

The locus of a point whose distances from two given points 
are in a constant ratio is a circle of the coaxal system which 
has the given points as limiting points. 

A circle formed in this way from two given points is called 
a Circle of Apottonius. 

5-67. Orthogonal Coaxal Systems. The power of 
(0,/i) wo + = 0 

is /f^-l-c. The circle centre (0,/t) and radius ^{p^ + c) is 
x^ + y^ — 2py — c = 0. 

Such circles, given by different values of p, form a coaxal 
system. If c is a positive constant, ** 4- y® -f 2Aa: 4- c = 0 defines 
a non-intersecting coaxal system, with centres on OX, having 
OF as radical axis. And x^-\-y^-2py-e^Q defines an inter- 
secting system with centres on OF, having OX as radical axis. 
The limiting points of the first system (6’63) are the points of 
intersection of the second (6'62). The condition in 5A shows 
that any two circles, one from each system, intersect ortho- 
gonally. 
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EXERCISE 5d 

In Nos. 1—4, find the radical axis of the circles. 

1 . a;® 4- 2/® + 2a? + 3^ = 4, + a? + 22/ = 6. 

2. a;2 +2/2+ Sa;-.^/ = 0, 2fl?2 4- 22/2-f-32/— 4 = 0. 

3. 3a?2 + 31/2 + 2 £c + 2/ — 4 = 0, 20?^+ 22/^+ 10a? — Ti/— 100 = 0. 

4. 33^ + 2 /^ = A?(a?2 + 2 / 2 ) + 2gra? + 2 / 2 / + c = 0. 

5. Find the equation of the common chord of a;^ + 2/* = 6a: + 7 and 
a:2 + 2/2 = 4a;+ 12. 

6. Find the radical centre of a:^ + 1/^ = 4, a?^ + 1/^ + 7a? — 32/ — 5 = 0, 

a?2 + 2/^ + 4a?— 2/“ 1 = 0. 

7. Circles of radii 3, 7 have centres A, B at distance h apart. Find, 
for A: = 8, 12, 10, 2, the ratio in which the radical axis divides AB, 

8. Find the points of intersection of 

2(a?2 + 2/2)+a: + 2/ = 31, 3(a;2 + 2/®) + a? + 1/ = 44. 

9. Find the circle through (3, 5) coaxal with 

aj2+^2 + 3^ + 5^ + 7 _ 0 and a?^ + 2/* + a: — t/— 1 = 0. 

10. Find the radius of the circle through (1, 1) coaxal with 

2a?2 + 22/2 + 3a; = 0 and (a?— 1)2 + 2/^ = 0. 

11. Find the centre and radius of the least circle coaxal with 

+ 2/2 + 2a; — 4 = 0 and a?® + 2/® — 3a? — 4 = 0. 

12. Find the length of the common chord of the circles 

a?2 + 2/® + 12a?+882/ + 676 = 0 and a?2 + 2/®— 14a? — 8O2/ — 4280 = 0. 
In Nos. 13-16, find the limiting points. 

13. a?2 + 2/2 = 1, a;2 + y2 + 0^ + g — 

14. a?2 + 2/2 = 16, a?2 + 2/2 — 6a?+82/ + 24 = 0. 

15. A(a?2 + 2/2 — 6a? + 42/ + 12) = 12a? — 4?/ + 36). 

16. a(a?2 + 2/^) + A2/ + 6 = 0, where a and h are positive constants. 

17. Find tho circles coaxal with 

^2 + 2/2 + 52a; = 12 and 2a?2 + 22/2+ 13a? = 178 
which touch 5a; — 122/ = 130. 

18. A coaxal system includes the circle ~ 2x and has (4, 4) 

as a limiting point. Find the other limiting point. 

19. If a, 6, c, T are constants and k varies, prove that the circles 

a;2 + — 7-2 == + 5^/ + c) are coaxal. 
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20. If t varies, prove that the circles centre {t, 0) and radius ^J(t^ — 4) 
are coaxal. 

21. Find the radius of the circle centre (/^,0) belonging to the 
coaxal system with limiting points (±k,0). 

22. Find the general equation of a circle of the coaxal system with 
limiting points ( — 4, — 3) and (2, 6). 

23. If the circles centres (a^, 0) (ag, 0) (ag, 0) and radii r^, rg, rg are 
coaxal, prove that 

ri2(ajj-a3)4.ra2(ag-Oi)+r32(a^~a2)4-(a2~a8) (a8~«i) («i-«2) = 0. 

24. Find the locus of a point whose distances from (a, 0) and ( — a, 0) 
are in the ratio A : 1 . 

25. Find the locus of a point whose distances from (x-^,yx) and 

(^ 2 » 2 / 2 ) ratio : kx> 


5*7. Polar Equation 

5*71. Let Pi(ri, 0^) be the centre and let c be the radius of 
a circle. Take any point P(r, d) on the circle and put r a OP, 
Tj = OPj. Then 

Pi P2 = (r - - 2r . 

c2 = •+ — 2rri cos (0 — d^. 

This is the polar equation of the circle. 



5-72. Example. Find the polar equations of the circles of 
radius a which touch the initial line at the pole. 

Let B be the point diametricaUy opposite to the pole and 
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let P(r, 6) be an arbitrary point on the circle. Then 
OP = OB cos POB. 
r = 2a cos in figure (a) 

= 2a sin 

and r — 2a cos { — — 6) in figure (6) 

— -‘2a sin 0. 

Thus the circles are r — ± 2a sin 




5*8. Inversion 

5*81.. The inverse of a point P wo the circle centre 0 and 
radius k is the point P' in OP, on the same side of 0 as P, such 
that OP . OP' = Every point except 0 has an inverse, and 
this inverse is unique. The inverse of the inverse is the original 
point. 

When P describes a curve locus /, its inverse P' describes 
another curve/', and this is called the inverse of/ wo the circle. 
Inversion is sometimes said to take place wo the point O as 
an abbreviation for wo the circle centre 0. 

5*82. Let P(x,y) and P'(x\y') have polar coordinates r,d 
and r', 6'. Then if P' is the inverse of P wo the circle centre 0 
and radius k, 

rr' = k^ and 6' = 0, 

x' = r' cos 0' = k^cosOjr = k^xjr^ = k'^xl{x^-\-y^). 

Similarly y' = k^yl(x^ + y^)- 

Hence the inverse of (x, y) is given hy x' :y' :k^ = x:y:x^-{-y^. 



106 


THE CIRCLE 


[5-83 

5-83. To find the inverse of a given curve it is often con- 
venient to use polar coordinates with 0 as pole. If /(r, 0) = 0 
is the polar equation of the given curve and P'(r', O') is the 
inverse of an arbitrary point P(r, 6) on the given curve, then 
rr' = and 6' — d. 

But/(r,0) = O. = 

Hence P' lies on the curve whose polar equation is found from 
the given polar equation by changing r into k^jr. 

The inversion of Knes and circles is investigated in books on 
pure geometry. {M.O. Chapter x.) See also Exercise 5e, 
Nos. 1, 2. 

5*84. Example. Find the inverse of ^ wo the circle 
centre the origin and radius fc. 



The polar equation of the given curve is 
rsin^ = 

i.e. sin0 = rcos^0. 

Hence the polar equation of the inverse is 
r sin 0 = k^ cos^ 0. 

This curve may be sketched by giving values to 6. 
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The cartesian equation is 
y — 

i.e. + 

5-85. Example. Show that a curve and its inverse cut 
OPP' at supplementary angles at the inverse points P and P'. 


0 

Prom rr' = by differentiation, 

I dr ^ dr' 
rdO^r'dd 

/. cot 5 ^ + cot = 0, {E,C. vol. II, p. 335) 

^ and (f)' are supplementary. 

It follows that an angle between two curves at a point of 
intersection is equal to an angle between the inverse curves 
at the corresponding point of intersection. 

5*86. Inversion is an example of a transformation by which, 
from a given curve or figure, a new one can be derived. Known 
properties of one figure may then lead to properties of the 
other. For example, if ABC is a Hne, AB + BC ^ AG ^ and 
this leads by inversion to Ptolemy’s property 

AB.CD^AD.BG^AG.BD 
of a cyclic quadrilateral. 

Other methods of deriving new curves are suggested by 
two of the equations in Exercise 2c, No. 4. 

The graph of r = c/(0) is a curve similar to that of r == f{6). 

The graph of r = f{6) + c is called a conchoid of the graph of 
r = f{d). See Exercise 5e, Nos. 16, 17. 
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Another curve can be derived from a given curve by taking 
the locus of the foot of the perpendicular to a tangent of the 
given curve from a fixed point 0, This is called the pedal of 
the given curve wo the point 0. See Exercise 5e, No. 18. 

A more important transformation can be obtained by taking 
the inverse wo the circle centre O and radius k of the foot of 
the perpendicular from 0 to the tangent, thus combining the 
operation of inversion and pedals. This transformation will be 
considered from a dilferent standpoint in a later chapter. 

EXERCISE 5e 

1 . Write down the polar equation of the circle centre ( -- 1, ^tt) and 
radius 2. 

2 . Write down the polar equation of the circle of radius a passing 
through the pole and having its centre on the initial line. Provo that 
its inverse wo r = A; is a line at a distance k^l2a from the pole. 

3. Prove that the inverse wo r = A; of the circle centre (r^, 6^) and 

radius c is a circle imless and find the radius of this inverse circle. 

4 . 0 is a fixed point and P a variable point on a fixed circle 
of radius a through 0. Find the locus of the point P' in OP such that 
OP' — kOP, where A; is a constant. 

5. O is a fixed point, and P is a variable point on the fixed circle 
centre (6, 0) and radius a. Find the locus of the point P' in OP such that 
OP' = kOP, where A; is a constant. 

In Nos. 6-8, find the inverses wo r = k of the line. 

6. X = 0, 7. y = c. 8. a = rcos{0 — (x). 

9. Find the inverse of 0 wo x^^y^ + 2gx + 2fy -f c = 0. 

10 . Find the degree of the inverse of 

ax^ + 2hxy -H by^ + 2gx -h 2fy + c = 0 
wo x^ + y^ == 1 when cT^O. What happens when a = 6 and /i = 0 ? 

11 . Find the inverse of (P,P + i) wo x^ + y^ = 1. Sketch the curve 
x = P, 2/ = P + i and its inverse. 

12 . Find the inverse of r = cosec^ ^9 wo r = 1 and sketch the two 
curves. 

13 . Find the inverse wo r = a of r = a(l + cos6>) and of its double 
tangent r cos ^ = — Ja. 

14 . Find the inverse wo r = k of y ^ ax^ + bxy 4- 
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15. Show that x(x^ + 2/®) = ~ ^2/® is its own inverse wo 

a;2 4- 2/2 =z 2ax. 

16. Sketch the conchoid of the line r = asecff and show that its 
cartesian equation is + (aj — a)^ = bV. 

17. Show that the conchoid of a circle through the pole is 

r = 2acos(^ — y) + c 

and sketch this curve in the special cases y = 0, c = 2a and y = 0, c = a. 

18. Show that the pedal of the circle r ^ 2a cos 0 wo the pole is the 
curve r = a(l + cos^). 


EXERCISE 5f 

1 . Find the line -pair joining the origin to the points of intersection 
of + 2/2 — 7£c + 51/ — 1 z= 0 and Zx — 2y~ 5. 

2. Find the line -pair joining the origin to the points of intersection 
of 03^ -j- 2/^ + + 2fy + c = 0 and Xx + Yy -f 1 = 0. By expressing that 
the lines coincide, find the condition for Xx+ Yy-{-^ = 0 to touch the 
circle. 

3. Find the condition for (ct^yc/t^) to be 

coney die. 

4. Find the equation of the tangents from (6, 0) to x^-^y^ = a^. 

5. Find the condition for the circles x^-hy^ + 2gj^x-\-2f^y + Ci = 0 
and x^ + y^'\- 2g^x +'2f^y + c^ — 0 to touch. 

6. Find the equations of the common tangents of + 2/* = 226 and 
(x~20)2-f2/2 = 9. 

7. Find the lengths (between the points of contact) of the common 
tangents of {x ~ 24)^ + ( 2 / + 67)* = 65^ and (x -f 20)* + (y — 60)* = 20*. 

8. Find the angle of intersection of the circles through (0, 2) and 
(1, 1) which touch OX. 

9. Find the length of the common chord of the circles 

(* -A)® + (y- QiY - aad (x -/j)* + {y- 

10. {(i) = Jzr}. Find the equation of the circle centre (2, 3) and 
radius 3. 

11 . M. Prove that the circle centre (w, v) and radius r is 

(x — u)^ + {y — v)^ + 2{x—u) (y — v)cos(i) = r*. 

12. By using No. 11 and the method of 5*11, find the condition for 
x^-^2xyoos(o + y^ + 2gx + 2fy-\-c = 0 to represent a circle. If it is 
satisfied, find the centre and radius. 
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13. {w}. Find the circle of radius k touching OF at 0. 

14. {w}. Find the circle through (a, 0), (0, h), and the origin. 

15. {(i)}. Find the tangent to + 2xy cos o) =: at (x^, y^). 

16. {w}. Find the tangents to x^-hy^ + 2xycos(i) — 1 parallel to 
y = 2x, 

17. Find the common chord and hne of centres of the circles 
r = acos(0 — a) and r = 6cos(0 — 

18. A variable line through 0 meets the circles r = a cos ~ a) and 
r = 6 cos (d — fi)m. P and Q, Find the locus of the mid-point of PQ, 

19. Prove that the limiting points of a coaxal system are inverse 
wo each circle of the system. 

-P is a variable point on a fixed circle of a coaxal system of 
which P is a limiting point. Prove that PL^ varies as the distance of 
P from the radical axis. 


21. If c is constant and [i varies, prove that = 2/i{x — c) 

represents coaxal circles with limiting points (0,0) and (2c, 0). Show 
that the inverses of these circles wo the circle centre 0 and radius 2c 
all have centre (2c, 0). 


22. Find the locus of the foot of the perpendicular from (6, 0) to a 
variable tangent to x^ + y^ = a^. 


23. Find the locus of the foot of the perpendicular from the origin 
to a variable tangent to x^ + y^-\- 2gx + 2fy -i- c = 0. 

24. A is the fixed point (a, 0) outside the fixed circle x^ + y^ =: and 
Pisa variable point on the circle. Find the locus of the point of inter- 
section of the tangent at P and the perpendicular at A to AP. 

25. A, B are (a, 0), (0, b) and AP, BP are drawn so that AOAP = 6 
and LOBP = tt — 0. Find the locus of P when d varies. 


26. Find the square (t) of the length of the direct common tangent 
of the circles xa . 2 a 

+ = 0, ri>0, 

5' = (a;-a2)^ + y2__y.^2 _ 0 ^ r2>0. 

Interpret the equation 5* = ri. 


27. Prove that 

is the equation of the direct common tangents of the circles in No. 26. 

28. Find the equations of the two pairs of common tangents to the 
circles 

(* - «i)’ + - &i)* = and (aj - Oj,)* +(y~ 6,)* = r^. 
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29. Prove that the foiir common tangents to the circles 

^ 2 ^ 2/2 — 2(a + 6) a; + c = 0 and + — 2{a — 6) a; + c = 0 

are the lines [X, Y] given by 

X = aF2, acX^+X(a^-b^ + c)+a:=0 
and that their equation is 

( 2/2 — ^ax) {cy^ + (x^ + c) (c 4- — 6®)} + {a(c + a;^) + x(c -f a® _ /> 2 ) J 2 _ 

30. Write down the equation of the sphere centre (a, 6, c) and 
radius r. 

31. Find the centre and radius of the sphere whose equation is 

+ 2/^ + 2^ + ^ux + 2vy + 2wz + d = 0, -\-w^>d). 



MISCELLANEOUS EXERCISE A 

[These are arranged in sets of seven] 

1. Find the area of the triangle (13, 16) (27, 31) (14, 17). 

2. A, B are points on OX, OY and A B is of constant length 3c. 

P, 0 are points on such that J.P = PQ = QB, Find the loci of P, Q. 

• 3. Find the angles of the triangle formed by 

a; + y = 2, 4^ = 3a;+ll, a: =7^—12. 

4. Find the polar equation of the line through ( — yfc, — ^n) perpen- 
dicular to the initial line. 

5. Find the coordinates of the line on wliich the point 

(3A;+l)(X-y) = 2 X+y-fl 
lies for all values of k, 

6. Find the angle between the lines joining the origin to the points 
of intersection of 

y-2x-\-^ and x^-\-2y^+\2x-{-% ^ 0, 

* 7. Find the equations of the tangents to x^-^y^^^a^ through 

(a + 6,0). 

8. {w= Jtt}, Find the distance between (3, — 6) and (7, 2). 


9. Prove that the condition for Za? + my + n = 0 to cut all throe sides 
of the triangle formed by l^x-^m^y + n^ = 0 (r=l,2,3) externally is 
that the expressions 
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should have the same sign. 

10 . Find the angle-bisectors of a(x^ + y^) = hx{x + 2y). 

11 . Given that 4Z2-6ZF+ y2 + 24X- IdF + A = 0 represents a 
point-pair, find the value of A. 

. 12 . Find the equation of the line joining (11, —3) to the meet of 
13aj + y = 12 and 4a; — y = 17. 

13 . Find the equations of the diameters of a;® + y^ + 4a; — lOy — 7 = 0 
that meet the circle on the y-axis. 

14 . Find the locus of the point at which the circles {x — a)^ + y^ = 6* 
and (a; + a)2-f y* =:c® subtend equal angles. 
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15. Find the points distant 13f from ( — jf, 15) having coordinates 
X and y in the ratio 7 : 6 . 

16 . Find tlie area of the rhombus formed by 1 3a; + 9^/ = O^x + Zy = 0 , 
13a; + 02 / = 150, and x + ^y = 30. 

17. Sketch the graph given by the polar parametric equations 

r = 6 ^ and find the cartesian equation of the curve. 

, 18. Find the equation of the bisector of that angle between 
16a; — 632/ +11 = 0 and 12a; + 52/ = 3 in which the origin lies. 

* 19. Findtheline-pair joining the origin to the points of intersection 
of 3a; + 2 / = 2 and + *dxy — 2y^ + 7a; — 2?/ + 1 = 0. 

20 . Prove that the circles 

a;® + 2 /^ ~ 4a; — V)y = 36 and a;^ + 2 /^ — 10 a; + 2?/ + 22 = 0 
touch internally. 

21 . Find the line of centres of the coaxal system given by 

a;^ + 2 /^ + 2 aa; + 2hy + c + 2 A(aa; — 62 / + 1 ) = 0 

when A varies. Also find in a similar form the equation of an arbitrary 
circle of the orthogonal system. 

22 . P 1 P 2 is bisected at Qi, is divided at so that 

^QiQz = Q 2^4 i^ divided at so that = Qz^^* 

on. Find the coordinates of in terms of those of P^, Pg, ...» Pn« 

23. Find the four points that are equidistant from 

14 a;- 272/+109 = 0, 22a; + 2 I 2 / + 53 = 0, and 30a; + 62 / = 131. 

24. Express the equation 4a; — 52/ + 6 = 0 in the form 

X cos a + 2/ cos /? = p, 

where a + /^ = |7r. 

» 25. Find the pair of lines through ( — 4, 6) parallel to 
— Ixy + 2 /^ — 1 lit + 2^ — 1 = 0. 

26. Find the equation of the point in which the join of 5X + F = 1 
and AT + 5 Y = 1 meets the join of 3A — F = 3 and X — 3F = 3. 

27. To what point must the origin be moved so that 

ax^ + 2hxy + + 2gx + 2fy + o = 0 

may become ax^ + 2kxy + hy^ + c' = 0 and what is the value of c' ? 

28. If the square of the tangent from P to a;® + 1 /^ + 3a; + 42/ = 0 
varies as the distance of P from O F, prove that the locus of P is a circle 
of radius not less than 2. 

29. Find the centroid of 4 at (3, 1), 3 at (0, 0), 2 at ( — 3, — 1), — 5 at 
(1,-7). 
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30. A BCD is a square and A and C move on fixed perpendicular 
lines. Prove that B moves on a fixed line. 

^ 31. Find the bisectors of the angles between (a; — A) tana 

and y--k (x — h) tany^. 

^ 32. Find the angle between the two sets of parallel lines given by 

. 33. Find the condition that the lines joining (c,0) to the points of 
intersection of + and xco^a + yBinct — p should be per- 

pendicular. 

34. Find the centre and radius of the circle through (0,7), ( 2 , 1 ) 
and (4, — 1). 

35. Find the tangent at (3, 2 ) to the circle 

x!^ + y^ + 2xyGos(i)-\-x — ^y— l 2 cosw = 0 . 

36. Find the angle between the vectors i + j +k and i + j — k. 

37. Find the ecentre opposite (1,1) of the triangle (1,1) (40,81) 
(31,41). 

38. Find the lines through ( 2 a, 0) whose perpendicular distance 
from (a, -- 2 a) is ^-y/ 2 . 

39. Find the angle between the lines Zx^ — 2xy — y^-\-\2x-\‘Ay = 0. 

40. If the chord x + y — h of x^-\-y^ — 2ax — 4 a 2 = 0 subtends a right 
angle at the origin, prove that 6(6 — a) = 4 a 2 . 

41 . Find the length of the chord 3a; + 8 i/ = 0 of the circle 

x^ + y^ — ^x+Hy = 0. 

42. If the origin is one limiting point of a coaxal system of circles 
to which x^ + y^-\- 2ax + 2by -f c = 0 belongs, find the other limiting 
point. 

43. Verify that the triangle (5, 1 — ^3) (3, 1 + ^3) (7, l+V^) is 
equilateral. 

44. {w}. Find the locus of a point P such that the line joining the 
feet of the perpendiculars from P to the axes is of constant length c. 

45. Find the orthocentre of the triangle formed by 

x(u-^l) — yu + u(u+l) = 0, x(v+l)’-yv + v(v-i-l) = 0, y = 0. 

46. What is represented by oo^ + 2x^y^ + 2 /^ = 1 ? 

47. Prove that the lines ax^ + 2hxy + 62 /^ = 0 are equally inclined to 
p{x^ + y^) + q(ax^ -f 2hxy -f by^) = 0 . 

48. If the origin is changed to (2, — 1 ) and the axes are then rotated 
through an angle Jtt, find the new equation of the circle x^ + y^ = 4 . 
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49. Write down the equation of the lines joining the origin to the 

points of intersection of + = 2cx and xlc — y/d+l = 0. Hence 

find the values of d for which the line is a tangent to the circle. 

50. Find the values of x', y\ ocifx^-h 2xy + 2y^ — 4aj — 6t/ 4- 3 = 0 can 
be transformed into ax^ + hy^ + c = 0 by change of origin to (x\ y') and 
rotation of axes through an angle a. 

51 . Find the lines through ( — 2,3) inclined at 60° to x + y ^ 1 . 

52. Find the incentre of the triangle (1, — 5) (6, 7) (10, 7). 

* 53. Find the line joining the meet of 

2a5 + 2 /+l = 0 and 3x — 5y — l = 0 
to the meet of 4aj — i/ — 5 = 0 and a; + 3^/ + 1 1 = 0. 

54. {tan (0 = 2 1}. Find the angle-bisectors of 5x^ -f ^xy — 2y^ = 0. 

55. If 4a; + 71/ = A; is a tangent to x^-hy^ lOi/, find the value of k, 

56. Find the locus of the mid -points of chords of a circle centre A 

that subtend a right angle at a fixed point B, 

57. Prove that (3, 3) (6, 9) ( - 1, 7) ( - 3, 1) is a rhombus. 

58. {a>}. Find the angle between 

ax — by + c = 0 and a{y + a; cos (o) -f b(x -I- y cos ct>) + c =0. 

59. Find the bisector of the obtuse angle between 

67a;-1762/+l = 0 and 36a;4- 121/ = 0. 

• 60. Find the pair of lines through (1, 2) parallel to 
2x^+ 17xy — y^ = 0. 

61. Find the coordinates of the line through (a, 6) and the meet of 
[Xi, FJ and [Xa, 

62. By moving the origin and rotating the axes, transform 

2x^ -h 4a;i/ + y® — 8a; -f 2i/ — 3 = 0 
into the form ax^ 4- by^ -}- c = 0. 

63. If 5,. = a;* 4- 1/^ 4- 29^,. a; 4- ^f^y 4- c,., interpret the equation 

4" ^2^2 "1” ^8^3 ~ 

and show that in general it is possible to find one circle orthogonal to 
three given circles. 

64. Find the ratio in which ( — 6, — 8) divides the line joining 
(-1,-2) to (5,7). 

65. What kind of surface is represented by an equation of the form 
z =/(a;2 4-2/2)? 


8-2 
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66. Find the area of the parallelogram bounded by 

4(x - 6) = 3(2/ - 6), 3(x - 6) = 4(2/ - 6), 

3(a;-5) = 4(2/-6) + 7, 4(a;~5) = 3(2/-6) + 7. 

67. (oj = Jtt}. Find the angle between the linos 8a;* + 4x^ — 1/2 = 0. 

• 68. Prove that two of the lines joining the origin to the points of 

intersection of a;* + 2/® = 2x — 4^-h3 = 0 are at right angles. 

69. Find the equation of the circle through (4, — 9) and ( — 2, — 3) 
having its centre on llx—28i/ = 9. 

70. Coplanar circles have collinear centres A, B, G and radii a, b, c 
such that a^BC + b^GA + c^AB + BC .GA.AB = 0, Provo that the 
circles are coaxal. 

71 . Forces P,Q, P+Q act along the sides of the triangle of reference 
A^A^A^, Find the areal equation of the line of action of their resultant. 

Prove that if P iQ is constant, the resultant passes through a fixed 
point and give its coordinates. 

• 72. Find the lino joining the foet of the perpendiculars from the 
origin to 2a7 + 3?/ = 7 and 4a; + 52/ = 9. 

*73. Find the distance between the parallel lines y = mx + c and 
y = mx + d, 

74. Find, for A = 2 and for A = 1, the equation of the point in which 
the join of 3X~ F- 1 = 0 and 2X + AF4- 1 = 0 meets [-1, 1]. 

^ 75. Find the equations of the diagonals of the trapezium formed by 
a; = 0, 2 / = 7, a; = 22/ — 5, a; = 2y, 

76. Find the length of the chord ax + by ^ 0 of the circle 

x^ + y^ + 2gx-i-2fy + c = 0. 

77. If A, B, G are fixed points and PA^ + PB^ + PG^ is constant, 
prove that the locus of P is a circle whose centre is the centroid of 
A, B, C. 

78. -4, P lie on OX, OY; AB is of constant length 2a, and M is the 
mid-point of AB, Find the locus of a point P such that MP is per- 
pendicular to A B and of constant length b, 

79. Determine k so that one of the bisectors of the angles between 
p, m] and [I, n\ is [Z, A;]. 

80. Find the line through (4, —6) having the part of it cut off 
between OX and O F' divided at that point in the ratio 2 : 3. 

• 81 . Find the angle -bisectors of 4a;* + bxy — 2 /® + + % + 4 = 0. 

• 82. If oa;* •+■ 2kxy + hy^ -I- 2gx + 2fy -f c = 0 represents two lines, give 
the equation of the lines through i/i) perpendicular to them. 
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83. Find the equation of the tangent at (a + ccos«, 6 + csin^) to 

the circle (x — a)* + (:^ — = c®. 

84. Find the angle of intersection of the circles through (3, — 2) 
which touch Zy = 4iX and 2/ = 0. 

85. Prove that the points (m3 ^ are collinear 

if + + 

86. If the vertices A, B of the triangle ABC are fixed and 
cot A + A; cot B is constant, prove that the locus of (7 is a line. 

87. What linos through (2,-1) have coordinates such that 
4X2 ^ 9^2, 

88. Given that Zx^ — Axy — Xy"^ + Aa:+122/-“13 = Oisa line-pair, find 
the value of A. 

89. Find the perpendicular to xla^-y\h— 1 from the meet of 

l^x + m^y = 1 and + = 1. 

90. Find the equation of the circle on the chord x^y =• \ of 
2.c2 -I- 2^/2 — 2ic ~ 6i/ = 26 as diameter. 

91. (w}. Find the square of the tangent from (Xi,y{) to the circle 

+ 2xy cos o)-\-y^-{- 2gx + 2fy + c = 0. 

92. Find the point dividing the join of (ri,^i), (r^yO^) in the ratio 
of K^lK^, 

93. Find the length of the perpendicular from the origin to the join 
of (a cos a, a sin a) to (a cos /?, a sin /?). 

94. Find the medians of the triangle (10, — 1) (4, 7) (2, 6) and verify 
that they are concurrent. 

95. Find the line-pair joining (2, 3) to the points of intersection of 
2x-{-Zy ^ 1 and x'^-\-y^ = 1. 

96. Find the angle between the lines 

-j- 2/2) cos2 a = (a; cos /?-f- 2/ sin/?) 2; 

97. {a; = |7r}. If OX is rotated through \n and OY through f/r, find 
the new equation of the curve xy = k^. 

Also answer the same question for rotations Jtt and Jtt. 

98. Find the centre and radius of the inverse of the circle 

a;2 4. 2/2 + 2gra; -f 2/2/ c = 0 wo x^-\-y^ = k^, 

99. {(o = Jtt}. Find the area of the triangle (7, 3) (4, 2) ( — 6, 6). 

100. Find the angle between 

a^y — h^x = (ib(x — y) and a^x + b^y = ab(x 4- y) 4- c. 
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101 . Prove that the origin lies in the acute angle between 

+ = 0 and + = 0 

if + i® negative. 

102. Find the pair of perpendiculars from (4, 7) to the lines 

— — x + = 0 . 

103. Find the point through which 

(3-6A;)a; + (4 + 7A;)2/-(ll + 9Ar) = 0 
passes for all values of h. 

104. Find the length of the common chord of the circles 

a;2 + 7/2r=4 and + — 24a;— 102/ + 25 = 0. 

105. Find the limiting points of the coaxal system determined by 
/t;2 ^ 2/^ — 6a; — 6^ + 4 = 0 and x^ + y^ — 2x — ^y-\-^ = 0. 

Also find the circles of the system which touch x + y ^ 5. 



Chapter 6 

PARAMETRIC EQUATIONS 
6-1. Equations of a Curve 

The representation of a curve by parametric equations is 
explained in 2 - 11 , 2 - 23 , and some examples are given in 
Exercises 2 a, 2b. In the present chapter parametric methods 
are illustrated by applications to certain curves which are 
themselves of some importance. In 12*9 it is shown that every 
curve which has a cartesian equation of the second degree also 
has rational parametric equations of the form 

x\y:l = + Cl :a2^^ + 2^2^ + ^2-^3^^ + 263^4-03. 

When a curve is given by 

x=f{t),y = g{t) or by x:y:c =f{t):g{t):h{t), 

the point of the curve given by ^ is called the point t^. 
The chord joining the points and ^2 is called the chord t^t2- 

6-2. The Parabola 

6-21 . A parabola is the locus of a point whose distance from 
a line varies as the square of its distance from a perpendicular 
line. If the lines are taken as axes of coordinates, the equation 
of the parabola is = hy or y^ = kx. 

All parabolas are similar. For if the value of kiny^ — kx is 
changed to Ai, this is equivalent to the substitution of x/X 
for X and y/X for y. It only changes the scale of the graph. 

Writing 1 = ? = ^ 

y = kt and x = kt^. 

Thus parametric equations of y^ = kx are 
X = kt^, y = kty 
or x\y:k = 

The parabola y’^ = kx is symmetrical about the line y = 0, 
which is called the axis of the parabola. 
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[6-22 

6*22. Intersections of ux-\-vy-\-wk — 0 and = kx. The 
point ^ of the parabola a; : 2 / : A; = t^:t\l ^e^onnx-\-vy-\-wk = 0 

ut^-\-vt-\-w — 0 . 

This is a quadratic for t whose roots are the parameters of the 
points of intersection of the line and curve. 

6*23. Chord t^t^. By 6*22 ux-\-vy-\-wk = 0 meets the 
parabola where ut^ + vt-^-w = 0. li ux + vy-{-wk = 0 is to be 
the chord t^t^^ the roots oiut^+vt-\-w — 0 must be and and 
therefore this quadratic equation must be equivalent to 

t ^ — ^(^1 4 - ^ 2 ) “ I " ^ 1^2 ~ 

Hence u:v\w = 1 : — -f < 2 ) • ^ 1^2 

and the equation of the chord is 

a; — (^1 + 1^) y + = 0. 

Alternatively, from 1*72 the chord t^t^ is 
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Equations (1), (2) express that {x,y), [kt^ykt^), [kt.^,kt^) are 
collinear. If t^ = t^^ coUinearity holds for all values of a:, y\ and 
the equations do in fact then reduce to 0 = 0. 

But in (3) it is assumed that t^¥^t^, and therefore this equa- 
tion represents the line joining two distinct points t^, 

6*24. If a chord of the parabola joins the points on the 
curve whose parameters are the roots of -h 4- 0, then 

the equation of the chord can be written down immediately 
as ux-\-vy-\-wk = 0. 

6*25. Tangent at t^. This is the limit when of the 

chord t^t^. Therefore, from 6*23 (3), its equation is 

x — 2t^y‘{-kt^ = 0 . 
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This can actually be derived from 6*23 (3) simply by sub- 
stituting for ^ 2 ; for in fact the limit when of 

is the same as the value of that expression when <2 = h- 
But the equation 6*23 (3) is obtained on the assumption that 
and it represents the chord joining two distinct points. 
It is not the chord joining two coincident points: such a chord 
would be indeterminate like 6*23 (2) with 

6*26. Normal at This is the line through perpendicular 
to the tangent at Its equation is therefore 

2t^x-\-y = ... 

and it must be satisfied by a: = y = kt^. 

Hence it is 2t^x-\ry = 2kt^-^kt^. 

6*27. Envelope Equation. The tangent x-2ty-\-kt^ = 0 is 
the line [X, Y] if 

Z:7:l/fc= (1) 

and X, Y satisfy kY^ = 4X. 

Hence kY^ ^ 4X is the equation of the parabola regarded 
as an envelope, and (1) gives parametric envelope equations. 

6*28. Some properties of the parabola are given in Exercise 
6a, Nos. 16-24, where the curve is represented by y"^ — 4tax or 
x\y\a = t^\2t:\. The origin A is called the vertex and the 
point S{a,0) is called the focus of the parabola. The line 
a; -I- a = 0 is called the directrix. 


EXERCISE 6 a 

[It is recommended that solutions of Nos. 16—24 should be preserved 
for reference in Chapter 13. The notation of 6-28 is used] 

In Nos. 1-3, state what is represented by the equations. 
a a 


2. x = at*, y = at^. 3. x ^ yjt,y = t. 
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In Nos. 4-8, give the points of intersection of the line and curve. 

4. aj-5i/ + 6 = 0 and a; = ^ 

5. 4a; — \^y = 5 and x:y 

6. 11 a;- 62 / + 1 = 0 and xiyil = 

7. ^x — y = 2kdiXidx:y:k=^t:t^:\-\-t^, 

8. xja-yjh = 1 and a; = a(l + y ^ 2htl(l + t% 

In Nos. 9-14, give the equation of the chord and of the tangent 
and normal at 

9 . x:y:a — 10. x\y \k — \l:t, 

11 . xiy:a=^t+l:t^xt-\. 12 . x:y:a =:^ 

13. x = y = at^, 14. x = kt, y =: kt~^, 

15. Find the condition for the lines 

a; = + 2 / = Ci^ + di and x = + y = c^t + d^ 

to be (i) parallel, (ii) perpendicular. 

16. Draw an accurate graph of x:y :a ^ i2til taking a = | inch. 
From an arbitrary point P whose parameter is t draw PN perpen- 
dicular to the axis, and let the tangent and normal at P meet the axis 
in T and Q, 

17. Prove that TA = AN and NO = 2 a. 

18. Find SP in terms of t and deduce that the parabola is the locus 
of a point which is equidistant from the fixed point (a, 0) and the fixed 
line a; + a = 0. 

19. If SY is drawn perpendicular to PT, prove that Y is midway 
between S and the foot of the perpendicular from P to the directrix, 
and that Y lies on the tangent at the vertex. 

20. Prove that YST, TSP are similar triangles and that 

LSPT= LTPK. 

21. Prove that rays of light emitted from the focus and reflected 
at the curve become parallel to the axis. 

22. If the chord passes through the focus, prove that the tan- 
gents at h* h are at right angles and that they meet at a point F on the 
directrix. Give the coordinates of P. 

23. In No. 22, prove that FS is perpendicular to the chord. 

24. State the coordinates of the mid -point of the chord and the 
condition for the chord to be in a fixed direction. Find the locus of 
the mid -points of parallel chords of a parabola. 
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6-3. Note onjOrthogonal Projection 

6*31. The orthogonal 'projection of a point P on a plane is 
the foot of the perpendicular from P to the plane. 

Consider the various points P of any figure P in a plane a, 
and their orthogonal projections P' on a plane a' which makes 
with cc an angle 6 such that 0 < 0 < Jtt. These points P' compose 
a figure P' which is called the orthogonal projection of P on a'. 

The orthogonal projection of a line is a line. The orthogonal 
projection of a segment PQ of a line is an equal segment P'Q' 
if and only if PQ is parallel to the line of intersection of a 
and a'. If PQ is perpendicular to that line, P'Q' = PQcos0. 
See Exercise 6b, No. 1. 

The orthogonal projection of a circle is not a circle, but is 
a curve which is investigated in 6-4. 

6*32. Let P be any point in the plane a whose coordinates 
are ic, y referred to rectangular axes OX, 0 T of which the 
former lies along the line of in- 
tersection of a, a'. In a' take 
rectangular axes so that OX' 
coincides with OX, and let the 
orthogonal projection P' of P 
have coordinates x',y' referred 
to these axes. Then 

x' — X, y' ~y cos d. 

In other words (x,y) projects 
into (x,yGo^d), 

If P describes a curve x = f{t), 
y = 9^(0 > P' describes the curve 

*'=/(0. y' = g(«)cos0. 

If P describes a curve f(x, y) = 0, then, since x' = x, 
y' — y cos 6 and j{x, y) = 0, it follows that /(a:', y' sec d) = 0. 
This is the equation of the projection of the original curve. 

A fuller treatment of orthogonal projection is given in 
P.G. Chapter II. 
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EXERCISE 6 b 

1 . Two planes a and a' inclined to one another at an angle 6 meet in 
a line 1. PQ is a segment of a line in a which makes an angle <j> with I, 
and P'Q' is its orthogonal projection on a'. Prove that 

P'Q' = PQV(l-sm2<9sin2^). 

2. With the notation of 6*32, what point has {h,k) for orthogonal 
projection? 

3. Find the orthogonal projections of ^ kx on a, plane through 
OX and on a plane through 0 Y. 

4. Show how to project = 2ax orthogonally into (i) y'^ — cix\ 
(ii) y'^ = 4ax\ 

5 . If cos 6 = bla and OX is the vanishing line, what is the orthogonal 

projection of + = a^? 

6. If cos 6 = hla and O F is the vanishing line, what is the orthogonal 

projection of =1? 

In Nos. 7-13, sketch the graph. 

7. ^2^42^2 ^4. 8. 4a;2 + 9/ = 36. 9. 

10. x^-y^==l. 11. x^-2y^=l, 12. xy = 1. 

13. xy = — 1. 

6*4. The Ellipse 

6-41. Tile curve obtained by the orthogonal projection of 
a circle is called an ellipse. 

Parametric equations of a circle centre the origin and radius 
a are a; = acos^, y = am\(p (5*12). 

Taking a' as the plane through the a;-axis making an angle 
cos”^(6/a) with the plane of x = acos(p, y — asin(l>, the 
orthogonal projection is 
given by 

x' ==.acosip, y' = 6sin^. 

It is convenient to draw 
the ellipse and circle in one 
diagram as in the figure. 

The dotted circle is equal 
to that from which the 
ellipse is obtained, but is 
drawn in the plane of the 
ellipse. 

Using 0 ?, 1 / instead of cr', y\ 
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the ellipse is given by the parametric equations x = acos0, 
y = 6sin^. 

Elimination of <j) gives 

^2 qj2, 

^2 + ^2 = 1 . (^<«)- 

The circle x ~ a cos 0, 2/ = a sin^ or is called the 

auxiliary circle of the ellipse. 

By a property of orthogonal projection, the area of the 
ellipse x^ja^ + y^jb^ — 1 is bja times that of the auxiliary circle. 
Therefore the area is nab. (F.G. p. 22.) 

6*42. Eccentric Angle. The angle —LXOP, in 6*41 
is called the eccentric angle of the point P' on the ellipse. 
As (j) increases from 0 to 27r, P describes the circle and 
P'(a cos$i, 6 sin0) describes the ellipse. Two values of ^ which 
differ by a multiple of 2n give the same point of the ellipse. 

In the orthogonal projection, the chord joining two points 
(})' of the circle projects into the chord of the eUipse joining 
points whose eccentric angles are (j>\ Also the tangent at P 
to the circle projects into the tangent at the corresponding 
point to the ellipse. See Exercise 6c, Nos. 1, 2. 


6-43. Rational algebraic parametric equations of 
x^ja^ -f- y^jb^ — 1 
may be obtained as follows. 

, X y y ^ X 

: I : 1 = 

a b 

These equations may also be derived from a; = acos^, 
y == ftsinji by putting tan|^ = t. 
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644. Some properties of the ellipse are given in Exercise 
6c, Nos. 12-15. The points 4(a,0) and 4'( — a,0) are called 
the vertices of the ellipse. AA' is called the major axis. 

The line joining -B(0, 6) and £'(0, —6) is called the minor 
axis. Every chord through the origin is bisected there^ and 
this point is called the centre (C), 


EXERCISE 6 c 

[It is recommended that the solutions of Nos. 1-5 and 12-16 should 
be preserved for reference in Chapter 14. The notation of 6*44 is used] 

1 . Obtain in the form x cos oc + y sin a = p the equations of the chord 
^•'^d the tangent at to the circle x = acos^, y = asin^. 

2. Use orthogonal projection to deduce from No. 1 the equations of 

the chord ^2 the tangent at to the ellipses; = acos^,y = 6sin^. 

3. Find the point of intersection of the tangents at ^ = a ± to the 
circle x = acos^, y = asin^ and deduce the point of intersection of 
the tangents at ^ = a ± to the ellipse a? = a cos^, y = 6 sin^. 

4. Interpret the equation 

xja yjb 1 =0 

cos (pi sin 1 
cos (p 2 ®i^ ^2 1 

and simplify it when Deduce the equation of the tangent to 

the ellipse x^ja^ + y^jb^ = 1 at the point (acos^, 6sin^). 

5. Find the equation of the normal to a; = a cos p^y = b sin p at the 
point p^, 

6. Determine the points of intersection of the line Ix + my + n = 0 
and the elh'pse xja ‘.yjb: I = l—t^i2ti\+t^, 

7. Find the equation of the chord of the ellipse in No. 6, 

8. Find the equation of the tangent at the point to the ellipse in 
No. 6. How many tangents to the ellipse may pass through a given 
point (/,sr)? 

9. Show that the point (a?, y) given by 

x\b-^y :b — y = : 6(^+ I)^ : 1)^ 

lies on the ellipse x^ja^ + y^jb^ = 1. 

10. Show that the point (x, y) given by 

x:l+y:l-y^t%t+l):{t-^l)^:t^ 
lies on the circle aj^+y® = 1. 
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11 . What is the greatest number of normals to an ellipse that may 
be drawn through a given point? 

12. Draw an accurate graph of a7 = acos^, t/ = 6sin0 taking 
a = 1^ in, 6 = i in. From an arbitrary point P on the curve draw 
PN, PN' perpendicular to the axes and let the tangent and normal at 
P meet the axes in T, T' and G, 0\ 

13. Prove that CN.CT = and ON' . CT = bK 

14. Prove that CG = {I ^ b^/a^) ON and CG' = ( 1 - a^jb^) CN'. 

15. Prove that TQ' is perpendicular to T'G. 


6-5. The Hyperbola 

6-51. Curves such as those in Exercise 6 b, Nos. 9, lO, 11, 

given by equations of the form - 1 are called hyperbolas. 

^2 ^2 

The curve ^ — 1 is symmetrical about both axes, and, 

since -r = ^-i-l>l,no part of the curve lies between the lines 
a? 0^ ’ x- 

X — ±a. The figures illustrate the cases a>b,a — b,a<b. 



6‘52. Just as x^la^'-k-y^jb"^ — 1 is satisfied by a; = acos^, 
y = 6sin^, so x^ja^—y^jb^ = i is satisfied by x = aoh<^, 
y = b&h^. But chji is always positive, and therefore the 
parametric equations x = aGh(f>, y = 6 sh^i represent only one 
branch of the curve. 

6*53. Alternative equations may be found by expressing 
ch^, sh0 in terms of th ( = w). These are 

xlaiyjb:! = l+m2:2m: l-m^. 

They represent the whole curve except the point ( — a, 0) if w 
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is unrestricted. But if m = th^^, it can only take values 
between — 1 and 4- 1. 

6-54. x^ja^ — y^jb^ = 1 may also be represented by 
x = asec<p, y = 6tan^. 

6*55. The equation x^ja^ — y^jb^ = 1 may be written 




rr,, X y 1 
t. Then -? = v- 




These equations represent the whole of the curve. In the 
figure 

^ = + 1 gives the point A (a, 0), /A 

^ 1 gives the point A* { — a, 0). // 

As t increases from — cxd to + oo, the \ \ / / 

portions KA', A'L, MA, AN of the — ? VaI X 

curve are given by^<--l, — 1<^<0, // 

0</< 1, l<t. / \\ 

6-56. Some properties of the hyper- A'a \u 

bola are given in Exercise 6 d, Nos. 

7-10. The points A(a,0) and A\ — a,0) are called the vertices 
of the hyperbola. A A' is called the transverse axis. The line 
X = 0 does not meet the curve. It is called the conjugate 
axis. The origin is called the centre (G), Any line through 
it is = mx. This meets the curve x^ja^ — y^jb^ = 1 where 
x^lla^ — m^jb^) = 1 . 

/. a; = ± abl^{b^ — ahn^). 

Hence there are two intersections if and only if < b^/a^. 
The lines y — ±bxla are called asymptotes. Lines through the 
centre meet the curve if they lie in those angles between the 
asymptotes which contain the transverse axis. 
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EXERCISE 6d 


[It is recommended that solutions of Nos. 1, 4, 7-10 should be 
preserved for reference in Chapter 16. The notation of 6*56 is used] 

In Nos. 1-4, find the equation of the chord of the hyperbola and 
deduce the equations of the tangent and normal. 

1. xjaxyjhil == 2. rr = ach^i, 2 / = 6sh^. 

3. ic = asec0, y = 6tan^. 

4. xla — ylh\xja’^ylhi\^t^i\it. 

5. Prove that the equations 

x — yix->ry\h = :t 
and x:y :k l+m^: 2m : 1 — 

represent the same curve and find the relation between t and m. 


6. Find the product of the lengths of the perpendiculars from 
( ± ach^, 6sh^) to xla±ylb = 0. Hence show that when the asymp- 
totes are taken as oblique axes, the equation of the hyperbola is 
ocy = l(a2-f 6®). 


7. 


Draw graphs of the h 5 q)erbola x = 




,when 


a, b are (i) 1 in., ^ in., (ii) J in., 1 in. From an arbitrary point P on the 
curve draw PN, PN' perpendicidar to the axes and let the tangent and 
normal at P meet the axes in T' and G, G'. 


8. Prove that CN.CT = and CN ' . OP' = - 62. 

9. Prove that GG = (1 + 62/a2) CN and GG' = (l+a^/b^) CN\ 

10. The tangent at A meets an asymptote at D. From OX, CS is cut 
off equal to CD and is drawn perpendicular to CD, Find the 
coordinates of S and Y. 


6*6. xy = k^ 

6-61 . The product of the perpendiculars from a point (x^, 2 / 1 ) 
of the hyperbola x^/a^ — y^jb^ = 1 to the asymptotes 

xja + y/b = 0 and xja — yjb^Q 


]S 


V(l/a2 + l76*)V(l7a2 + l762)’ ija^+ i/^a- 

If the asymptotes are taken as new axes of coordinates, the 
lengths of the perpendiculars are x' sin to and y' sin o), where 6> 


RI AG 


9 
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is the angle 2tan“^^ between the asymptotes. Hence the new 

equation of the curve is 
, , a^fe^cosec^w , 

Properties of the hyperbola are 
conveniently investigated from the 
equation xy = or the correspond- 
ing parametric equations. 

When a hyperbola has its asymp- 
totes at right angles, it is called a 
rectangular hyperbola. The equation 
bola is xy — h'^ with rectangular axes. 

X Ic 

From xy = k^, j = - = t, say. 
tc y 

X- Id, y = k-lt, 



or X y k = 1 t. 

These equations represent the curve completely. No point 
of the curve is given hy t = 0. 


6-62. Intersections of ux + vy + wk = 0 and xy = k^. The 
point t of the hyperbola lies on the line if 

%ifi-^v + wt = 0. 

Therefore the parameters of the points of intersection are the 
roots of this equation. 

6-63. The chord By 6-G2, nx^vy + wh = t) meets the 
curve where ut^-^-v-^-wt = 0. If ux-^-vy-^-wk = 0 is to be the 
chord roots of this quadratic in t must be t^, and 

therefore the quadratic must be the same as 

— I(h + ^2) ~ 

V/tV^IV (^1 “ 1 “ ^ 2 ) 

and the equation of the chord is 

X t^t^y = {ty ^ 2 ) 
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6*64. The chord joining the points whose parameters are 
the roots = 0 is ux + vy-\-wk = 0. 


6*65. The tangent to x:y:k = i:t at the point is the 
limit when of tlie chord Therefore by 6*63 the 

tangent is x + t,^y = 2t,k. (1) 

The tangent x + t'^y = ’2tk is the line [X, T] if 
X:Y:llk= 

Thus X, Y satisfy 4BXY = 1. (2) 

This is the equation of the hyperbola regarded as an envelope. 


6-66. Example. Prove that a tangent to a hyperbola forms 
with the asymptotes a triangle of constant area. 

1st method. The tangent 6-65(1) meets the asymptotes 
if = 0, y = 0 in (0, 2k jt^), (2kti, 0). Hence, in the figure, 
OT = 2/fc<i and OT' = 2klti. The area OTT' 

= WT .OT'huko = l{2ktj) {2k Itj) sin (0 = 2A:2sinw. 



2nd method. The area OTT' 

= \OT.OT' sino) = ^(- 1/X)(- l/r)8inw = 2k^sin<a, 
by 6-65 (2). 


9-2 
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EXERCISE 6e 

1 . Prove that the curves given by xy = for different values of k 
are similar. 

2. State the relation between and if the chord of 

xiyik^t^xlit 

(i) passes through the centre, (ii) has a fixed direction. 

3. Prove that the tangents at to x:y xk = f^xlxt meet on the 
lino joining the centre to the mid-point of the chord 

4. Prove that the part of a tangent to a hyperbola cut off between 
the asymptotes is bisected at the points of contact. 

5. State the condition of perpendicularity for the chords and 
oi X xy xk ^ x \ xt, 

6. Prove that the orthocentre of a triangle inscribed in a rectangular 
hyperbola lies on the curve. 

7. Find the equation of the normal at to a? : 2/ : ^ = f^xXxt. 

8. Find the chord the tangent at and the envelope equation 
ot xxy xa ^ txt^ xl. 

6*7 . Tangents and Envelope Equations 
6-71 . The equation of the chord ^ + e of the curve 
x:y:a = f(t):g{t):h{i) 

is X y a j = 0 

fit) git) hit) I 
fit + €) git + e) • hit + e) j 

or X y 0 =0. 

f{t) git) hit) 

fit +e)- f it) 9(1 + ey^ 9^ hit + e)-hit) 

€ e e 

The limit of this when e->0 is 

X y a = 0. 

/(<) 9it) hit) 
fit) g’it) h\t) 
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This is the equation of the tangent at the point t. Hence the 
envelope coordinates X, Y of the tangent are such that 


g(t) 

m 

. Jit) 

h{t) 

. Jit) 

git) 

g'it) 

h'{t) 

■ fit) 

h'{t) ' 

■ J'it) 

g'it) 


These are x^arametric envelope equations of the curve. The 
determinants are those formed from 

r/w g{t) hm 

L/'W g\t) h\t)\ 

by omitting the columns in turn. 

The use of parameters is further illustrated in 6-72, 6 - 73 , and 
in 6 * 8 . When the curve of 6*72 is sketched, it is found to have 
two branches which cross at the origin. The origin is called a 
double point of the curve. In 6*73 the origin is called a cusp. 
Such i^oints are discussed more fully in Chapter 7, and further 
details about these points and about points of inflexion may be 
found in E,C, vol. i, p. 71 and vol. n, pp. 427-430. 

6 * 72 . Example. Find the condition of collinearity of the 
distinct points t 2 , of the curve x = y = t—ljL 
The points lie on the line x-^uy + v 0 if satisfy 

= 0 . ( 1 ) 

Hence, as are all dilferent, they are the roots of the cubic 

equation ( 1 ), and therefore 

”h ^2 "1” ^3 ^2 ^3 "h ^3 *1” ^2 ~ ^ 1> ^1^2^3 ~ 

Therefore 4- ^2 + ^3 + h — 

is a necessary condition. It is also sufficient; for when it holds 
and u,v are given the values — — + 

the third equation is satisfied; and these values of u,v deter- 
mine the line of collinearity. 

The cartesian equation is xy^ = x^ — 

6 - 73 . Example. Find where the tangent to the curve 
x\y\a = \ the point t meets the curve again. 
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1st method. A tangent to — is 


la; y cb 

I 

' 3^2 2t 0 


= 0 


or, if ^ 7 ^ 0 , 2x — Zty + at^ = 0. 

[This result holds also if ^ = 0. For the chord joining 0 to 
the point t is x = ty and its limit when 0 is a; = 0.] 




The tangent meets the curve at the point if 

= 0 

i.e. + = 0. 

This expresses that two of the points of intersection of the 
curve with the tangent are at the point of contact and that the 
remaining point of intersection is at ^^ == — It, i.e. the point 

2nd method. The three points of the curve lie on the 

line x-^uy + va=^0ii t^, satisfy + — 0 


+ ^2^3 ^3^1 H" ^1^2 — ^1^2 ^3 — — 

Hence by an argument like that used in 6-72 the points are 
collinear if 

^2 ^3 ^3 ^1 "h *2 — 
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Putting = t and making 

+ ^ 0 . 

^3 == "“ 2 ^* 

Thus — \t is the parameter of the point in which the tangent 
meets the curve again. 

The cartesian equation is The curve is symmetrical 

about the line a; = 0 , and if a is positive it lies in the first and 
second quadrants. The point 0 is a cusp. 


6-8. Condition of Collinearity 

6-81 . The second solution in 6*73 illustrates the application 
of the condition of collinearity of three points of a cubic 
curve to the determination of the point in which a tangent 
meets the curve again. Other uses of the condition will now 
be illustrated. 

Although the condition of collinearity is usually found as in 
the above examples on the assumption that h unequal, 
it takes the same form when as when and takes 

the same form when and as when — — 

6*82. If ^ 1 , h satisfy the condition of collinearity when 
they are all equal to t, this means that the tangent at t meets 
the curve in three coincident points at t instead of the usual 
two coincident points. This can happen in different ways. 
For X = I, y = the condition is + ^2 + ^3 = and if 
t^ = t^ = tQ = t, then = 0 ; the point ( 0 , 0 ) given by it = 0 is 
a point of inflexion. In 6*73 the condition is 4- 
and if = = t, th 6 n ^ = 0 ; the point ( 0 , 0 ) given by 

/ = 0 is a cusj). 

6*83. If there are values of for which the condition of 
collinearity is an identity in then the points are collinear 
with an arbitrary point of the curve. Hence the points 
< 1 , fg coincide. 

The condition in 6*72 is an identity if + ^2 = ^5 ^ 1^2 = ~ 1> 
i.e. if are + 1 ,- 1 , and these values give the double 
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point. See also 6-84. But in 6*73 the condition is an identity 
when = 0 and this gives the cusp. 


6*84. Example. Find the double point and point of in- 
flexion of x:y:a = + 


The line ux-\-y-\-va = 0 meets the curve in points t given by 


The roots of this cubic equation satisfy 
-|- ^2 4 " ^3 ~ ^ — 2 Vj , 

^2^3 "f" ^3^1 “b ^1^2 “ 2 -\- 2v , 

= V—U. 

Hence the condition for the points to be collinear is 

This is an identity in if 

^1 ^2 ~ — ^2 

^j + ^2 = 3, = 2, /. t^y ^2 ^ 

The double point is .r : ?/ : a = 3 : 0 : 1, i.e. it is (3a, 0). 
Putting ^1 = ^2 = 

2^3-3^2-3^-h5 = 0. 

This has one root ^ =i== — 1*26, which shows that there is a point 
of inflexion near ( — l*2a, 2*6a). 


6*85. Example. Prove that the curve 
has no point of inflexion. 

The line ux-\‘Vy + (l — v)a = 0 meets the curve in points t 
given by + = 0. 

The roots of this equation satisfy 
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Hence the condition for the points to be collinear is 

+ + = 0. 

The parameters of any inflexions are found by putting 
hi hi h equal to t. This gives 

3 « + «3 = 0 . /. t = 0. 

But this value of t gives no point of the curve. 


6*86. Example. Find the condition of collinearity for the 

points <1, <2, <3 of 


What conclusions can be drawn from the condition? Show 
that the parametric equations are equivalent to + ax) = 

and sketch the curve. 

The line x-\-uy + va = 0 meets the curve in points hi hi hi h 
givenby l + ut + vl‘ = 0. 


'Ll = 0, 2^1 ^2 = ^5 ^hhh = hhhh = — 1- 

Therefore if the two conditions 

^2 "h ^3 ”1" — 0 and ^1^2 ^3 ^4 ^ 

hold, the four points lie on the line a; -f + ya = 0 given by 

U “ ^ 2 ^ 3 ? ^ ~ 2 ^ 2 ^ 2 * 

When hi hi h collinear, they are collinear with some 
point h, and the two conditions hold. The condition of col- 
linearity for hi hi h i® found by elimination of h from the two 
conditions. This gives <i^2^3(^i + ^2 + ^3) = 

The tangent at meets the curve again in points t given by 

h^t(2h’\’t) = 1 . 

t = -h±^Jih^ + K^)• 

Any inflexions are given by = 1, i.e. ^ = ± 1/^3. These are 
the points ( — 2a/yj3, ±a ^3). 

The condition of collinearity cannot be an identity in ^3 and 
there is no double point (8-77). Since t = ajy and xja = 

X y^ 

a y^ 

y\y^-\-ax) = or x = a^jy^ — y^ja. 
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By adding the values of x in the graphs of a: == a^jy^ and 
X = the form of the curve is found to be that shown in 

the figure. 



6*9. A Method of Finding Parametric Equations 

6*91. Consider the circle + = ax through the origin A. 

An arbitrary line through A meets the circle in one point P 
besides A. Let this line be i/ = tx; the points of intersection are 
given by = ax, and are the origin and the point 

X = a/(l + y = tx = atl(l-{-P). Also every point P on the 
circle is given hy y = tx for some value of t. Thus the co- 
ordinates of an arbitrary point of the circle have been found 
in terms of the parameter a, and 

x:y : a 1 :^: 1 + ^2 
are parametric equations of the circle. 

6*92. If the method of 6*91 is applied to any curve through 
the origin with a cartesian equation of degree 2, it gives 
rational algebraic parametric equations. If it is applied to a 
curve of higher degree, it will in general fail to do so. For 
example the line y = tx meets x^ + y^ = cc where a; = ± 11^(1 + fi) 
and so the parametric equations given in this way are not 
rational. Again for x^-\-x^-{-y^ = x, the solution with y — tx 
leads to 2x^ — — l — t^ ±^{6 + 2t^ + t^). Irrational parametric 
representations of this kind are of little value. Trigonometrical 
parametric equations can often be made algebraic and rational 
by substitutions like tan ^6 = t. 



6-95] PARAMETRIC EQUATIONS 139 

6*93. In general if the equation of the curve is of degree 
the solution with y ^tx leads to an equation of degree n—l 
for X after the root a: = 0 has been removed. In particular for 
a cubic curve the method leads to a quadratic for x. But if 
the cubic curve has a double point or cusp at the origin, this 
point will count as two among the points of intersection of 
y = tx and the curve; there will then be two roots a; = 0 and the 
coordinate of P will be given by a simple equation. Thus 
rational parametric equations wiU be found. 

6-94. Example. Find parametric equations of 2/^ = x ^ l + x ). 

The origin is a double point. Put y = tx; then 

= x^(\ -^x). 

and the parametric equations are 

x = y = t^^t. 

6*95. For a curve whose equation is of degree 2, the line 
AP may be drawn through any point A{f,g) of the curve. 
y = tx is replaced hy y-g = t(x— /), and this gives parametric 
equations. The same method gives parametric equations of a 
cubic curve with a double point or cusp at (/,y). 

It wiU be found that in general a cubic curve with no double 
point or cusp does not possess rational parametric equations. 
More generally it is found that the existence of a rational 
parametric representation implies that the curve has the 
maximum number of double points or singular points appro- 
priate to the degree of its cartesian equation (8*78). 


EXERCISE 6f 

In Nos. 1 -6, find the equation of the tangent at t and give parametric 
envelope equations. 

1. x = at^-hb,y = ct + d. 2. x = y 

3. xiyia- + 4 . x:y:2a = 

5. x:yi \ 2 + t^i2t-^t^i\ + t^. 6. a? : ?/ : a = ^ — sin ^ : 1 — cos til. 
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In Nos. 7, 8, give the equation of the chord 

7. a; = at ^9 y = ajt. 8. a; = 1> 2/ = 3i + 2. 

9. Find the condition of collinearity for the points of 

a; ; y : a = 1 + 2^2 : ^ + 2f» : 1 + and use it to find the points of inflexion. 

Is there a double point? Sketch the curve. 

10. Find the condition of collinearity for the points ^ 2 » H 

a;:2/:3a = 1+^® (Folium of Descartes). If a chord subtends a 

right angle at the origin, prove that it passes through the point :]a). 

1 1 . Find the point of inflexion of 

12. Show that the points % of the curve 

a;: 2 /:l = («- 3)» : («-3) (2«- 3) : 2) 

are collinear if + ^2 + ^ 3 ) “ (^ 2 ^ 3 + ^ 3 ^1 ^ 2 ) = ^ I h h h* Hence find 

the double point. 

13. If the points h, ofx:y:2a=:t^- ^2)2 are collinear, 

prove that 3^i^2^3) = (^^ 1 ^ 2 ) (1 Find fhe relation 

between the parameters of the ends of chords which pass through the 
origin. 

14. Tangents to 1 / = at P, Q, B meet the curve again in 
P', Q\ B'. Prove that if P, Qy B are collinear, so also are P', Q'y B'. 

15. Find where the tangent to x:y :a = at the point t meets 

the curve again. 

16. Find the parameters of the contacts of the tangents from 

cxiTvexiyia = 

17. Obtain parametric equations of 3x^ 4- 2xy = 

18. Give parametric equations of x(\-\-y^) = 1 and find where the 
tangent at (.^ 1 , 2 / 1 ) meets the curve again. 

19. Find parametric equations of {x^ + y^){^x — '7y) = x^^-y^ and 
find the point of inflexion. 

20. Three points 6^, 6^ of the curve x = sin 3^, y^smd are 

collinear. Find the relation between O^y ^g, 6^, 

21. Show that from any point Q on the curve = x^i^l-^-x) two 
lines QPi, QP^ can be drawn to touch the curve at P^y P^y and that 
when Q varies the envelope of P^P^ is y^ + 8(a; + 1) (aJ + 2) = 0. 

22. Sketch the part of the curve a; = «, y = 24-^» given by small 
values of t, and the corresponding part of its inverse wo a;® + 2/^ = 1. 

23. Find the inverse of (y-2f - x^ wo = 1- Sketch the 

parts of these curves near (0, 2) and (0, J). 



Chapter 7 

THE GENERAL ALGEBRAIC CURVE 
7*1. The General Curve 

7T1. The general algebraic equation of degree nva.x,y is 
a + {bx + cy)-lr{dx^-\■2exy■\-fy^) + u^ + u^+...+Un = 0 , 

where is a homogeneous polynomial of degree r in x, y. The 
curve represented by it is called a curve of order n. The 
number of constants in the equation 

= [l+2 + 3 + ...+(W'+l)} — 1 
= !(% + 1) (n + 2) - I = ^n{n + 3). 

Thus tliere are curves of order » in a plane. 

7-12. In general one curve of order n, can be drawn to pass 
through |n(w + 3) points. For the equations which express 
that ?/i), (a;^, y^), ... satisfy the equation in 7-1 1 are linear 
equations from which the independent constants can be 
obtained. Some exceptions will be considered in 7-5 


7-2 . Intersection of Line and Curve 

7-21 . Any line may be represented by parametric equations 
X = At+C, y = Bt + D. See 2-23, p. 28. 

This line meets the general curve given in 7 - 1 1 at points wJiose 
parameters t are such that 

a + b{At+C) + c{Bt + D) + ...+w{Bl + DY = 0. 

At the present stage this is an equation of real algebra. It is 
of degree n in t and therefore has n roots or fewer. Hence a line 
meets the general curve of order w in w points or fewer. 

It may happen that the equation reduces to an identity; 
that is it may be true for all values of t. In this exceptional case 
every point of the line belongs to the curve. The curve is then 
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degenerate and consists of the line and a curve of order n--\, 
A line meets a noii>degenerate curve of order n in n points 
or fewer. 

7*3. Neighbourhood of a Point on a Curve 

7-31 . At a point of a non-degenerate algebraic curve there 
is usually a unique tangent. This line is the limit of the line 
PjPg when Pg is another point on the curve which tends to Pj. 

Take the point Pj to be the origin. The constant a in the 
equation of 7-11 is then zero. Any line through P^ is 

x = At, y = Bt, (1) 

and this meets the curve in points t given by 

+ + + = 0 . ( 2 ) 

One root of this equation is ^ = 0. If (1) represents P 1 P 2 , 
another root is the parameter of Pg. When Pg tends to P^ this 
second root tends to zero; and if (1) represents the tangent at 
Pi, which is the limit of P^Pg, (2) will have a repeated root t = 0. 
This happens when 6A + cP = 0. Hence the tangent is given by 

X = At, y = Bt, where bA-i-cB = 0. 

Thus the tangent is 6a;-l-cy = 0 unless b and c are both zero. 

7‘32. Example. Find the tangent at the origin to 
+ = x + y, 

X = at, y = bt meets the curve in points given by 

g2f2 ^ ^ 3^3 — (a H- 6) t, 

/. ^ = 0 or bH^+aH — (a-\-b) = 0. 

One point of intersection is the origin. If a - 1 - ft = 0, there is 
another root i = 0 and x = at, y = bt is the tangent. Hence 
the tangent is a; -f y = 0. 

7*33. Coincident Intersections, There is a convention in 
algebra by which an equation (x — a)^ = 0 is said to have two 
equal roots x = a. This does not alter the fact that the equation 
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is true for just one value of x. But it is a convenient form of 
language to adopt. 

Tlie convention is extended. An equation {x — a)^(f>(x) = 0, 
wliere (^{x) is a polynomial not zero for a; = a, is said to have 
n equal roots x = a. 

In view of these algebraic conventions it is suitable to make 
corresponding conventions in geometry and to say for example 
that the line = 0 meets the curve in 7*32 in two coincident 
points in virtue of the occurrence of the factors x^ and when 
the equations are solved for x and y. 

The solution of the equations of a curve and a chord 
leads to equations for x, y or for a parameter t containing the 
factors 

(x-x^)(x~x^). {y-yi)(:y-y2) or 

The equation of the tangent can be found by taking the limit 
of the equation of P^P^) if equation of the tangent is 
solved with the equation of the curve, it leads to equations 
for X, y or for t containing the factors {iJ — yiY or 

Tlierefore we agree to say that the tangent meets the curve 
in two coincident points Pj. This convention does not alter 
the fact that a curve and its tangent have just one common 
])oiiit at Pj. It is important to avoid the mistake of supposing 
that 

Jim (the line joining P^ to Pg). 

which is the definition of the tangent at P^, can be re])laced by 
the line joining two coincident points Pj. 

Nevertheless, in analytical geometry, a tangent is often 
found by means of a repeated factor instead of by a direct 
appeal to the definition involving the calculation of a limit. 
Tims the conventional language has the merit of suggesting 
the process which is commonly used in finding tangents. 

More generally two loci are said to have n coincident points 
of intersection at (a, b) if the solution of their equations leads 
to {x — a)^ = 0 and (y — 6)^ = 0 either directly or after obtaining 
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7*34. Example. Find the tangent at the origin to a: = 4- 

X at, y = bt meets the curve in points given by 

at = bH^ + aH^. 

^ = 0 or aH^-^bH^ — a = 0, 

One point of intersection is the origin. If a = 0, there are two 
more roots ^ = 0, and x = at, y = bt is the tangent. Hence the 
tangent isx = 0. It meets the curve in three coincident points 
at the origin: it is an inflexional tangent. 

7*35. If in the general equation a = 0 and b, c are not both 
zero, the origin is called an ordinary or simple point of the 
curve. Any line other than the tangent at 0 through an 
ordinary point 0 of a curve has just one of its points of inter- 
section with the curve at 0. 

7-36. When 6 = c = 0 as well as a = 0, every line through 
the origin has the origin for two of its points of intersection 
with the curve. The parameters of the intersections are given by 

t^dA^ + 2eAB^fB^) + t%..) = 0 . 

It follows that the line x — At, y = Bt has three intersections 
with the curve at the origin if 

+ = 0. 

If >fd, there are two values of A: B which satisfy this 
equation. The corresponding lines have three intersections 
with the curve at 0. 0 is then 
called a double point. The coor- 
dinates x,y of a point on either 
tangent at 0 satisfy 

x:A — y:B 

and dA^^2eAB-vfB^ = Q. 

Hence they satisfy 

dx^'\-2exy-i-fy^ = 0 , 

which is therefore the equation of the pair of tangents at the 
origin. 
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The limit definition fails to give a tangent at a double 
point Pj. There is in fact no such line as the tangent at a double 
point. The limit definition can be modified so as to give the 
tangent to each branch of the curve separately by confining 
the point P 2 which tends to P^ to one branch at a time. But the 
tangents are usually found by the method of repeated roots. 
If <fd, the equation of the jiarameters gives ^ = 0 or 

and dA^ -f 2eAB + fB^ has the same sign for all values of P. 

But if I Z I is sufficiently small, 

\ pt + qf^-h ... I < I dA^ + 2eAB + fB^ | . 

Hence the equation cannot be true for such small values of t. 
Therefore there are no points of the curve in the immediate 
neighbourhood of the origin for any line x = At, y == Bt. The 
origin is then called an isolated point of the curve. See Exercise 
7a, No. 8. 

If = fd, but d, e, f are not all zero, the equation 
dA^ + 2eAB+fB^ = 0 

can be written 

(dA + eB)^ = 0 or (eA +fB)^ = 0 

and it is true for one value of ^ : P. For this value, the line 
X = At, y = Bt has three intersections with the curve at P. 
The form of the curve near P depends upon the remaining 
terms gx^ 4- . . . of the equation. A simple example in which the 
origin is a cusp is But there is not always a cusp wlien 

=fd. See 7-38. 

7*37. When d = e= /= 0as well as 5 = c = 0 and a = 0, 
the general equation reduces to 

gx^ + Shx^y + 3ixy^ +jy^ 4- % -f + . . . = 0. 

In general any line through the origin meets the curve three 
times there. If the cubic gx^ 4- dhx^y 4- ^ixy^ +jy^ = 0 has three 
distinct roots, then there are three tangents at the origin which 
is called an ordinary triple point. Each of the tangents has four 
intersections with the curve at the origin. 


R 1 A G 
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Other forms of triple point arise when the cubic does not 
possess three distinct roots (7*39). 

Multiple points of order higher than 3 arise when there are 
no terms of degree less than 4 in the equation of the curve. 

7 * 38 . Example. Discuss the points of intersection of the 
curve 2/2 = 2x^y + ix^ + x^ with an arbitrary line through the 
origin. What is the form of the curve near the origin? 

The line x = At, y = Bt meets the curve in points given by 

= 0. 

The origin counts as two points of 
intersection. If jB = 0, it counts as 
three. The origin is a double point 
with coincident tangents y = 0. 

The equation may be written 

(y — x^)^ = 4x^-\-x^, 
y^^x^ or y^ — x^, 

7 * 39 . Example. Discuss, as in 7*38, the curve x^-\-y^ = x^y. 

The line x = At, y ^ Bt meets the curve in points given by 

t^{A^ + BH) = Am^ i.e. fi{BH^ + AH - A^B) = 0. 

The origin counts as three points of intersection. If 5 = 0, it 
counts as four, and if ^ = 0, it counts as five. Thus OX meets 
the curve four times at 0 and OY meets it five times. These 
lines have no other points of. intersection with the curve. 
They are the tangents at the origin. 

li AB^O, there are two points of intersection given by the 
roots of BH^ + AH — A^B — 0. Since these roots have opposite 
signs, the j)oints of intersection are in opposite quadrants. 

If {x, y) is a point near the origin on the branch that touches 
OX, y is small compared to x, is small compared to x^\ thus 

^ x^y ; therefore the form of this branch of the curve near the 
origin is approximately that of = y. If {x, y) is on the other 
branch, x is small compared to y. Suppose that x is of order y'^\ 
then 71 > I and the three terms are of orders y^, y 2 n+i 
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Hence n = 2 and the term is negligible compared to the 
others. Therefore the form of this branch is approximately that 
of = x^y, i.e. x = ±y^. The origin is a triple point, and by an 
obvious convention we say that it 


has two of its tangents coincident 
with OY, 

If and are of the same order 
for large values of x and y, x^y is 
negligible compared to them and 
so + = 0 is an approximation 

to the form of the curve at a great 
distance from the origin. The curve 
is closed in the first and second 
quadrants and is symmetrical 
about OY. 



Other examples of the forms of curves near the origin will 
be found in E.C. vol. ii, p. 427. 


EXERCISE 7 a 

1 . Find the points of intersection of the line x = a^, i/ = ht and the 
curve X = y^. 

2. Find the point of intei’section other than the origin of 
y^(x + 2?/ + 4) = and x = ky. What happens when A: = — 2 ? 

3. Find the points of intersection oiy — kx and (x^ + = {x^ — y^), 

distinguishing between the cases k^<\f k^ = 1, ^■2> 1. 

4 . Show that x — at, y — ht meets x'^ — 4^^ ^ one point 

besides the origin unless a = —b, a — 26, a = —2b. Discuss these cases. 

In Nos. 5-14, find the points of intersection x = at, y = bt with 
the curve and give the equations of the tangents at the origin. 

5 . x^ — x — y. 6 . y^ — x(x — 2y). 

7. 4:x^-\-y^ = y^. 8. y"^ — x^{:x — 1). 

9 . {x + yY - (x-ijY. 10 . y{y^-x^)= x^. 

11. y^ — bx’^y^ + ^x^ — 2/®. 12. a;® + 2/® = x^y^. 

13 . x^ + 2x^y — . 14 . + y^ = x'^y , 

15 . State the coordinates of nine particular points which lie on the 
cubic ax(x^ — 1) = byiy"^ — 1) for all values of the constants a, 6. Choose 
a, b so that (i) the cubic is degenerate, (ii) the cubic passes through (2, 3). 


lo-a 
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16. Find a, 6, c, d so that = y(ax^ + hxy -f- cy^ +dy) passes tlirough 
(0,2), (1,1), (2, - 1), (3, ~2). What is its form near the origin? 

In Nos. 17-20, discuss the form of the curve near the origin. 

17. = + 18. 2/(2/2-7a:^) + 6a;*{l + ») = 0. 

19. x(x^ — y)^ = y^. 20. x’-i-y'^ =:xy^ + x^y^. 


7*4. Conics 

7-41. A curve of order 2 is called a conic section or conic 
because these curves were first obtained as plane sections of 
(circular) cones. This method of approach is explained in a 
later chapter. 

The general equation of a conic is written 

ax^ + '2hxii + by^ 4- "Igx 4 - "Ify 4- c = 0. 

Conics are of three main types and these are illustrated in 6*2, 
6-4, 6-5, 6-6, where the equations are particularly simple on 
account of the special choice of axes. Properties of the conics 
are considered in greater detail in Chapters 13, 14, 15. Here 
and in Chapter 12 some properties common to all conics are 
proved. 

7-42. A non-degenerate conic meets an arbitrary line in 
two points or feweV. For the point i of the line I whose para- 
metric equations are 

X — At y — 

lies on the conic given by the general equation if 

di^At -f 0)^ 4" 2ih{At 4“ 0) [Bt 4* B) 4“ b(^Bt 4* 

4" '’2,g{^At -}- 0) -f- 2f(^Bt 4- B) 4- c = 0, 

and this is a quadratic for t. Exceptionally it may be an identity 
in t. Every point of the line then belongs to the conic, whicli 
consists of I and another line. 

7*43. At an ordinary point of an algebraic curve there is an 
unique tangent. See 7-31. This applies to a conic. If the curve 
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in 7*41 is a conic and a = 6 = c = 0, the equation is 
dx^ 4 - "^eocy + = 0 , 

and by 4*3 this represents a line-pair, coincident lines, or one 
point. Thus only a degenerate conic can possess a double point. 
At every point of a non-degenerate conic there is a unique 
tangent. 

7*44. Example. Prove that chords of a conic which subtend 
a right angle at a fixed point on the curve are concurrent. 

Let the tangent and normal to the conic at the fixed point 
be taken as axes of x and y. Then by 7*31 the equation of the 
conic is ^ ^ = 0 . 

Suppose that a chord PQ which subtends a right angle at the 

lx + my=l. 

Then by 4*8 the equation of OP, OQ is 

cy{lx -i- my) + dx"^ -h exy +fy^ = 0. 

Since these lines are at right angles, 

cm + d+f — 0. 

Thus the chord lx + my = 1 passes through the fixed point 
( 0 , -c/(d+/)). 

This fixed point is called the Fregier foint of 0. It lies on 
the normal at 0. If d +/ = 0, no chord subtends a right angle 
at 0. This is proved by the condition cm4-cZ+/ = 0 obtained 
above. 


7*45. The Conic through Five Points 

The six constants a, 6, c,/, g, h in the equation of 7*41 are not 
independent. Only the five independent ratios a:b:c:f:g:h 
are relevant. There are 00 ® conics in a plane. 

In general a unique conic can be drawn to pass through five 
given points (x^, y^), r = 1 to 5. The ratios of the constants in 
its equation are given by the five simple equations 

ax^^ + 2hxj,y^ + by^^ + 2gx^ + 2fy^-^c = 0, r = l to 5 
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and the equation of the conic is 
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A more convenient way of obtaining the equation of the 
conic through five points is given in Chapter 16. 

7-46. If three of the five given points lie on a line Z, that line 
must be part of the conic. By 7-42 a line can only meet a non- 
degenerate conic in two points. If four of the five points lie 
on a line Z, the conic through the five points is not unique. It 
consists of Z and an arbitrary line through the fifth point. In 
this case the five equations for a:b:c:f :g :h are not indepen- 
dent; any one of the equations corresponding to the collinear 
points is deducible from the other three. If the five given 
points are collinear, there are oo^ conics through them, each 
conic consisting of the line of collinearity and another line. 


7-5, Curves of Order n 

7-51. Curves of order 3, 4, 5, ... are called cubics, quartics, 
quintics, .... By 7-12 one curvepforder can be drawn to pass 
through \n{n + 3) points. It may happen that there is not a 
unique curve of order n through the points, or there 

may be a unique curve which is degenerate. 

7*52. For example, the quartic through 14 points of which 
five are collinear consists of the line of coUinearity and a cubic; 
the quartic through 14 points, of which five lie on one line and 
five others lie on another line, consists of the two lines and an 
arbitrary conic through the remaining four points; the quartic 
through 14 points of which six are collinear is not unique. 
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7*53. An exception of another kind may be given. The 
number of points required to determine a cubic curve is nine, 
and nine points usually determine a unique cubic. But, in 
general, two cubics intersect in nine points. Consider for 
example the cubics 

G = x(x^ ~ 1) - — 1 ) and C' = x(x-l)- dy{y^ ~ 1) 

which meet in the points (0,0), (0,1), (0, -1), (1,0), (1,1), 
(ij — 1), ( - 1, 0), ( — 1, 1), ( — 1, — 1). Also the cubics given by 
C = kC' pass through these same nine points. Thus if the nine 
given points happen to be the points of intersection of two 
cubics, there will be oo^ cubics through the points. Such a set 
of points, therefore, does not determine a unique cubic. 

This kind of exception does not arise with conics, because 
two conics meet in four points and five points are needed to 
determine a conic. But such exceptions arise with curves of 
higher order. See Exercise 7b, No. 18. Hence it is necessary 
to include the phrase ‘‘in general’’ in 7*12 and 7*45. 


7*6 . Intersections of Two Curves 

7*61. To find the points of intersection of two curves it is 
convenient to use rational parametric equations of one of them 
and the ordinary cartesian equation of the other. The special 
conics considered in Chapter 6 are all given by parametric 
equations which are special cases of 

and it is shown in 6*9 that every non-degenerate conic has 
equations of this form. Hence the points t in which a non- 
degenerate conic meets the general curve of 7*11 are found 
from 

a(a^t^ + 263 ^ + 03 )^' + b(a^t^ + 26 ^^ + c^) (a^t^ + 263 ^ + 

+ ... = 0 , 

which is an equation of degree 2n. In particular the points in 
which the conic meets the general cubic 

a -f 6a; -h -f dx^ -f 2exy + /i/^ + gx^ + Zhxhj + 2ixy^ -\-jy^ = 0 
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are given by 

a(a3<2 + 263^ + C3)3 + 6(a3i2 + 263< + C3)2(ai^2 + 26^^ + Ci)4-... = 0 

which is of the form 

At^ + Bt^+Gt^ + Dt^ + Et^^-Ft-vO = 0 . 

Thus the conic meets the cubic in not more than six points 
unless the coefficients in this equation are all zero. In this 
exceptional case every point of the conic lies on the cubic; 
the cubic is then degenerate, consisting of the conic and a line. 
Similarly, subject to the exceptions due to degeneracy, a conic 
meets a curve of order n in not more than 2n points. 

7*62. More generally two non-degenerate curves of orders 
m, n have not more than mn points of intersection. But j^ara- 
metric equations are not always available for the proof of this 
statement. It can be proved by showing that the elimination 
of X (or y) from the equations 

a -h {bx-\-cy) ... H- = 0, 

a' + (6'ir + c'^)-h...+AV*^ = 0 

of the curves leads to an equation of degree not greater than 
mn in y (or x), 

7-63. Example. Show that a non-degenerate curve of 
order 5 cannot have more than six double points. 

If A, B, C, D, E, F, G are seven double points of such a 
curve, it is possible to draw a cubic curve to pass through these 
points and through two other points of the quintic. A, B,C, D, 
E, F, 0 count for two each amongst the points of intersection 
of the cubic and quintic. Hence there will be 16 points of 
intersection. But a cubic and a non-degenerate quintic cannot 
meet in more than 15 points. Thus the seven double points 
cannot exist. 


7*7 • Curves of Class m 
7*71. Lines [X, Y] such that 
A + (BX+GY) + (DX^ + 2EXY + FY^) 

+ + • • • + U^n ~ 
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where is a homogeneous polynomial of degree r in X, F, 
form an envelope which is called a curve envelope of class m. 

There are + 3) independent constants in the equation 

and therefore in general one curve envelope of class m can be 
found which contains |m(m + 3) given lines. 

Any point except the origin may be represented by para- 
metric envelope equations X == -f c, F = + d. If the point 

(‘^1 5 Ih)^ fh® values of a, b may be , and c, d are then 

numbers such that cx^-\-dy^ = — 1. It can be proved as in 7*2 
that this envelope point has in general m lines or fewer in 
common with the curve envelope of class m. Exceptionally 
it can happen that all lines through the point belong to the 
envelope; the curve envelope is then degenerate and consists 
of the point and a curve envelope of class m — 1. 

7 * 72 . Duality. There exists a unique tangent at an ordinary 
point of a curve locus. There are exceptional points such as 
double points at which there are two tangents. Dually there 
exists a unique contact on an ordinary line of a curve envelope 
(4*12). There are exceptional lines, such as double tangents 
on which there are two contacts. 

The same algebra which proves that curves of orders m^n 
have in general mn common points also proves that curve 
envelopes of classes m, n have in general mn common lines. 

7 * 73 . Example. Find the contact of [1, 1] with F = X^. 

1st method. The line belongs to the envelope. It 

meets [1,1] w^here 

xt-\-yt^-\~l = 0 = x+y+\, 
x = + y= 1 /(^ 2 + ^). 

The limit of this point when ^ ^ 1 is ( — f , 

2nd method. Any point on the line [1, 1] is ( — m, m — 1). The 
line [X, F] goes through this point if 

— wiX-f (m— 1) F+l = 0 and F = X^. 

(m— l)X^—mX -1-1 = 0. 
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The root X = 1 is a repeated root if it satisfies 
3(m — 1) — m = 0, 

i.e. if m = f, giving (-f, J). 


EXERCISE 7 b 

1 . Find the conic through (0, 2), (0, 4), (1, 0), (3,0), (2, 1). 

2 . Find the conic through (5, 2), (3, - 4), (2, - 7), (1, 2), (3, 5). 

3. Find the curve of class 2 touching [ — 1, 2], [ — 1, 4], [0, 1], [1, 1], 

[h4]. 

4 . Prove that the conic through (1, 2), (2, 4), (5, 0), ( — 1, 1), (3, 6) is 
degenerate. 

5. Find the conic through ( — 1,1),(0, 2),(3,3) touching the axis of 
X at the origin. 

6. Show that oo^ conics pass through (1, — 2), (2, 1), (4, 7), ( — 2, 2), 
( — 1, — 8), and find that which also passes through the origin. 

In Nos. 7, 8, find tlie common points of the conic and cubic. 

7 . — 2lxy + S4y^ = x:y:a = 

8 . xiy\l=^2t\l + t'^:l-t^,{x-y)(x-\-y)^-(x'^-y^)^(x + y)-\ = 0, 

9 . If the normal at the origin to cy + dx'^ + exy +/ 2 /^ = 0 bisects the 
angle between the chords OP, OQ, prove that PQ passes through a 
fixed point on the tangent at O. 

10 . Find the Fregier point of the origin wo ax'^ + 2hxy 4- hy^ — 2x, 

11 . Find the Fr6gier point of (kt^, kt) wo the curve y^ = kx. 

12 . Verify that the elimination of y between 

a^x^-\-2h^xy + h^y^-\-2g^x-\-2f^y-^c^ = 0 
and a^x^ + ^h^xy + h^y^ ■p2g^x + + Cg = 0 

gives a quartic for x, 

13 . Find the cubic through (0,0), (1,0), (-1,0), (1,1), (1,-1), 

(- 1 , 1 ),(- 1 ,- 1 ),(- 10 , 1 ), ( 10 ,- 1 ). 

14 . What cubic curve passes through nine given points of which 
four are on a line I ? What happens if three of the remaining five points 
are collinear ? 

15 . Prove that a non-degenerate cubic cannot have two double 
points. 

16 . Prove that a non-degenerata curve of class 4 cannot have four 
double tangents. 
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17. State the j^oints of intersection of the degenerate cubics 

+ 2x = i) and (y — x)^ = y — x and find a cubic which passes 
through these nine points and through (3, 6). 

18 . A unique quintic can in general be drawn through 20 given points. 
What happens when (i) six of the points lie on a line (ii) 1 1 of the points 
lie on a conic s, (iii) 16 of the points lie on a cubic c, (iv) six of the points 
lie on a line I and 1 1 of the others lie on a conic s ? 

19. Touching how many lines is it, in general, possible to draw a 
curve of class 4 ? How many of the lines may be concurrent without 
making the curve degenerate? How many of the lines may touch a 
curve of class 2 ? 

20. Through how many points of space is it possible, in general, to 
draw a surface whose equation is of degree n in a?, y, 2 ? 

21 . Through how m*any points of space is it possible in general to 
draw a cone of order n with vertex at a given point ? 



Chapter 8 

ABSTRACT GEOMETRY 

8*1. Generalisation in Algebra and Geometry 

8*11. The process of generalisation is a characteristic 
feature of mathematics. In algebra the concept of “number” 
is generalised by the successive replacement of the natural 
numbers 1, 2, 3, ... by rational numbers, by real numbers, and 
then by complex numbers. See A.T. Chapter viii. 

Logically the new algebras which are created are indepen- 
dent of one another. The class of complex numbers does not 
include the class of real numbers as a sub-class. But it includes 
certain numbers which have an exact correspondence with the 
real numbers and enjoy similar properties. In virtue of this 
correspondence it is possible to use complex algebra to prove 
results of real algebra. 

In the present chapter some generalisations of geometry are 
introduced. Logically these are independent of one another 
and of elementary geometry. The process consists of the 
creation of new geometries rather than the extension of the 
original ones. This is analogous to the development of algebra. 
Also, just as complex algebra can be applied to problems of 
real algebra, so the new geometries can be applied to ])roblems 
of elementary geometry. 

8*12. The solutions of the simultaneous equations 
+ = 10, 2x + y — 1 

are {x = -i,y = + 3} and {x=l^,y = - 2|j. 

This means geometrically that the circle x^ + y^ — 10 and the 
line 2x-\-y = 1 have two points of intersection. 

8*13. The elimination of y from the equations 

3aJ4-i/=10 

leads to {x — 3)^ = 0. Hence these equations have only one 
solution {a; = 3, ?/ = 1}. 
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This means geometrically that the circle and line have only 
one common point. The line is a tangent to the circle. 

With the usual convention, the tangent is said to meet the 
circle in two coincident points (7-33). 



8 * 14 . Elimination of x from the equations 
= 10, y — 2a; = 10 

leads to (a; + 4)^ = - 2 and this equation is never true. Tims the 
simultaneous equations have no solution. Geometrically this 
means that the line and circle have no common point. 

The results of 8-12, 8-13, 8-14 are illustrated in the figures. 

8 * 15 . In 8*12 there are two points of intersection; in 8*13 
there is one, and we may say that there are two coincident 
points of intersection; in 8-14 there is no point of intersection. 

Although special numerical examples have been chosen, 
similar reasoning may be applied more generally. See Exercise 
8 a, No. 2. It may also be applied to loci other than lines and 
circles. 

The mathematician in his search for generality would like 
to be able to say that there are two points of intersection of a 
line and circle in every case. But the plain fact is that there 
are no such points in an example like 8-14. If the mathe- 
matician is dissatisfied with this state of affairs, he must make 
a new geometry for himself, and that is precisely what he does. 
In the new geometry which he creates, new meanings are 
given to point, line, circle, intersect, etc., and yet, as we shall 
see, it is possible to apply the new geometry to the solution of 
problems of the old. 
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EXERCISE 8 a 

1 . Prove that the circle + 2x — 2y = 2 meets the lines 

x + 2y = 2, 24ir + ly = 33, 6x + Zy = 13 in 2, 2 coincident, and 0 points. 

2. Prove that the line Ix + my = 1 and the circle x^-{-y^ — have 
2, 2 coincident, 0 points of intersection according as + m^) > , = , < 1. 

3. Prove that y = k meets y x^ — Zxin three points if | A; | < 2, in 
three points of which two are coincident if | A; | = 2, and in 1 point if 
1A;|>2. 

In Nos. 4-8, find the number of points of intersection for different 
values of k. 

4. x = k, x^la^ + y^lb^ =1. 5. rr = A% x^ja^-y^lb^ = 1. 

6 . y = 2x + ky 9x^ + 4y^ =z SQ. 7 . 6x-y = k\x^ = y. 

8 . X = k—1, y^ = 2y^-\-x, 9 , y^ = x — k, y^ — x^. 

10. Show that certain lines meet (x'^^-y^)^ = x^ — y^ in four points, 
others in two points, and others not at all. 

8-2. It is convenient to assign numbers to the various 
geometries that are introduced in this chapter. These numbers 
are useful mainly in the preliminary exposition. At a later 
stage, it is frequently not specified which geometry is in use, 
because it is obvious from the context, but even then it is 
sometimes desirable to avoid confusion by being explicit in 
this matter. Similar confusion is apt to arise between real and 
complex algebra. 

Geometry number 1 or G^ is the geometry of Euclid, and 
Gg is the geometry of graphs, due to Descartes in the simple 
form of a preliminary course of coordinate geometry. 

We now introduce our first abstract geometry Gg. This is 
the same as the geometry called “common cartesian geo- 
metry ” by Hardy in P.M, Appendix III. 

8*3. Common Cartesian Geometry, G 3 

In abstract geometry the entities point, line, ... are dis- 
carded so far as their original meanings are concerned. The 
fundamental elements of Gg are ordered pairs of real numbers 
{x,y). The significance of the word ordered is that {y^x) is 
distinct from (.t, y) unless x y. 
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The nomenclature of and Gg is retained and the elements 
(x, y) of G3 are called points. Thus the first definition of G3 is: 

An ordered pair of real numbers is called a point. In Gg 
points are represented by coordinates and the convention is 
made that {x, y) means the point whose coordinates are y. 
In G3 {x, y) still denotes a point, but the point is the pair of 
numbers. Points are no longer represented by coordinates, 
because the points are the coordinates. 

The aggregate of points (x^^yi) which are such that 
{x = x^,y = 2/1} satisfies an equation/(it;, 2/) = 0 is called a locus, 
and J{x, 2/) = 0 is called the equation of the locus. Briefly we 
refer to the locus /(a:,!/) = 0. 

A locus ax-\-by-\-c = 0, where a, b, c are numbers and a, b are 
not both zero, is called a line. The line is also called [a/c, 6/c] 
when ct^O. The convention about [a, 6] in 0*2 thus becomes 
unnecessary. 

The ideas involved in such phrases as ‘‘lie on’', “meet” or 
“intersect”, “pass through”, etc. are introduced into G3 by 
such definitions as the following: 

If f{Xi,yi) = 0 , the point (a:^i, 2 /i) is said to lie on the locus 
f{x, y) = 0, or the locus is said to pass through the point. 

Two loci /(a;, y) = 0 and g{x,y) = 0 are said to meet or inter- 
sect at (^"i) 2/1) — 0 

In general the language of G^, Gg is adopted for G3, In G3 a 
circle means a locus x^-^y^^- 2 gx-\- 2 fy^-c = 0; the square of 
the distance P^Pg is defined by # = [x^-x^f^-iy^-y^f] the 
area of a triangle (a;i, {x^, yg) (0:3, yg) is defined by 

± 2 A = x^ yi 1 j 

X2, y2 1 

% 2/3 1 

or by means of the formula ^j{s{s — a){s-b){s — c)} combined 
with the definition of distance. 

Two lines a^x + b^y + = 0 and agO; + 62y Cg = 0 are said to 

be parallel if a^ : b^^a^: b^ and perpendicular if a^a2 + = A* 

A conic is defined to be a locus 

ax^-{‘2hxy-\-by^-\-2gx-\-2fy + c = 0 , 


and so on. 
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We shall not develop G 3 in detail. The essential point is 
that, by the method that has been indicated, it is possible to 
create a new geometry which will be for the most part in exact 
correspondence with Gg. The correspondence is only incom- 
plete in that certain results which are regarded as elementary 
theorems requiring proofs in Gg are taken as definitions or 
axioms in Gg. The later developments correspond exactly. 

The reader may suspect that Gg is useless. And so it is. It is 
introduced here as a stepping-stone from CJg to G 4 and Gg, and 
to emphasise the important fact that it is possible to create an 
abstract geometry. 


8*4. Complex Cartesian Geometry, G 4 

8'41. In this geometry a point is defined to be a pair of 
complex numbers instead of real numbers as in Gg. The 
definitions in O 4 of locus, line, meet, lie on, distance, perpen- 
dicularity, conic, etc. are word for word the same as in Gg. 
The possibility of the above definition of point depends upon 
the abstract nature of the geometry. 


8*42. Consider in G 4 the interpretation of the examples in 
8 - 12 , 8*13, 8*14. The circle and line of 8-12 meet in two points 
(-1,3), (f, — V") before. In 8*13, as before, the line is a 
tangent and meets the circle in two coincident points (3, 1). 
In 8*14, (a;H-4)2 = — 2 now gives = — 4±i>>/2; hence 
2 / = 2 + 2i^2, Thus the circle and line meet in the two points 

(-4-|-iV2, 2 + 2i^2), (-4-iV2, 2^2i^2). 

In Gg some lines meet a circle in two points and others do not 
meet it. The examples that have been given illustrate the way 
in which the distinction usually disappears when Gg is replaced 
by G4. The solution oiax + by-\-c = 0 and ~ only fails 

to give two points when -h 6^ = 0. See Exercise 8 b, Nos. 1, 2. 
Apart from this exception, which cannot arise when the 
coefiicients in the equations are a;-axal numbers, a line and 
a circle in G4 have two common points. 
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8-43. From the definition, ~ — — of 

distance it follows that if two points coincide the distance 
between them is zero. 

But the converse is not true. For the equation = 0 is 
equivalent to 

{(^1 - + *( 2/1 - Vi)} - aJa) - - 2 / 2 )} = 0 

and is true if (ojg, 2 / 2 ) either of the lines 

Xi-x + i(y^-y) = 0 , = 0 . 

Hence the distance between two points is zero if and only if 
the points coincide or lie on a line x±iy = c, 

8*44. The condition of perpendicularity for 

a^x + hj^y + c^ = 0 and a.^x b^y + C 2 = 0 

is a^a^ + b^h^ = 0 . Hence ax-\-by -\-c ~ 0 is perpendicular to 
itself if j Q if ^ Such a line is called isotropic. 

An isotropic line has an equation of the form x±iy = c. 
Through any point there i^ass two isotropic lines. The distance 
between two points on an isotropic line is zero. 

8*45. In G 4 as opposed to Gg or G 3 there is no distinction of 
tyj)e between sucli curves as x'^ + y'^ = (circle) and x^ — y^ = 

(rectangular hyperbola) or between x^ja'^-^-y^lb^ = 1 (ellipse) 
and x^la'^ — y^jb^ = 1 (hyperbola). The classification of conics 
is simpler. The parabola remains a distinct type of conic. 

The distinction between an ordinary double point and an 
isolated point, such as the origin on the curves 

(x^ + y^)^ = a V ± b^y^ 
in G 3 , also disappears in G 4 . 

It is not worth while pursuing these matters at this stage 
because further simplifications are introduced in G 5 and Gg. 

EXERCISE 8 b 

1. Find the points of intersection in G 4 of the line ax + by-^c = 0 
and the circle x^ + y^ = 1, assuming a^ + b^:^0. What is the condition 
for the points to coincide ? 

2. Find the point of intersection in of x iy = c and x^-j-y^ = r*. 


R I A G 


II 
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In Nos. 3—9, find the points of intersection in Gs and in G 4 of the pair 
of loci. 

3. 37 ^ + 2 /^ = 3, ic = 2. 4. + 2^, x + y = 1 , 

5. y^ = 8a7, x'^ = y, b. = y^ x + y = 2, 

7. 2{x^ 4- y^) 4- Ixy = 0, x — 2 / = 3. 

8 . (x'^ + y^Y == x'^ — y^, y = i, 9. y = x^, y = 2px — q, 

10. Verify that the lines joining (7, H) to ( — 2, — 5i) and (5 + i, 1) 

to (3, 2i) are isotropic and find their point of intersection. 

11. Write down the equations of the isotropic linos through 
(3 + 2^,4~6i). 

12. Verify that (c, 0), ( — c, 0), ( 0 , ci), (0, —ci) are the vertices of a 
rhombus. What is the length of its side? 

13. Prove that in G 3 there are two distinct intersections of 

y — b t{x — a) and 2 /^ = ic if (i) b‘^<a, (ii) b^ = a, ^ 7 ^ 1/26, 

(iii) 0<a<b^f t:^0, ^ not between {h ± ^(b'^ — a)}l2a, or (iv) a< 0 , t^O, 
I between {6 ±^^{b'^ — a)} 12a. 

Also prove that there are two coincident intersections if 6 ^ = a, 
t = 1/26, or b>a, t = {6 ± <y/(62 — a)}/ 2 a, and one intersection only if 
^ = 0 , and no intersections if 0 <a< 6 ‘^, t between {b ± ^{b^^a)}/2a, or 
a<0,t not between {6 ± ^J{b^ — a)} 12a. 

State the corresponding results for G 4 . 

14. Show that in G 4 the condition for the circle 

x^ + y^ + 2gx + 2fy c ^ 0 

to degenerate into a lino-pair is that its radius should be zero. 


8*5. Real Homogeneous Cartesian Geometry, G 5 

8-51. We now return to consider another kind of exception 
that arises in the real geometries Gg and Gg. 

Two lines a-^x b^y + = 0 and a^x + b^y = 0 usually 

have a point of intersection. There is an exception if 
a^ .b^ = a^ \ 62 , when the lines are parallel. 

Consider, for example, the lines y = I, y = tx. They meet at 
( 1 /^, 1 ). If ^-> 0 , y — tx tends to a limit = 0 , but the point 
(Ijtyl) does not tend to a limit; it moves farther and farther 
away on the line y = 1. Thus there is an irregularity in Gg and 
Gg of quite a different kind from that illustrated in 8*14. 

Another example is given hy y = ax-hb and y = x^. These 
will always meet in two points, possibly coincident, if we work 
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in G 4 instead of Gg, but the line x = c only meets «/ = in one 
point even in G4. x = c can be obtained as the limit of 1 / = ax -^-h 
when a,b increase without limit in such a way that h = —ac. 



The points of intersection of 1 / = cb{x — c) with y = x^ are given 
by 2x a ± ^J{a^ — 4ac). One of these points tends to (c, c^) and 
the other tends to no limit, but moves farther and farther away 
on the parabola. 

If we assign to every point (x, y) a third coordinate z which 
is always equal to 1 and call the point {x, y, z), and if we use 
only homogeneous equations such as 

ax4-hy4-cz = 0 instead of ax-^-by^'C == 0 , 
x'i -h ^ 2gxz + 2fyz 4-cz^ == 0 
instead of x^-\-y^ + 2gx + 2fy -f c == 0 , 

we shall make no effective difference to the geometry. It will 
be unnecessary to give the actual values of the coordinates 
x, y,z of a, point and will be sufficient to give their ratios. For 
{kx^, Ky^, Kz^) satisfies every homogeneous equation that is 
satisfied by {x^,yt, z^). Hence the point (^, 1 ) may be called 

the point (3, 2, 6) or (3/c, 2k, 6a) where k has any value except 
zero. A point in this geometry would be a triplet {x,y, 1 ) or 
{kx, Ky, k) where This geometry would not be effectively 

different from Gg. 

In constructing G 5 , a point is a triplet {x, y, z) and z is allowed 
to take the value zero. 

Thus in G^ an ordered triplet of real numbers {x, y, z) which 
are not all zero is called a point. 

Points {x, y, z), {kx, Ky, kz) where a ^ 0 are equivalent. 

There are certain points in G 5 , namely those for which 2 # 0 , 
which are in exact correspondence with the points of Gg. 
{x, y, z) corresponds to (xjz, yjz). But there are also the special 


11-2 
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points for which z = 0, and these correspond to no points 
in Gg. 

A point {x, y, z) for which 2; = 0 is called a point at infinity. 
The aggregate of points {x-^, which are such that x = x^y 
y z= z = z^ satisfies a homogeneous equation H(Xy y,z) = 0 
is called a locus and H(Xy y,z) = 0 is called the equation of the 
locus, or briefly the locus. 

Definitions of ‘Tie on”, “meet”, “pass through”, etc. are 
the same as in G3 and in general the language of the earlier 
geometries is adopted for G5. 

8 - 52 . A locus ax-\-by + cz = 0 is called a line. Every line 
contains a point at infinity ( — 6, a, 0). 

One particular line 2: = 0 contains aU points at infinity and 
this line is called the line at infinity. 

The square of the distance from {x-^y t/u ^i) (‘^2> ^2) 

defined to be — 

meaning when either of the points is at infinity. When neither 
point is at infinity the distance is the same as the distance 
between the corresponding points in G3. 

Lines OiX -{■ b^y = 0 and + = 0 are called 

parallel if a ^ : b^ = b^ and perpendicular if a^^g + 6^62 = 0. 

Any line parallel to ax + 6?/ == 0 is ax-{-by-\-Az — 0. The set of 
parallel lines given by this equation when A varies all meet in 
the point (6, — a, 0) at infinity. Thus parallel lines meet at 
infinity, and a set of parallel lines is a special case of concurrent 
lines. 

We saw in 8*51 that the point of intersection ofy — I and 
y ^ tx in G3 has no limit when ^->0. The corresponding lines 
in G5 are y = z and y = tx. These meet at (1, t, t). When ^ ^0, 
y = tx tends toy = 0 which is parallel toy — z, and the point 
of intersection (1,^,0 tends to the point at infinity (1,0,0) 
on 2/ = 0. 

8 * 53 . A conic in Gg is a locus 

ax^ + 2 Tixy + by^ + 2 gxz + 2 fyz + cz^ = 0. 

It meets the line at infinity in points given by 
ax^ + 2 hxy + by^ = 0, 2; = 0, 
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and conics are classified according to the nature of these 
points. 

If ab < the conic has two distinct points at infinity and 
is called a hyperbola. A hyperbola can degenerate into a line- 
pair. 

If ab = h^, the points at infinity are coincident and the 
conic is called a parabola. For example, — 4raxz and yz = 7? 
are parabolas. The line x = cz meets the parabola yz = x^ in 
(CyC^, 1 ) and ( 0 , 1 , 0 ), of which the second is at infinity. This 
should be compared with the corresponding example in G 3 . 
See 8*51. A parabola can degenerate into two parallel or two 
coincident lines. 

If ab > h^y the conic has no points at infinity and is called 
an ellipse. An ellii)se can degenerate into one point or into 
nothing; this is illustrated by the examples x^ + y'^ = 0 and 
x^ + y^-\-z^ 0. 

The special type of ellipse given by 

k(x^ + y^) + 2gxz -h 2fyz + cz^ = 0 

is called a cArcle. Unless ifc = 0 , the equation of the circle can 
be written 

(xlz + glk)^ + (ylz+f/k)^ = (g^+P-ck)lk^ 
and so, by analogy with Gg, if 4-/^ — cfc ^ 0 , ( — glk, —flk, 1 ) 
is called the centre and Aj{g^ — ck)jk^} is called the radius of 
the circle. When A; = 0 , the circle degenerates into two lines 
of which one is the line at infinity. When g^ +P < ck, the locus 
has no points. 

8 * 54 . Envelope Coordinates and Equations in G 5 . In 3*8 the 
envelope coordinates of a line Xx-{- Yy+l = 0 are defined to 
be X, Y, and a line through the origin has no coordinates. 
There is one point, the origin, which has no envelope equation. 

The homogeneous envelope coordinates of a line 

Xx-{- Yy + Zz = 0 

are now defined to be X, F, Z, and every line has coordinates. 

The line [X, Y, Z] passes through the point (Xi, y^, z^) if 
Xx^-h Yy^ + Zzj^ = 0 . Hence Xxi+ Yy^ + Zz^ = 0 is the en- 
velope equation of (xj^y y^, z^. 
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In particular the line [X, F, Z] passes through the origin if 
Z = 0, and Z = 0 is the envelope equation of the origin. 

A point at infinity has coordinates {x^, 0) and its envelope 

equation x^X-\-y^Y = 0. 

Corresponding to the statement in 3*93 that lines [X, F] for 
which LX-k-MY = 0 are parallel, we now say that, in Gg, 
lines [Z, F, Z] for which LX-\-MY = 0 pass through the 
point at infinity (L, ikf, 0) and therefore LX^MY = 0 is the 
equation of that point. 

8-55. The Points at Infinity on ax^ + 2hxy + by^ = 0. The 
coordinates of these two points satisfy ax^-\-2hxy + by^ = 0 
and z = 0. Let [X, F, Z] be any line through either of them; 
then its equation Xx-^ Yy-\- Zz = 0 is satisfied by the co- 
ordinates of that point. Thus the equations 

ax^ + 2hxy -I- by^ — 0, z = 0, Xx + Yy-^ Zz = 0 

are simultaneously true. Hence 

aF2^2AZF-ffeX2 = 0. 

This is the equation of the pair of points at infinity on 
ax^-\-2hxy-\'by^ = 0. It follows that the results of 4*32 and 
4*33 to the effect that 

a + 6 = 0 is the condition for ax^ -I- 2hxy + by^ = 0 to be at 
right angles 

A + -B = 0 is the condition for AX^ -h 2HXY + jBF^ = 0 to 
be in perpendicular directions 
are conditions for the same geometrical property. 

8*56. Consider now the dual of the important process of 4-8. 

pq is the point of intersection xX + yY -\-zZ = 0 of tangents 
the circle a^(X^-\- Y^) = Z^, The coordinates ofp satisfy 
both of these equations and therefore they satisfy 

a^(X^^Y^)z^^(xX^yYf, 

The same is true of the coordinates of g. But this equation is 
of the form uX^-{-2vXY -^-wY^ = 0 and represents a pair of 
points at infinity. Hence it is the equation of the pair of points 
at infinity on the tangents to the circle from {x^^y-^yZy). 
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More generally the equation of the pair of points at infinity 
on the tangents from {x^, y^, Zj) to 

AX^ + 2HXY+BY^+2GXZ + 2FYZ+CZ^=^0 

IS 

(AX^ + 2HX Y + BY^)zl- 2[GX + F Y) X + y^Y) 

+ C{x^X^y^Y)^=^0, 

In 4-8 the equations are not homogeneous. But the process 
there used of making the equation of the conic homogeneous 
by means of the equation of the line corresponds to the 
elimination of z from the homogeneous equations. 

EXERCISE 8 c 

[The questions in this exercise refer to Gg] 

1 . Find the points of intersection of = 4^axz with x =: bz,y ^ cz, 
z=:0. 

2. Find the points of intersection of xy = with y = x^ x = z, 

2 = 0 . 

3. Write down the coordinates of the points at infinity on 

y = tXf OX, OY, oa; + 6^/ + C 2 = 0, x/a + y/b ^ z, 

4. Verify that the lines xja ± yjb = kz meet the conic 

x^la^ — y^jb^ = 2 ^ 

in two points of which one is at infinity. What happens when k = 01 

5. Find for c = 1, 2, 3, 4 the intersections of x = cy and 

(x -y)(x- 2y) (x - 3t/) (x + 4y) 

6 . Write down the envelope coordinates of 4ic = 5y, OX, aa; -f C2 = 0. 

7. Write down the envelope equations of (0, 0, 1), ( 1, 0, 0). 

In Nos. 8-10, find the envelope equations of the points at infinity. 

8. On ax^ + 2hxy + by^ = 0 where — ab = k^, 

9. On the lines of the envelope aY^ = XZ through (a, 0, — 1). 

10. On the linos of the envelope 2X^ + 3FZ — 4^^ = 0 through 

( 1 , 1 , 1 ). 

11. Show that 

x^ — Sxy + 2y^ = 2(x -\-y)z and x^ — 6xy -h Oy^ = 2{x + Sy) z 
meet at (0, 0, 1), (0, 1, 1), (2, 0, 1), and a certain point at infinity, 

12. Find the four points of intersection of 2{x — y)^ = {3x + 4y)z 
and 2(x — yY = (2a; + St/) 2. 
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8*6. Complex Homogeneous Cartesian Geometry, Gg 

8 - 61 . This geometry is constructed so as to combine the 
advantages of G4 and G5. 

In Gg an ordered triplet of complex numbers (x, y, z) which 
are not all zero is called a 'point. 

Points 1/1, {kx^, kz^) where k^O are equivalent. 

A point {x, y, z) for which z is zero is called a point at infinity. 

An aggregate of points (x^, y^, z^) such that x = x^, y = 2/1, 
z = satisfies a homogeneous equation H(x, y,z) = 0 is called 
a loc'us, H{x, y,z) 0 is called the equation of the locus, or 
briefly the locus. 

Definitions of “lie on”, “meet”, “pass through”, etc. are 
the same as in the earlier geometries. 

8 * 62 . The particular locus ax-\-by + cz = Ois called a line. 

The special line 2 = 0 is called the line at infinity because it is 
composed of points at infinity. 

Lines a^x + b^y -{-c-^z = 0 and a^x + b^y -\-c^z = 0 are called 
parallel if : 64 = ag : b^ and perpendicular if a^a^ + 6462 = 0. 

Parallel lines meet in a point at infinity. 

As in G4 the distance between two distinct points is zero if 
and only if the line joining them is of the form x±iy == cz, 
and such lines are called isotropic. 

Homogeneous envelope coordinates and equations are 
defined for Gg as in 8 * 54 . 

8 * 63 . Conics, A locus ax^ + 2 kxy -f by^ + 2 gxz + 2 fyz + = 0 

of the second degree is called a conic. 

This conic meets the line at infinity in points given by 

ax^ + 2 hxy 4- by^ = 0 and z = 0 , 

When ab = h?, these points coincide and the conic is called a 
parabola. For example y^ = 4 axz and yz — x^ are parabolas. 

As in G4 there is no distinction between ellipses and hyper- 
bolas. 

Conics for which ab ^ are called central conics. 

When a-l-6 = 0, the lines ax^-\- 2 hxy + by^ ~ 0 joining the 
origin to the points at infinity on the conic are at right angles 
and the conic is called a rectangular hyperbola. 
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8*64. Circles. A locus k(x^-\‘y'^)-\-2gxz-\‘2fyz-^cz^ == is 
called a circle. All circles pass through the points given by 
2 = 0 , = 0 . These are the points ( 1 , 0 ), ( 1 , —i, 0 ). They 

are called the circular points at infinity and are commonly 
denoted by I and J. 

Any isotropic line passes through I and J. The isotropic lines 
through K are KI and KJ. 

8-65. Degenerate Conics. It is proved in 4-45 that 
S= a k g == 0 

h b f 

.9 / c 

is a necessary condition for ax^ + 2hxy + by^ 2gx + 2fy -jr c to 
factorise. Jt is also a necessary condition for 

ax^ + 2}ixy + by^ 4- 2gxz + 2fyz -f cz^ 

to factorise. But it is not a sufficient condition for the general 
equation to represent a line-pair in G 3 , G 4 , or G 5 . This is i)roved 
for G 3 and G 5 by the example x‘^ + = 0 and for G 4 by 

2gx -h 2fy 4 - c = 0. 

It will now be proved that in G^, if ^ = 0 , then 
s = ax^ 4 - 2}ixy 4 - hy'^ 4 - 2gxz 4 - 2Jyz 4 - = 0 

represents a line-pair. 

This is done by expressing s as the difference between two 
squares, or by solving = 0 as a quadratic for x, y, or z. 

By the usual process of completing the square 

as = {ax + hy-\^ gz)^ -h {ab - h^) y^ -2{gh- af) yz 4- {ac - g^) z^ 

= {ax + hy + gz)^ 4 - Cy^ — 2Fyz 4 - Bz^, ( 0 - 6 ) 

= {ax ■^hy-\- gz)^ 4- (y y/G ± 2 since BC — aS = 0, 

= (ax + hy + gzf-{y^{-G)-z^{-B)Y. 

Unless a = 0 this proves that s factorises. A similar method 
can be applied to bs or cs unless b and c are both zero. 

But ifa = 6 = c = 0, 5 reduces to 2fyz 4 - 2gxz 4- 21ixy and d 
reduces to 2fgh. Hence s also factorises when a = 6 = c = 0 if 
^ = 0 . 



170 


ABSTRACT GEOMETRY 


[8*65 

It is therefore proved by 4-45 and the present paragraph 
that = 0 is a necessary and sufficient condition for 5 = 0 to 
represent a line-pair in Gg. The two lines may be coincident. 

A degenerate parabola is a pair of parallel or coincident 
lines since it meets the line at infinity in coincident points. 
For instance is a degenerate parabola. 

A degenerate central conic is a pair of intersecting lines. 
When these lines are perpendicular, the conic is a rectangular 
hyperbola. 

The circle k{x^ + + "Igxz -F Ifyz + = 0 degenerates when 

0 = 5= k 0 g =k{kc — g^—P), 

0 k f 

!7 / c 

Thus it degenerates in two different ways. When k = 0 it 
consists of the line at infinity and the line 2gx-\-2fy + cz ~ 0. 
When ~ ck, the radius is zero and the equation is 

(kx-\-gzf-t-(ky-\-fz)^ = 0 

or {k{x + iy) + (gr + if) z} {k{x - iy) + (y - */) z} = 0; 

thus the circle consists of two isotropic lines through its centre. 
In particular x^ + y^ = t) consists of the isotropic lines 01, OJ, 
The separate equations of 01, OJ are x-\-iy == 0, x — iy = 0. 
The points at infinity I, J on these are (l,i, 0), (I, — i, 0) and 
their envelope equations are X-\-iY = 0, X — iY = 0. Thus 
Y^ — 0 is the equation of the point-pair I, J. 

8*7. Generality of Gq 

The gain in generality in passing to Gg is illustrated in 
8-71-8-79. 

8*71. In Gg two distinct lines a^^x + b^y = 0 and 
H-Cgs; = 0 have one and only one common point 

Grg. 

8*72. In Gg a line and a conic have two common points, 
because their equations lead to a quadratic in the ratios of the 
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coordinates, and a quadratic has two roots in complex algebra. 
This result does not hold in the earlier geometries. In Gg, the 
algebra is real and the quadratic need not have roots. In G 4 
the quadratic is not homogeneous, and it reduces to an equa- 
tion of the first degree when the coefficient of happens to be 
zero. Even in Gg the two common points may be coincident. 

8-73. In Gg a line and a curve of order n have n common 
points, because their equations lead to a homogeneous equa- 
tion of degree n in the ratios of the coordinates. This equation 
has n roots. See A. A. vol. 11 , p. 254. 

The statement in 7*62 about curves of orders m and n can 
be simplified for Gg in the same way. 

8*74. Dually a point and an envelope conic have two com- 
mon lines in Gg, and an envelope point has n lines in common 
with a curve of class n. Also two curves of classes m, n have 
mn common lines. 

For the validity of these statements the conventions about 
multiple roots are necessary. 

8*75. In 5*61 a distinction is made between different types 
of coaxal circles. In G^ the distinction disappears. The radical 
axis of two circles is the line through the common points other 
than I and J of the circles. A coaxal system is a set of circles 
through two common points besides I and J, It is a special 
case of a system of conics through four points. 

The intermediate type of coaxal system given by -|- y ^ = kxz 
can be regarded in the same way with a certain convention 
about coincident points. When a curve K touches a line AB 
at A it is said to meet AB in two coincident points at A (7*33). 
If another curve K' touches A JB at A, we agree to say that the 
curves K, K' have two coincident points of intersection at A. 
For example in the first figure the conics are said to be conics 
through A, A, C, D; this implies that the tangent at A is the 
same for both. With this understanding, x^ + y^ = Kxz is a 
system of conics through four points 0, 0, I, J\ all the conics 
have the same tangent at 0 . 
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By the same convention concentric circles — kz^ are 

now regarded as conics through the four points I, /, J, J 
because they all touch the same lines at / and */. 



8 * 76 . In 6*85 it is proved that the curve 

which is equivalent to y^ = — x^), has no point of inflexion. 

The corresponding curve in Gg is x:y:az = t^—l\t^ — t:(^ 
or y^ = az(y^ — x^). The equation which gives the parameters 
of any inflexions is 3^ + ^^ = 0. This gives t = 0, —iyj3. 



t — 0 gives the point (1,0,0) at infinity on the a;-axis. The 
other values of t give the points ( ± 4tai^3, 12a, 9). Thus the 
curve has three points of inflexion. 

From the condition of collinearity + + if 

follows by the method of 6*84 that ^ = ± 1 are the parameters 
of the double point, which is the origin. The Gg diagram of this 
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curve is shown in the first figure. It is interesting to compare 
the curve with = — or == ax[y^ ~ 1 )> 

which is found by exchanging x and ; 2 : in the corresponding 
equations for Gg. This curve is easily sketched from its cartesian 
equation by giving values to y. It is shown in the second 
figure. In Gg, there is a double point at ( 1 , 0 , 0 ) and there are 
inflexions at (0, 0, 1) and (9, 12a, ± 4ai^3), 


8-77. In 6 - 86 , it is shown that the curve y\y^^x) = 1 has 
no double point. The condition of collinearity for points 
of the curve is ^i^ 2 ^ 3 (^i + ^2 + ^ 3 ) = 1 * This cannot be an identity 
in ^3 and it appears that there is 
no double point even in Gg. This is 
due to a defect in the parametric 
representation. If the parameter is 
changed to s, where st ^ 1 , the con- 
dition of collinearity is 

and this is an identity in ^3 if 
— 0 . Thus the point ( 1 , 0 , 0 ) 
at infinity on the a;-axis is a cusp. 

If the parameter t is used, the cusp 
is only given as a limit when t^co. 

As the point given by t~>co is at 
infinity, the defect of the parametric representation does not 
appear in Gg. 

The curve found from y^{y^-\-xz) = by exchanging x and 
z is y^{y^ -h xz) = The corresponding curve in Gg is 
y^{y^ + x) = x‘^. This curve has a cusp at the origin and another 
branch through the origin. It should be compared with the 
curve in 6 * 86 . 

8-78. In 7- 36 a distinction is made between the cases >fd, 
<fd which lead to a double point and an isolated point. In 
Gq the two tangents to the curve at the point exist whether 
>fd or <fd. The process of finding parametric equations 
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given in 6*9 is applicable when the point is an isolated point. 
See 6 * 94 ; similar work applies to y^ = x^(x— 1 ). 

The remark at the end of 6*95 is only universally valid 
in Gg. 


8*79. Example. Discuss the double points of 2xy^ = l — 3x 
and 2xy^ = — 3xz^. 

The first equation may be written x = l/(2«/2 + 3) and the 
curve can be traced by giving values to y. It has no double 
point, y = t,x = l/(2^2-f- 3) are parametric equations. 

In Gg the curve 2xy^ = z^ — ^xz^ has a double point ( 1 , 0 , 0 ) 
just as 2zy^ = x^ — 3zx^ has a double point ( 0 , 0 , 1 ). In Gg 
these points are isolated points. In G 3 
there are no points at infinity; neverthe- 
less parametric equations of 2xy^ == I — Sx 
are found by solving the equation with 
y = t which represents a line parallel to 
OX. This corresponds to solving with 
y = tz in Gg, and y = tz h an arbitrary 
line through the double point ( 0 , 0 , 1 ). 

8 *8. Some of the later chapters of this 
book can be interpreted in different ways, 
with reference to Gg or to earher geo- 
metries. If they are taken to refer to Gg, 
which will not always be possible, they 
will be independent of the present chap- 
ter. Certain parts of the book are valid 
only in Gg. 

It is not always necessary to state explicitly which geometry 
is being assumed. It may be irrelevant or it may be sufficiently 
clear from the context. For example, in the statement 

y = k meets (x^-hy^)^ = exactly four points if and 

only 

it is Gg that is implied. For the geometry is not homogeneous 
and conditions such as 0 < < J are meaningless in complex 

algebra. 
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Again, in the proposition 

x^l(a^ - A) + 2/2/(62 ~ A) = 1 (a^>b^) 

is an ellipse, hyperbola, or nothing according as 
A < 6 ^, 6 ^ < A < a^, or < A, 


the geometry is G 3 . In j)roving the proposition G 5 may be 
used, so that an ellipse and hyperbola can be distinguished by 
a consideration of the points at infinity on the curve. Gq would 
not be used: there is no distinction between an ellipse and a 
hyjjerbola in Gg. 

A justification of the transition from one geometry to 
another is attempted in the following section. 


8-9. Applications of Gg 

8-91. The manner in which Gg can be used to prove results 
in Gg will become clearer when examples arise. 

The elements of Gg are points (a + a'i, b~\-b'i, c + c'i). Let 
those points for which a' = 6 ' = c' = 0 , c 7 ^ 0 be called special 
points. A special point (a, b, c) may be said to correspond to the 
point {a/c,blc) in Gg or Gg. There is an exact correspondence 
between all the points of Gg and some of the points of Gg, 
namely the special points, so that to any theorem of Gg there 
corresponds a theorem of Gg in which only the special points 
are involved. An ordinary theorem of G^ may be expressed 
analytically in terms of coordinates {x, y) in Gg or Gg. There 
will be a corresponding theorem of Gg concerned with special 
points only. These theorems will be both true or both false. 
But it may happen that the theorem of Gg is mqst conveniently 
proved with the help of some construction involving points 
of Gg other than the special points. Even so, once the theorem 
is proved, it is known that the corresponding result in Gg is 
true. Thus the greater resources of Gg are available for proving 
results of Gg and hence of Gg and G^. 

Both in Gg and Gg the results are purely algebraic and 
diagrams are theoretically out of place. The G^ or Gg diagram 
may however help the imagination in dealing with the corre- 
sponding theorem in Gg. If a theorem of Gg only involves 
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special points, the or G 2 diagram may also help in Ge. 
Theorems and proofs in Gq will, however, in general involve 
points which do not correspond to any points in G 3 , and it is 
not then possible to obtain a complete diagram. But it is often 
helpful to represent the facts diagrammatically as far as pos- 
sible. For this purpose general points are represented as if 
they were ordinary points of G^ or G 2 . For example, in 8*75 
diagrams are used to represent the facts about = kxz 

and x^-^y^ = kz^. 



8-92. The application of G 4 or G 5 to a problem of G 3 is 
justified by arguments similar to those in 8*91. It is useful 
sometimes to work in G 5 rather than Gg. For example the conic 
ax^ + 2hxy + by^ = 1 in G3 is a hyperbola ab< and this 
is the same as the condition for the corresponding conic 
+ 2}ixy + by^ = in G 5 to possess two distinct points at 
infinity. 
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8*93. The application of complex geometry to obtain results 
of real geometry may be compared with the application of 
complex numbers to real algebra. See A,T, Chapter vii. 

8*94. The special properties of the 2 ;-coordinate and of the 
points for which 2 = 0 make the geometry unsymmetrical. 

In the ideal geometry G 7 a point is a triplet of complex 
numbers [x, y, z) and there is nothing peculiar about the points 
for which 2 = 0 . 

8-95. Abstract geometries of n dimensions can be con- 
structed. In three dimensions, if the geometry is to be homo- 
geneous, a point is defined to be a set of four numbers {x, y, 2 , t) 
and yjoints such that X^x-\-Y^y-\~Z-^z-\-T-^t — 0 are said to 
form a plane [Z^, Tj, !7\]. 

{x,y,z,t) may also denote a point in non-homogeneous 
geometry of four dimensions. The distance between two such 
points may be defined by 

+ ( 2/1 - 2/2)^ + (2l - 22)® + (<1 -hf- 

In homogeneous geometry of four dimensions a point is a set 
of five numbers, and so on. 


EXERCISE 8d 

In Nos. 1 , 2, find the points at infinity on the curve. (Gg). 

1 . + 2 . x(x^ + y^) = y^z, 

3. For what values of m do y = mx and x'^ja^ + y^jh'^ = meet at 
infinity, and what are the envelope coordinates of the tangents at 
infinity to the curve? (Gg). 

In Nos. 4-8, find the common points. 

4. x^ + y^ = ^,x = k. (G 4 ). 

5. y = x^,x + y + 2 = 0. (Gg, G4). 

6 . yz^ = x^,x = z, (Gg, Gg). 

7. x^ = y^,x = 1 , (Gg, G4); x^ = 2 /®, a: = 2 , (Gg, Gg). 

8. = 272/, GI 4 ); = 272/2, y^ = xZy (Gg, Gg). 
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In Nos. 9, 10, discuss the intersections for various values of k. 

9. a; = A;, + = 36. (Gg, G 4 ). 

10. x — y = kt x^ — y^ = a^, (Gg); x — y = kz^ x^ — y^ = aV, (Gg). 

In Nos. 11—13, discuss the intersections of the curve with the line 
X atf 2 / = fef in Gg. Are the results the same in Gg? 

11 . x^ — 42/^ — (x + y) z. Compare with Exorcise 7 a. No. 4. 

12. x^ = (x — y)z^. Compare with Exercise 7 a, No. 5. 

13. yz(y^ — x^) = x'^. Compare with Exercise 7 a, No. 10. 

14. Find the intersections of OX with x^ + y^ — xhj, (Gg), and with 
x'^z + y^ = x^yz^, (Gg). 

In Nos. 15-17, find the envelope equations of the points at infinity 
on the lines. 

15. Of k^KY = YJ through (0, 0, 1). 

16. Of + through (0,0, 1). 

17. Of aY^ = XZ through (a, 6, 1). 

18. Find the equation of the points at infinity on the tangents from 

(^i> 2/i> ^ 1 ) ~ k^z^ , 

19. Verify that the jioints at infinity on = a^cos2^ lie on the 
isotropic lines through the origin. 

20. Find where the inverse of x^la^ — y^jh^ = z^ wo x^i-y^ = kV 
meets the line at infinity. 

21. Give the general equation of the cubic curve through /, J 
touching the axes at the origin. 

22. Give the general equation of a parabola that is a rectangular 
hyperbola. Where does it meet the line at infinity? 

23. Sixteen points in space of four dimensions are given by 

= 2/^ = 

Of the 120 distances between pairs of these points, how many are of 
length 2, and what are the lengths of the others ? 



Chapter 9 

CONICAL PROJECTION 
91. Projection in Gj 

9*11. If F is a fixed point and a, a! are two planes (not through 
F) meeting in a line I, then the conical 'projection of a point P of 
a on to a' is the point P' where FP meets a'. F is called the 
vertex of projection. If P describes a figure F in a, P' describes 
another figure P' in a', and P' is called the conical projection 
of P. The projecting lines FPP' form a cone in the general 
sense of a set of concurrent lines in space, and this accounts for 
the name conical projection. 

9*12. When the planes a, a' are parallel, the figures P, P' are 
similar. Some properties of a conical projection in which a, a' 
are not parallel will now be investigated. 



9*13. The plane /? through F parallel to a' meets a in a line v 
which is parallel to Z. If P hes in v, FP does not meet the plane 
a' and so P has no projection on a'. Every point P of a that 
is not on v has a projection. Points P in Z coincide with their 
projections. 

V is called the vanishing line and Z is called the axis of 
projection, 

9*14. The projection of a line m other than vi& a line. For 
let m meet v and Z in -ff and K, and let P' be the projection of an 


12-2 
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arbitrary point P in m. Then P' lies in the plane of m and V , 
and also lies in the plane a'; therefore it hes in the line of 
intersection of these two planes. Since the plane of m and V 
meets a and a' in parallel lines, the projection of m is parallel 
to VH. See also Exercise 9 a, No. 1. 



9 - 15 . If two intersecting hues 7 H 2 in oc meet v in 
and meet I in their projections on a' are the lines 

through jfi, K 2 parallel to VH^, VH^ (by 9-13). Therefore the 
angle between the projections of is equal to the angle 
See also Exercise 9a, No. 2. 

9 - 16 . Example. Show how to choose a conical projection so 
that four given points in a plane a may ]noject into the corners 
of a square. 



Let A, B,C,Dhe the points and let DA , CB meet at H and 
BA, CD at Take HE' to be v, and any line in a parallel to 
EH' to be 1. Let two parallel planes through Z, v be taken as 
a'. With any point F in as vertex of projection, DA, CB 
will project into lines in a' parallel to VE and BA, CD will 
project into lines parallel to VE\ Thus theprojection^'P'(7'Z>' 
will be a parallelogram. If V is chosen on the circle in the 
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plane /? on HH' as diameter, AB, AD will project into lines 
parallel to VH, VH\ i.e. into perpendicular lines. Thus 
A' B' C' D' will be a rectangle. Let AG, BD meet v in L, U. 
If V is chosen at a point of intersection of the circles on HH' 
and LU as diameters, A' B'G'D' will be a rectangle with 
perpendicular diagonals, i.e. a square. 


9*2. Formulae for Projection 

9-21. In the figure a plane y is drawn through V perpendi- 
cular to V and I, meeting a in OX and oc' in OX'. P is any point 
in oc and XP meets I at M\ The projection P' is found as the 
point of intersection of FP and the fine through M' parallel to 
VX. 



With OX and I as axes in a let P be (x, y), and with OX' and 
I as axes in oc' let P' be (x',y'). Also let VX = a and XO = 6. 
Then from the figure, by similar triangles, 

x MP M^P x' 
ox M'X'^ x'-^a 
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and 


a; MP M'M 

b^~bX~~~M'0 y' ‘ 


X = 


bx^ 

a;' + a’ 


ay 

^ “ Z+a’ 


X = 


ax 

6 ^’ 


y 


by 

b — x' 


These equations determine P or P' when P' or P is given. By 
means of them a projection can be carried out analytically. 

The denominators b-x correspond to the fact that a point 
on the vanishing line x = b has no projection. 

If the roles of a and a' are exchanged, the vanishing line is 
a;' + a = 0, and this explains the occurrence of the denominator 
x' a. 


9*22. By the formulae in 9*21 the process of projection can 
be defined algebraically without any reference to the figures of 
Gj. This makes it possible to introduce the process of projection 
into the abstract geometries of Chapter 8. Suitable formulae 
for the definition of projection in homogeneous geometry are 

x:y:z = bx' :ay' \x' + az\ 
x! \y' \z' — ax \ by\bz — x. 

The vanishing line is x = bz and it projects into the line at 
infinity z' = 0. 

In the figure of 9*13, which applies to G^, E has no projec- 
tion. But the corresponding point in G5 or Gg is (6, c, 1) and 
this projects by the above formulae into E' (a, c, 0); also the 
projection of EK is WK, 


9*23. A homogeneous equation of degree n in x, y, z is 
transformed by the formulae of 9*22 into a homogeneous 
equation of the same degree in x', y\ z\ Hence a curve of 
order n projects into a cxirve of order n. Partly on account of 
this property, conical projection is one of the most important 
methods of deriving one figure from another. 
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9*3 • Transformation 


9*31 . The transformation in 9*22 is a special case of the 
general linear transformation 

x:y\z = aiia;' + ai 22 /' + ai3^2'-«2i^' + ® 222 /' + <^232^' 

:a^^x +^32^^ +^33^ j 


in which the determinant 


an 

^12 

®13 

^21 

^22 

®23 

^31 

^32 

^33 


formed by the 


coefficients is not zero. And since it is not zero, the equations 
can be solved for x* \y' \z\ This gives the reverse transforma- 
tion {A. A, vol. Ill, Chapter xvii) 

x'\y'\z’ ^ A-^^x^A^^y-\-A^^z\A^^x + A^^y-\-A^^z 

: A^'^X’]- A23J/ + -^332^. 

These equations show that the degree of an equation and the 
order of a curve are unaltered by the general linear transforma- 
tion. A special case of this result is proved in 9*23. 


9*32. The method of orthogonal projection is explained in 
6*3. The formulae for orthogonal projection in homogeneous 
geometry are 

x:y:z = kx':y': z' , 

This also is a special case of the general linear transformation. 
It is not a special case of conical projection, but is the Limiting 
case obtained from it by putting b = ka and making a *->00 in 
the formulae of 9*22. 


9*33. The formulae obtained in 2*54 for change of axes, when 
adapted for homogeneous geometry, become 

x:y :z = ax ' -f by' 4- ez' : cx' -1- dy' -^fz' : z'. 

The determinant of the coefficients is ad — be and is not zero. 
This is another case of the general transformation in 9*31. 

It was pointed out in Chapter 2 that the equations could 
be used in two different ways: to give the coordinates of an 
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arbitrary point P when referred to new axes; and to define the 
position of a corresponding point P' referred to the original 
axes. The general transformation can also be used in these two 
ways. 


9*4. Projective and Metrical Geometry 

In conical projection, points P, Q, ... become points P', 
Q\ ..., andlines^,g, ... become lines^',(7', .... CoUinear points 
become collinear points and concurrent lines become con- 
current lines. Points and lines are therefore said to be pro- 
jective elements and collinearity and concurrence are called 
projective properties. (To avoid exceptions in which con- 
current lines become parallel lines, G5 or Gg must be used.) 

Usually the projection P^Q' of a segment PQ is not equal to 
PQ, the mid-point of PQ does not project into the mid-point 
of P'Q\ a circle does not project into a circle and a right angle 
does not project into a right angle. Properties and elements 
like this, which are concerned with measurement, are not 
preserved in projection. They are called metrical properties 
or elements. 


9*5. Conic Sections 

9*51. The projection of a circle is a curve of order 2. In a 
later chapter it is found that the only non-degenerate curves of 
order 2 are the ellipse, parabola, and hyperbola; the circle is 
regarded as a special case of the ellipse. These curves were first 
investigated by the Greeks as sections of right circular cones. 



At first the three types were obtained as sections of acute- 
angled, right-angled, and obtuse-angled cones by planes 
perpendicular to a generating line. Later it became customary 
to obtain all three curves from one cone by taking different 
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sections of it. In 14*44 and 15*44 it is shown how this can be 
done. 

Any section of a circular cone is the })rojection of a circle, and 
a circle is a curve of order 2. Hence by 9*23 all sections of any 
circular cone are curves of order 2. No new curves are obtained 
by taking sections of an oblique cone instead of a right circular 
cone. 

9*52. So far as projective properties are concerned all curves 
of order 2 are equivalent. Properties of conics might be de- 
duced from properties of the circle. But in fact it is the 
tendency of modern geometry to make the metrical properties 
appear as special cases of the projective properties rather than 
to derive the projective ones from the metrical. This is because 
the axioms of projective geometry are essentially simpler than 
those of metrical geometry. 

EXERCISE 9 a 

1 . If m is a line in a parallel to 'c, prove that its projection on a' is 
parallel to v. 

2. If m is a line in a parallel to v, and n is a line in a meeting v at A, 
prove that the angle between the projections of m and n is equal to the 
angle between FiV and v, 

3. Show how to project two lines which cut at an angle d into two 
lines which cut at the same angle 0. 

4. Show that the projection of coll inear points in the order A BCD 
can be in any of the orders A'B'G'D', B'C'D'A', C'D'A'B', D^A'B'C\ 

5 . Show how to pro j ect a given triangle into an equilateral triangle , 

In Nos. 6—18, a and 6 have the meanings of 9*2. In Nos. 6-11, use 
the formulae of 9*21 and 9*22 to find the projections from a to a' of: 

6. (c,0), (c,0, 1). 7. (c,d), (c,d,l). 

8. y = \{x — c), y = X(x — cz), 

9. (y — d)^ \{x — b), (y — dz) = X(x — bz), 

10 . x^ + y^ = b^ — c^f x^ + y^ = b^ + c^, 

11. x^ + y^ = bx + k, for k = b^, 0, — 

12. In the figure of 9*2, if (7 is a given point in OX, find a point D 
in OX such that G'D' = CD. 
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13. Use the formulae of 9*21 to find the projections of y = a?® and 

— x^. Sketch the projections. 

14. Use the formulae of 9*22 to find the projections of yz^ = and 
zy^ = x^. 

15. Use the formulae of 9*21 and 9*22 to find the projections of 

aix^ + 2hixy + biy^ + 2gix + 2fiy-hci = 0 
and a^x^ + 2h^xy + 62 ^^ + + 2 / 22 / 2 : + 022 ;® = 0 . 

16. What points of a' are not the projections of any points of a 
in Gg? Of what points are the corresponding points in G 5 the pro- 
jections? 

17. What lines of ct project into the concurrent lines 

, 7 • « 2 /^ + = Mx' -f az') 

where k varies? \ / 

18. Show that the cone with vertex V and base x^ + y^ = r® in the 
figure of 9*2 is a right circular cone if 6 = a cos 6. If this condition holds 
and r = 6 , prove that the section of the cone by a' is 2 /'^ = {h^jo) (2x' -f- a) 
and that for other values of r it is of the form A\x' ~ k)^ + B^y'^ = 1 or 

— 1 according as < or >a^cos® 6 ^. 



Chapter 10 
CROSS-RATIO 
lO’l. Cross-ratio in Gj 

lO’ll . Not only a length AB but also the ratio AP : PB of 
two lengths in the same line is in general altered by conical pro- 
jection. Butit will be found that the ratio (AP : PB) : {AQ : QB) 
of two ratios of lengths in the same line is not altered. 

10*12. The cross-ratio of four numbers x^, x^^, x^, x^ is defined 
to be — %). and is denoted by {x^x^x^x^. 

(x^-Xi)(X3-X2) 

10*13. Points that he on a fixed fine I are said to form a 
range. A point P of a range has one degree of freedom. It is 
determined by one coordinate or parameter. 

The cross-ratio of four points A, B, C, of a range is defined 
to be the cross-ratio of their one-dimensional coordinates 
* 1 , * 2 > *4 which are their distances from a fixed point 0 of the 
line 1. Thus the cross-ratio 

(aJi — Xg) (xg — X 4 ) _ PA .DC _ A P . CD 
(Xj — X 4 ) (Xg— Xg) DA.BC AD.CB 

This is denoted by {ABCD). It is independent of the particular 
position of the fixed point O on 1. 

10*14. Since (xj — Xg) (xg— X 4 ) = x(xi — X 4 ) (xj — Xg) is linear 
in each of Xy, Xg, Xg, X 4 , it follows that if three of these numbers 
are given, the fourth is in general uniquely determined by a 
given value k of the cross-ratio. 

Hence if three of the points A, B, C, D and the value of 
{ABCD) are given, the position of the fourth point is deter- 
minate. 

Exceptions arise when certain of the numbers Xi,X 2 ,X 3 ,X 4 
are equal or certain of the points A, P, C, D are coincident. 
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10*2. Various Cross -ratios of Four Elements 

10'21 . Four numbers or four points of a line can be arranged 
in 24 different orders. But these do not give rise to 24 different 
values of the cross-ratio. 


10*22. The value of 


AB.CD 

AD.CB 


is unaltered by the simultaneous 


exchange of any two of the letters and of the other two, i.e. 


(ABCD) = (BADC) = (CDAB) = (DC BA). 


This is verified by making the actual exchanges in 

(AB.CD)l(AD.CB). 

It follows that there are not more than six different cross-ratios 
of four given points. 


10*23. From M2, BC .AD+CA .BD + AB .CD = 0. 

CA.BD AB.CD _ 

• • ^ 56' . iZ) BC . AD ~ 

{ABCD) + {ACBD) = l, 
if {ABVD) ^ K, {AGBD) = 1 - /c. 


Three other cross -ratios equal to 1 — /c can be obtained from 
{AGBD) by 10-22. 

10-24. Since the exchange of B and D 

AD.GB ADjDG ^ 

changes the cross-ratio into its reciprocal. 


if {ABCD) = K, {ADGB) = 1/x. 

Three other cross-ratios equal to 1/x can be obtained from 
{ADGB) by 10-22. 


10-25. Combining 10-23 and 10-24 it follows that 
1 - Hk = {ACDB) 
and l/(l-/c) = (^i)56'), 

and therefore 1 — 1/(1 — /c) = {ABDC). 



CROSS-RATIO 


189 


10 * 33 ] 

By applying 10*22 to these last three results, the values of the 
remaining cross-ratios can be found. The 24 cross-ratios are 
expressed in terms of one of them, k, as follows: 

/c - (ABCD) = (BADC) = (CDAB) = (BCBA). 

l-K = (ACBD) = (BDAC) = {CADB) = {DBGA). 

1//C = {ADGB) = {BGDA) = {GBAD) = {DABG), 

1 - 1/ac = {AGDB) - (BDGA) = (GABD) = (DBAG). 

ll{i-K) = (ADBG) = (BGAD) = {GBDA) = (DAGB). 

kI{k-1) = {ABDG) = (BAGD) = {GDBA) = (DGAB). 


10*3. Special Values of (ABCD) 

It is of interest to discuss the exceptional cases in which 
AT, 1 — a:, 1//C, 1 — 1/a:, 1/(1 — a-), a:/(a:~ 1) are Tiot all difterent. 

10*31. K = I — K gives a: = i, and the six values are J, 2, 
-1, 2, ^1. 

10*32. a: = 1/a: gives a- = + 1 or — 1 of which a: == — 1 gives 
the values obtained in 10*31. If a: = + 1, {AGBD) — 0; there- 
fore A coincides with G or B with X). 1/(1 — k) and a:/(a: — 1) do 
not exist, but they may be denoted by co if this is understood 
to mean that the denominators of the expressions for {ADBG) 
and {ABDG) are zero. Thus the six values are 1, 0, 1, 0, oo, oo. 

10*33. A- = 1 - I/a: gives a:^ — a:+ 1 = 0, a:^ = — 1, — 1. 

Thus a: = — w = cis ( — \Tr) or k = = cis (Jtt). The six 

values are — (o, — o)^, — — o), — (o^. 

10*34. Other equalities amongst the six values only lead to 
repetitions of these results. In apphcations of cross-ratios 
the four points are usually distinct, and therefore 10*32 is 
unimportant. There is no interpretation of 10*33 in Gg. 10*31 
is investigated in Chapter 11. 
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10-41. {APBQ){AQBR) = (APBE). 


For {APBQ) = ^|^,and {AQBB) = 


AQjQB 

ABIRB' 


Hence the product 


APjPB 

ABjRB 


= {APBR). 


10-42. If {ABCD) — (ADCB) and A, B, C, D are distinct, 
then the value of the equal cross-ratios is 

For (ABCD) = = \I(ADCB) = \I(ABCD). 

{ABCD)‘^^l. 

But if (ABCD) = + 1, the points are not distinct. Therefore 
(ABCD) = -1. 


EXERCISE 10 a 

1 . Give the cross -ratio of the numbers 1, 3, 6, 10. 

2. Given^, B, Osuchthat 15 = J5G, find P such that (2I-BCP) = 3. 

3. If 2! is the mid-point of BC and (APBC) = find the position 
of P. 

4. If (ABXD) — (ABYD), prove that X coincides with Y unless 
A coincides with B. 

5. For what positions of X, Y relative to ^4, P is (AXB Y ) positive ? 

6. Use the equation {xi — x^) (x^ — ^4) = k(x^ — x^^) (x^ — x^) to find 
in terms of x^, x^ when A; = 0 and when A; = 1. Interpret the results 
in terms of points A^ B, G, D, 

7. If ABi BC : CD — p:q:r, what is the value of (DABG) ? 

8. Show that the cross-ratio of four collinear points is equal to the 
cross-ratio of their ic-coordinates or ^/-coordinates. 

9 . Show that the cross -ratio of four numbers x is equal to that of 
the corresponding values of y when (i) y^x + a^ (ii) y = ax + h, 
(iii) y = ajXf where a and h are constants. 

10 . By writing (acr-f 6)/(ca; + d) in the form e+fl(x + g) and using 
the results of No. 9, prove that the cross-ratio of four numbers x is 
equal to that of the corresponding nmnbers (ax + h)l{cx + d), 

11 . Calculate the cross-ratios of the numbers 1, 2, 3, 4 arranged in 
different orders. 
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12. Calculate the cross-ratios when one of them is 

(i) 5. (ii) V (iii) 1. (iv) -4, 

(v) -i, (vi) i, (vii) 100, (viii) - 

13. If (ABXY) = {A'B'X'Y') and (ABYZ) = (A'B'Y'Z’), prove 
that {ABXZ) = {A'B'X’Z’). 

14. If (XPFQ) = {XP'YQ'), prove that (XPYP') = (XQYQ'). 

15. If (.4JSXr) = (ABX'Y'), prove that (ABXX') = (ABYY'). 

16. If kI(k — 1) = A, express the other five cross-ratios in terms of A. 

17. If *1 satisfies (x^—x+l)^ = c{x^ — x), show that 1— ajj, 

1 — l/a:i, 1/(1 —a;i), xj{xi—l) also satisfy it. 

18. If axry, + bxr + cyr + d = 0 is true for r = 1,2, 3, 4, prove that 
(a;,a:2a:3a:4) = (yiy^y^yi). 


10*5 . Homogeneous Parameters 

10-51. In a parametric representation of a curve, the co- 
ordinates of a point on the curve are given by 

x:y.l =f{t)-.g{t):h{t) or x-.y:z = f{t):g{t):h{t). 

Iff, g, h are polynomials, and if each value of t determines 
just one point of the curve, and each point of the curve deter- 
mines just one value of the parameter, the representation is 
called proper. 

x:y :k — \ is a proper representation of = kx, but 

for a curve in G3 it is not usually possible to find a proper 
representation. Consider for example the representation of 
x^ — y^ — 1 by the parametric equations 

x\y\\-=^ 1 + ^2:2^:1-^2 

The values ± 1 of ^ give no points of the curve and the point 
( — 1 , 0) of the curve is given by no value of i although it can be 
obtained as a limit by making t->oo. The first exception 
(^ = ± 1) does not arise in the corresponding work in G5 or G^: 
the values ^ = ± 1 give the points at infinity on 

x:y:z=l + t^: 2 t:l-t^. 

To avoid the second exception a new kind of parameter is 
needed. 
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Even to represent the points of a line in G 5 or Gg a single 
coordinate is insufficient. For example, the points of OX are 
given by {x, z) as in 8*5, and not by x alone. In this way the 
point at infinity of the line is included, {x, z) is an example of 
the new kind of parameter. 

The curve x^ — y^ = z^ can be represented by 

x:y :z = + 

Any value of t:s gives just one point of the curve and any point 
of the curve gives just one value of t : s. The parameter is the 
number-pair {t, s) with the conventions that {kt, ks) is the same 
as {t, s) unless i = 0 and that (0, 0) has no meaning. The point 
( — 1, 0, 1), which is the point of the curve x^ — y^ = z^ corre- 
s])onding to the exceptional point on x^ — y^ == 1, is now given 
by the value (1, 0) of the parameter. 

10*52. If the coordinates of a point on any curve are given by 
x\y\z=^f(t,s):g{t,s):h{t,s), 

where/, g, h are homogeneous polynomials of degree n with no 
common factor, and if each point of the curve determines just 
one value of {t, 5 ), then {t, s) is called a homogeneous parameter. 
Since /, g, h are polynomials with no common factor, each 
value of (t,s) necessarily determines just one point of the 
curve. The representation is proper. The convention of 0*5 is 
assumed in connexion with t : s. 

By putting 5=1, the parametric representation in terms of 
t, s is reduced to a representation in terms of the single para- 
meter t. In practice the single parameter is generally used until 
it is necessary to deal with exceptional points and then the 
parameter is made homogeneous. 

10*53. If a point P of a curve is properly represented in 
different ways by two different parameters, then to a given 
value of either parameter there corresponds just one value of 
the other. For the first parameter determines just one point 
P of the curve and this point determines just one value of the 
second parameter. 
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If there is an algebraic relation between twosuchparameters, 
it must be linear in t and linear in t\ It appears therefore that 
it can be only of the form 

att' bt-\- ct' -f- c? = 0. 

A proof is given by J. A. Todd, Mathematical Gazette, vol. 
XXIII, p. 58. 

att' + bt + ct' + d = 0 is known as the bilinear relation. It is 
necessary that ad # 6c. For if ad = be, the relation is of one 
of the forms 

{at~\-c){at “h 6) = 0 , bt-^-d^O, c^ H-d = 0 , d = 0 

and it ceases to determine t uniquely in terms of t' or V in 
terms of t, 

10-54. Even when ad ^ be, there are exceptions to the 
unique determination. The bilinear relation gives 

t = —{eV -\-d)l{at' ^b) unless a^' + 6 = 0, 
t' = -‘(bt + d)l(at-\-e) unless a^-f-c = 0. 

It therefore determines t, t' uniquely in terms oft\t save for the 
exceptional values of t, f given by + c = 0 and af + b == 0. 

By using homogeneous parameters (t,s) these exceptions 
can be avoided. The modified bilinear relation which holds 
between t : s and t ' : s' is 

att' + bts' H- est' + dss' = 0 {ad ^ be). 


10*6. Cross -ratio of Homogeneous Parameters 

10-61. The cross-ratio of four values ^i), 

(^ 4 , s^) of a parameter is defined to be 

(^1^2 ~ ^2^i) (^3^4 ~ ^4^3) 

(^1^4 “ ^4^1) (^3^2 ^2^3) 


10-62. The homogeneous cross-ratio of the four values of a 
parameter (^, s) is the number-pair 

{(^1^2 ~ ^2^1) (^3^4 “ ^4^3)? (^1^4 ” ^4^1) (^3^2 “■ ^2^3)}* 


RI AG 
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Homogeneous cross-ratios can be applied in 10 - 32 . The values 
ic, l-zc, I Ik, I-I/k, 1/(1 -/c), kI{k- 1 ) are then replaced by 
{a:,A}, {A -at, A}, {A, a}, {k-X,k}, {A,A-ac}, {k,k-X} and the 
values corresponding to those in 10-32 are ( 1 , 1 }, { 0 , 1 }, { 1 , 1 }, 
{ 0 , 1 }, { 1 , 0 }, { 1 , 0 }. 

10 - 63 . If {t, s) and {t\ s') are two homogeneous parameters of 
the same point P which satisfy a relation 

att' + bts' + cst' -i- dss' = 0 (ad ^ be), 

then the cross-ratio of four values of (t, s) is equal to that of the 
corresponding values of (t',s'). 

For (at'^ + (a^2 + bs'^) x (t^s^ — t^s^) 

= — (at'2 4 - 6^2) (^^1 + ^^1) ^1^2 + + ^^ 1 ) (^^2 + ^^2) ^1^2 

= (ad — be) SiS2(tiS2 

and similar results hold for t^s^ — t^s^, — ^352 — ^2^3- 

TI (^1^2 ^2^1 ) ( ^ 3^4 ^ ^4^3) __ (^ 1^2 ^2^1) (^ 3^4 ""^4^3) 

(^ 1^4 ^4^1) (^ 3^2 "" ^2^3) {^l ’^4 ■“ ^4^1) (^ 3'^2 ““ ^2^3) 

10 - 64 . In the same way it may be proved from 

att' + bt + ct' + d = 0 (ad ^ be) 

i (^1 ~~ ^2) (^3 ~~ ^4 ) _ (^ 1 ~~ ^2) (^3 ~ ^4) 

{h-h)its-h) (t[-t',)(t',^t' 2 )^ 

i.e. (^1^2^3^4) ~ {^1^2‘^3^4)* 

A simpler proof of this result is given in Exercise 10 a, Nos. 9 
and 10. 


10 * 7 . Ranges 

10 - 71 . A point on a line may be represented by a parameter 
in various ways. For instance, a point on the line ax + by + e =^0 
may be represented by its coordinate x (unless 6 = 0) or by its 
coordinate y (unless a = 0). It can also be represented by its 
distance t from the fixed point where the line meets OY 
(unless 6 = 0) or by its distance from some other fixed point on 
the line, x and y are connected by the relation aa; + -h c = 0; 
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X and t are connected by a relation x = kt ;y and t are connected 
by akt + by^c = 0 . All these relations are special cases of the 
bihnear relation in 10*53. 


10*72. Cross -ratios in G 3 and Gg 

The cross-ratio of four points A, B, (7, D on a line in G 3 has 
been defined in 10*13 as the cross-ratio of OA, OB, OC, OD, 
By 10*fi4 it is equal to the cross-ratios of the rr-coordinate, or 
of the ^/-coordinate, or of any other parameter related to OP 
by a bilinear relation. 

In Gq the cross-ratio of four colhnear points is defined to be 
the cross-ratio of the homogeneous parameters of the points. 

The coordinates {x,z) may be used as the homogeneous 
parameter. If the points are not at infinity, the cross-ratio is 
equal to 

(xjz ^ — X2IZ2) — ^ 4 /^ 4 ) 

(xjzT, - xjz^) (xjz^ - xjz^) ’ 


and this is the same as the cross-ratio of the ordinary co- 
ordinates of the corresponding points A, B, C, Din G 3 . Hence 
it is equal to (ABCD) as defined in 10*13. 

The cross-ratio of points A{x^,\), B(x 2 ,l)> ^( 0 : 3 , 1 ), and 
D{x^, 0 ), of which D is at infinity, by 10*61, 


(-^4) (^3-^2) ^3-^2’ 


In G 3 there is no point corresponding to D, Also 


^l“^2 _ AB 
x^ — x^ CB' 

The same result is found by taking the hmit of the cross-ratio 
of x^,x<i,,x^,x^ when a; 4 ^oo, or of {ABCK) when the co- 
ordinate of K tends to infinity. 


10*73. The points of a line may be represented by other 
homogeneous parameters instead of the coordinates. By 10*63, 
the cross-ratio may be calculated from any homogeneous 
parameter which is connected with the coordinate by a bihnear 
relation. 
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For example, P{kiX^+k^x^, K-^yi + K^y^, k^z^ + k^z^) 
and P K^x^t ^xyx"^ 

are two points on the join of (a;i,«/i, Zi) to {x^ , y^ , z^). {k^, k^) is a 
homogeneous parameter of points on this hne. The points 
Pj, P, Pg, P' aregivenby the values (1, 0), (/Cj, Ag), (0, 1), {k[, k'^) 
of the parameter. 

(PiPP 2 P') = ^^i by 10-61. 

The bilinear relation (10-54) between {x,z) and (/fi./Cg) is 

X(KiZi + K2Za) = zi/CiXi + K^X^). 

10-74. The cross-ratio of four points of a range is called, 
shortly, the cross-ratio of the range, provided that there is no 
doubt about which points are intended. 

10*8. Pencils 

10-81. Coplanar lines through a point V are said to form a 
pencil with vertex V. The hnes are sometimes called rays of the 
pencil. 

A line of a pencil may be represented by a parameter in 
various ways. 

10-82. If V is the origin, an arbitrary hne of the pencil is 
y = tx. There is one hne which is not of this form, namely 0 Y. 
Thus iff is used as the parameter, there is one hne of the pencil 
that is not represented; it is given by f->-oo. A line through 
the origin has an equation Xx+Yy = 0 and there is no excep- 
tion to this. Thus (A, Y) is a homogeneous parameter which 
determines a hne of the pencil. 

10-83. If F is not the origin, suppose that it is the point of 
intersection (a, 6) of the two hnes 

ct = X^x-h Yiy -\- 1 = 0, 

= X 2 X+ Fay-t 1=0. 

An arbitrary hne of the pencil is 

cc = Kp or so, = tfi, 
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where k and {t, s) are parameters. It is usual to replace k by the 
homogeneous parameter only when the ray = 0 is involved. 


10*84. An alternative parameter is the JC-coordinate of the 
line (unless 6 = 0 ) or the F-coordinate (unless a = 0 ). The 
X-coordinate of 


X^x+ Y^y+ 1 = k(X^x+ Y^y-\- 1 ) 


is given by {1 — k)X = X^ — kX^. 

The parameter may also be the a;-coordinate of the point in 
which the line meets a fixed line. If the fixed line is OX, x is 
given by x{X^ — kX^ = ac — 1 . 

More generally if the fixed line is X^x-\- Y^y -\- 1 = 0 , the 
elimination of y leads to 


(Xi — kX2)x+1 — k Y1 — KY2 
XoX-\rl Fo 


= 0 , 


and this is a bilinear relation between x and k. 


10*85. Cross -ratio of a Pencil 

The cross-ratio of four lines of a pencil is defined to be the 
cross-ratio of their parameters. For example, the cross-ratio of 

a = Kifi, a = K 2 ^, a = /Cg/?, a = 
is (aCi - K 2 ) (/C 3 - k^)I{kt , - AC 4 ) (xg - /Cg). 

By 10*64 this is the same as the cross-ratio of any other 
parameter which determines the line, such as X, F, or x in 
10*84. The bilinear relations between k and the parameters 
X, X are given in 10*84. 

The cross-ratio of four fines of a pencil is called, shortly, the 
cross-ratio of the pencil, provided that there is no doubt about 
which four fines are intended. 

10*86. When a homogeneous parameter, such as (t,s) in 
10*83, is used, the cross-ratio is 

(^1*^2 ~~ ^2 (^3’^2 ^2^3)* 

An important special case is the pencil 

a— yS = 0, a = 0, a+/? = 0, )ff = 0 
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whose cross-ratio is —1. This is proved by putting ^1=1, 
1; ^2 = 1, ^2 = ^3 = Ij ^3 = - 1; ^4 = ^4 = 1* Alter- 

natively it may be verified from 10-85 by treating /? = 0 as the 
limit of a = AC4/? when k^->oo. When = 1, /Cg = 0, /Cg = — 1, 
(aCi - /Cg) (/Cg ~ /C4 )/(aCi - AC4) (/Cg - /Cg) becomcs (1 4- ac4)/(1 - k ^), 
which tends to — 1 when k^^-^co. 

If Xi : t/i and : 2/2 values of a; : 1/ given by 

ax^ -h 2 hxy + by^ = 0, 

the cross-ratio of (1, 0), (x^,yx), (0, 1), (x^,y2) is x^y^x^y^- This 
is equal to — 1 when Xxly^-^x^ly^ — 0, i.e. when fe = 0. 


10*9. Projective Property of Gross-ratio 


10-91 . Each value of a parameter k determines a line a = Acyff 
of a pencil vertex F. Hence each value of k also determines a 
unique point P where the line a = /c/? 
meets a fixed line not passing through y 

F. Also if P is given, this determines / 

FP, and hence /c, uniquely. Hence k / 

can also be used as a parameter to de- / 

termine the position of P. The bihnear .....y i 

relation between k and the coordinate / ^ 
of P is given in 10*84. 

If four positions a, 6, c, d of the line a = /cyff, given by 
K = /Cl, /Cg, /Cg, /C4, meet the line I in points C, D, then 

(A BCD) = = [abed). 

Similarly, if V is another fixed line, 


(^'P'O'P') = {abed), 
{ABGD) = (A'P'C'P'). 


A\ B', C\ D' may be the projections of -4, B, C, D from V on to 
any plane. Hence the result may be stated in the form: 

Cross-ratios are unaltered by projection 
or 

The cross-ratio of a pencil is equal to that of the section of 
the pencil by any line. 
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10-92. When a conclusion (ABGD) = (A'B'C'D') is drawn 
by taking two sections of a pencil vertex V by lines I, I' as in 
10-91, this is indicated by writing {ABCD) = {A'B'G'D'). 

V 



Dually {ahcd) = (a'b'c'd') 

V 

means that the cross-ratios are equal because the line v meets 
a, 6, c, d and b\ c', d' in the same four points. 


10*93. A pencil of lines projects from a vertex V outside its 
plane a into another pencil of lines in a plane a', and if the 
projections of the hnes a, 6, c, d of the first pencil are the lines 



a\b\c',d' of the second pencil, then (abed) = (a'b'c'd'), where 

i 

I is the axis of projection. Hence, in this sense. 

Cross-ratios of pencils are projective. 

Examples of the use of these results will be found in books on 
pure geometry. (P.G. Chapter vin.) 
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EXERCISE 10 b 

1 . Show how the graph o^xy-\-Zx — 2y—\2=.0 illustrates the cases 
in which unique values of a;, y do not correspond to given values of y, x, 

2 . State the defects of the parametric representations 

xiyil ^ it and xiy iz — ilit 
and show how they can be remedied. 

3. Is xlaiylhi\ = \ — t^ i2 ti\+t^ a proper representation of the 
ellipse x^jd^ + y^jh^ = 1 ? 

4. Find the cross-ratios of the points ^3, h 

X = at + h, y = ct-\-d. 

5. If -> 00, find the limit of the cross-ratio of 0, a, p, b. 

6. In homogeneous geometry of one dimension, give the cross - 
ratio of 

(i) (0,l)(p,l)(l,l)(g,l), (ii) (0,1) (p,l) (1,1) (1,0), 

(iii) (0, 1) (a, 1) (p, 1) (6, 1), (iv) (0, 1) (a, 1) (1,0) (6, 1). 

7. If Fj, 1 ? 29 i P are (^i>2/i»^i)> (^2>2/2>^2)> ** 

(^1^1 "I" ^2^2> ^2^2)9 

{kiXi-\-k!2X29 kiyi-hkiy29 k[z^ + k:^Z2)9 
what is the value of (P^ PP2 P') ? 

8. Give the cross-ratios of 

(i) y = 0, y = tx, X - 0, y = t'x, 

(ii) a = 0, /^ = 0, a-/? = 0, OL^p = 0, 

(iii) y = 0, y = kx, y = x,y = -X, 
and find the limit when A; -> 00 of the cross-ratio in (iii). 

9 . Calculate directly the coordinates and cross-ratio of the points 
in which y ^t^x,y — t2X, y = t^x, y t^x moot aa; + -f c = 0. 

10 . Four lines through (h, k) are [X^, Fj,], p = 1 to 4. Prove that 
their cross-ratio is equal to that of the numbers Xj, Xg, X3, X4 or 
Fi, Fg, F3, F4. 

11 . Concurrent fines [X,,, F^], p = 1 to 4, meet [X, F] in B, (7, D, 
Find the a; -coordinates of B, G, D and the value of {A BCD) in 
terms of X,,. 

12 . Find the point of concurrence of fines X = aT-f6, F = cT + d, 
where ad^hc and T varies. Also find the cross -ratio of the linos 

\h,d], [a-|-6,c-f d], [2a + 6, 2c + d], [6 — a,d — c]. 



Chapter 11 

HARMONIC SECTION 

11*1. Harmonic Section 

11-11. 'Nh&a.{x^X2X^x^= — \,{ABCD)= — 1,01 {abed) = — 1, 
the numbers, the range, or the pencil is said to be harmonic. 

If - 1 = {ABCD) = {BADC) = {CDAB) = {DO BA), 
it follows from 10-2 that 

-1 = {ADGB) = {BGDA) = {GBAD) = {DABG). 

This shows that the harmonic property is a relation between 
two pairs A, G and B, D. Also A and C are interchangeable, 
and so are B and D. And the order of the pairs is immaterial. 
Each pair is said to be harmonically separated by the other. 

Cross-ratios {XiX^x^Xi) and {abed) are also called harmonic 
when the value is — 1. 


11-12. Since {ABGD) = 


AB.GD 


AD.GB 


_ABU 

~ bgI 1 


AD 

DG’ 


{ABGD) 


— 1 is equivalent to = 
BC 


AD 

DG’ 


i.e. A (7 is divided at B, D internally and externally in the same 
ratio. 

A R pn 

When {ABGD) = - 1, ^-^ = -1, 

. AB{AD-AG) _ - 1 1 Jl L 

•• AD{AB-AG) ’ •• AC 'AD~AB AC’ 

i.e. AB, AG, AD are in harmonic progression. This is the 
origin of the name “harmonic” as applied to a range. 


11-13. By 10-91 the pencil formed by joining any point V 
to the points of a harmonic range is a harmonic pencil. And 
any other section of this pencU is another harmonic range. 

By 10-86 the pencil formed by a— yff = 0, a = 0, a-f-yff = 0, 
= 0 is harmonic. 
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In virtue of 10-61 a system (^i, s^) {t^, s^) (t^, s^) is called 

harmonic if , . ^ \u # « \ 

S2 — ^1) (^3 ^4 — ^4 ^3) _ __ j 

(^ 1^4 — t^Si) (^ 3^2 ““ ^ 2 ^ 3 ) 


11-2. In taking a section of the pencil V{ABCD) by a line I 
parallel to VD no point D' is found in G3. As in 10-72 the cross- 
ratio (ABCD) is equal to (Xj^ — X2)l(x2-‘X2), i.e. to A'B'jC'B', 
Thusif {A BCD) =^1,A^B'= B'C\ 



Hence the projection of a harmonic range (ABCD) with D 
on the vanishing line is a segment A'C' bisected at B\ 

In this way a metrical concept, the bisected segment, 
appears as a special case of a projective concept, a harmonic 
range. (The definition of a harmonic range in 11-11 is not 
projective, but in 11-55 it is shown how a projective treatment 
can be given.) In 9-16 it is shown that a square can be derived 
by projection as a special case of an arbitrary quadrangle; and 
in volume ii examples of generalisation by projection are 
given. 


11 *3. The Analytical Harmonic Condition 

11-31. The necessary and sufficient condition for the roots 
of ax^ + 2hx + 6 = 0 to separate those of a'x^ + 2Wx + 6' = 0 
harmonically is a6' + a'6 = 2hW. 

Let ax^ + 2hx + 6 = a(x - a:i) (x — x^ 

a'a;2+ 2A'a; + 6' = a\x-x^(x-x^. 


and 
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( 1 ) 


a{x^-\-x^ = —21i, ax^x^^b, 

and a\x^ + x^) = — 2A', a^x^x^ = 6'. 

The harmonic condition is 

\x^-x^){x^-x^) 

i.e. ^XiXq + x^x^) = (x^ -f x^) (x^ + x ^) . 

/. by (1) ab' + a'b = 2M'. 

11*32. It follows from 11*31 that the condition for the lines 
ax^ 4- 2hxy + by^ = 0 to separate the lines a'x^ + 2h'xy + b'y^ = 0 
harmonically is ab' + a' b = 2}iN\ for xjy is a parameter which 
determines the lines and it has the same values as the parameter 
X in 11*31. 

11*33. Also the harmonic condition for the points at infinity 
AX^ + 2HXY + BY^ = 0 and A'X^ + 2H'XY + B'Y^ = 0 is 
AB' + A^B = 2HH\ This follows from the fact that the lines 
Bx^ — 2Hxy-\-Ay^ = 0 and B'x^ — 2Wxy-^A'y^ = 0 are har- 
monic under that condition (8*55). 

11*34. The same condition ab' + a' b — 2hJi' applies to the 
line-pairs aa2 + 2Aa/? + 6yff2= 0, a'a^ + 2A'ayff + 6'/^^ = 0, where 
a = 0, /? = 0 are any two lines, because a//? is a parameter 
which determines the lines and it has the same values as x in 
11*31. 

11*35. It also applies to the point-pairs 

aA2 + 2MB + 6B2 = 0, a'A^ + 2A'AB + fi'B^ = 0, 

where A = 0 and B = 0 are envelope equations of any two 
points. 


EXERCISE 11 A 

1. If = 5,BC = 3, (ABCD) = - 1, find CD. 

2. If (ABCD) = — 1, what are the values of (ABDC), (ACBD), 
(ADBC)^ 

3. If (ABCD)= —1, prove that DA, DB, DC are in harmonic 
progression. 
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4. What is the condition for 2 / = 0, 2/ = £c = 0, 2 / = k'x to form 
a harmonic pencil ? 

5. Verify that every pair of lines ax^ + 2hxy + hy^^\(x^ + y^) is 
harmonically separated by the lines hx^ — {a — h)xy — hy^ — 0, and 
interpret the result. 

6. If 6, d are the bisectors of the angles between a, c, prove that 
(abed) = - 1. 

7. If (ABCD) = - 1 and BVD is a right angle, prove that VB, VD 
are the bisectors of the angles between VA, VC, 

8. Find a pair of lines harmonically sex^arated both by 

a^x^ + 2h^xy + h^y^ = 0 and by a^x^ + 2 h 2 xy-\~b^y^ = 0. 

11*4. Quadrangle and Quadrilateral 

11 *41. A set of four points A, JS, (7, Z) is said to form a 
quadrangle. The three pairs of joins AB and CD, AC and BD, 
AD and BC are called opposite sides of the quadrangle. The 
opposite sides meet in points X, Y, Z called the diagonal points 
of the quadrangle. 

A quadrangle therefore consists of four points and six sides. 
Through each point x)ass three sides. On each side lie two 
of the points. • 

11*42. Let the join XT of two diagonal points meet the 
opposite sides BC, AD at P, Q, 

Then 

{AQDZ) = (BPCZ) = (DQAZ), 

X V 

by 10*42 {AQDZ) = -I, 

This is one of the harmonic 
properties of the quadrangle: 

Each pair of points of the 
quadrangle is separated har- 
monically by one diagonal 
point and a point collinear with the other two. 

and 

Each pair of diagonal points is separated harmonically by 
points on the sides through the third. 


X 
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I 11*43. The quadrilateral is the dual of the quadrangle. It is 
formed by a set of four lines a, 6, c, rf. The three pairs of meets 
of ab and cd, ac and ad and be are called opposite vertices. 
The lines y, z joining opposite vertices are called diagonal 
lines. 


bd 



A quadrilateral therefore consists of four lines and six 
vertices. On each hne he three vertices. Through each vertex 
pass two of the lines. 

11-44. The harmonic properties of the quadrilateral are: 

Each pair of lines of the quadrilateral is separated har- 
monically by one diagonal hne and a hne concurrent with 
the other two. 
and 

Each pair of diagonal lines is separated harmonically by 
hnes through the vertices on the third. 

In the figure of 11-42, which represents a quadrangle, it has 
been proved that (AQDZ) = - 1. If the figure is regarded as 
a quadrilateral formed by the hnes BX, XC, CY, YB, it 
follows from (AQDZ) = — 1 that the pair of diagonals PY, PZ 
is separated harmonically by the hnes PA, PD through the 
vertices on the third diagonal. Also the pair of sides BX, BY 
is separated harmonicaUy by the diagonal BC and the line 
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BQ concurrent with the other diagonals. Thus it is unnecessary 
to prove the harmonic properties of the quadrilateral inde- 
pendently. They can however be proved by the dual of the 
method used in 11-42 for the quadrangle. 

11-45. Example. Show that the sides of any quadrilateral 
may be taken to be a = 0, = 0, y = 0, 5 = 0, where 

a-i-y5 + y + 5 = 0, 

and find the equations of its diagonals. 

In the figure the opposite vertices are A, A' and JS, B' and 
(7, (7', and XYZ the diagonal triangle. 

Let BA\ B'A\ B'A be a = 0, /?'= 0, y'= 0 

AA'isa = kj3'. /. AB is — = ly\ 

Hence AB is = 0, where S = — a-f i^/?' + Zy'. 

Replace k^' , ly' by — /?, ~y. Then the equations of BA\ 
A'B\ B'A, AB are 

a = 0, y? = 0, y = 0, ^ = 0. 

Also a-hyff + y4-^=0. 


C 



Since a + S = 0 is a line through B and yff+y = 0 is a Kne 
through jS', and these equations are the same in virtue of 
a+^ + y + S = 0, 

JBJS'is a + 5 = 0 or yff + y = 0, 
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CG' k fi+8=0 or 7 + a = 0, 

^^'is 7+^=0 or a+/? = 0. 

This notation also leads to the harmonic property. For 
a-y = 0 is a line through C\ and since it is the same line as 
a + = y + it is a Une through Z, Hence C'C, C'B, G'Z, C'A 
are a + y = 0, a = 0, a-y = 0, y = 0, and these form a har- 
monic pencil. 


11*5. The Harmonic Construction 

11*51. The harmonic property of the quadrangle suggests 
a ruler construction to find the fourth point P' which with a 
given point P separates two given points Aj B harmonically. 


Draw any two lines a, b 
through A, B meeting in X. 
Take any point Z in ZP. Let 
AZ, BZ meet b, a in C, D. 
Let CD meet AB at P'. 

Then P' is one of the dia- 
gonal points of the quadrangle 
ABGD, and (APBF) = ^h 
This shows that the construc- 
tion leads to the same point 
P' no matter how a,b are 
drawn through the given poir 
is taken in XP. 


X 



and no matter what point Z 


1 1 *52 . It is of interest to see that the uniqueness of the point 
P' can be proved, without the use of cross-ratio or of analytical 
methods, from a few elementary assumptions. These assump- 
tions are: 


1. There is just one line which 
passes through two given points. 

2. Two lines in the same 
plane meet in a point. 

3. Just one plane passes through 
a line and a point not on 

the line. 


r. There is just one line which 
lies in two given planes. 

2'. Two lines through the same 
point lie in a plane. 

3'. Just one point lies on 

a line and a plane not through 
the line. 
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Certain deductions can be made without further assump- 
tions. There is a three-dimensional duality between the 
assumptions and consequently also between the deductions 
that can be made from them. Corresponding elements in 
three-dimensional duality are given in the following table: 

Point Plane 

Line joining two points Line of intersection of two planes 

Lines through a point Lines in a plane 

Coplanar lines through a point Concurrent lines in a plane 

Collinear points Collinear planes 

Two lines with no common point Two lines with no common plane 

on them (i.e. skew lines). through them (i.e. skew lines). 

Thus in three dimensions the point and plane are dual 
elements and the line is self-dual. 

11 - 53 . Example. 

If a, b are two skew lines If a, 6 are two skew lines 

not through the point P, show not in the plane tt, show 

how to determine the unique how to determine the unique 

line through P meetings and 6. line in n meeting a and b . 

Let 71 be the planes which (by 3) Let X, Y be the two points in which (by 3') 
contain a, P and 6, P. a, b meet tt. 

Then (by 1') there isaunique line Then (by 1) there is a unique line 
in This is the required line. through Z, Y. This is the required line. 

11 * 54 . If three lines meet in pairs, they must either be 
concurrent or else coplanar. 

For suppose that a, b, c are the lines; and let 6, c meet at Z; 
let c, a meet at Y ; and a, b at Z, 

Then if two of these points coincide (at P) the three lines 
concur at P. And, if not, the unique plane, which (by 3) 
contains Z and a, also contains Y and Z. Since it contains Z 
and r, it also contains c (by 1). Similarly it contains b. Hence 
the lines are coplanar. 

The dual is: If three lines are coplanar in pairs, they must 
either be coplanar or else concurrent. This is equivalent to the 
original result. 
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11*55. The Uniqueness Theorem 

In the figure the construction of 11*51 is supposed to have 
been carried out in two different planes a, cx! through APB. It 
is to be proved that the points Y, Y' coincide. 

Since DD\ XX' lie in the plane of a, a', they intersect. 
Similarly it may be proved that DD', ZZ' intersect and that 
XX', ZZ' intersect. Hence, by 11*54, DD', XX', ZZ' meet in 
a point O. 





Similarly it may be proved that CG', XX', ZZ' meet in a 
point; and this must be the same point 0. 

Now DX, D'X' meet at A \ CX, C'X' meet at B; and DC, 
D'C' meet at a point K in the plane OCG'DD'. Since K lies in 
the planes XDC, X'D'G', it lies in their fine of intersection 
APB, Hence the points Y, Y' where DC, D'C' meet APB 
coincide with K. 

For every construction in a no matter how a, b, Z are chosen, 
it is proved above that Y coincides with Y' . Hence the con- 
struction in a always leads to the same point Y. 

This theorem makes it possible to develop the theory of 


RI AG 


14 
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harmonic section on a purely projective basis. A harmonic 
range APBY can be defined by the property that if X is any 
point, Z is any point on PX, AZ meets BX at C, and BZ meets 
AX at D, then T is in CD. 

11*6. Desargues* Perspective Theorem 

11*61. If and A^B^C^ are triangles such that 

A^A^, B^B^, C'iC'2 iJi a point O, then B^C^ and B^C^, 
C^A^ and CgAg, A^B^ and A^B.^, meet in collinear points. 

Triangles such that the joins of corresponding vertices are 
concurrent are called triangles in perspective. The point of 
concurrence is called the centre of perspective. The theorem 
proves that corresponding sides meet in collinear points. The 
line of collinearity is called the axis of perspective. 

11*62. First suppose that the triangles lie in different planes 
0-1, 0*2. Then since B^C^, B^G^ lie in the plane OB^C^, they 
meet in a point X. This point lies both in cr^ and in 0*2; therefore 
it hes in the line of intersection of these planes. Similarly it 
may be proved that CiA^, G^A^ and A^B^, A^B.^ meet in 
points Y, Z in this same line. 

y 



11 * 65 ] HARMONIC SECTION 211 

11 ‘ 63 . Now suppose that the triangles lie in the same 
plane <r. 

Draw a line s through 0 outside cr, and take any two 
points /Si, /Sg on it. Since 82A2 lie in the plane of s 

and 0 ^ 1^25 they meet in a point A, Let C be similarly 
defined. 

Then the plane r of ABC is distinct from o*. Also -Bi^a > 
C1G2, 8^82 meet at O; hence, by 11 - 62 , and B2C2, 

( 7 i/Si and C282, 8j^Bi and 82B2 meet in collinear points, i.e. 
B^Ci and B2C2 meet on BC which is in r. Similarly C'l-^i, 
C2A2 and also A^B^, AgjBg meet at points in t. The three 
points of intersection are therefore in the line of intersection 
of (X and r. 

1 1 - 64 . Conversely \iiA^B^C^ and A2B2C2 are two triangles 
such that B^Ci and B2C2, G^A^ and C2A2, A^B^ and ^2^2 
meet in collinear points, then AiAg, B^B2, C1C2 meet in a 
p oint. 

First suppose that the triangles are in different planes. Then 
since B^G^, B2G2 meet at X, B^B2G^G2 is a plane. Also 
CiCgAiAgand AiA2^i52 
planes. 

A1A2, B^B2, G1G2 are the 
lines of intersection of these 
three planes taken in pairs. 

Hence they meet at the com- 
mon point of the three planes. 

11 * 65 . Now suppose that 
the triangles lie in one plane. 

Then the triangles 
CjCarhave B^G^, ZY 
concurrent (at X); therefore, 
by 11 - 63 , B^B2 andCi Cg, BiZ 
and G^Y, B2Z and CgF meet in collinear points; i.e. 
and Cj G2 meet in a point collinear with and Ag. This proof 
holds also when the triangles are not coplanar, but 11-62 is 
used instead of 11 - 63 . 



14-2 
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1 1 '66. The figure of Desargues’ Theorem consists of 1 0 points 
and 10 lines. Through each point pass three of the lines and on 
each line lie three of the points. Any of the points can play the 
part of 0\ the three lines through it join the vertices of the 
triangles, which each have three sides; the tenth fine is the line 
of collinearity. For example, if X is the point of concurrence, 
the triangles are Z, C^Y, and the line of coUinearity is 



1 1 -67. Example. Three coplanar triangles are in perspective 
two by two, with the same centre of perspective for each pair. 
Prove that the three axes of perspective are concurrent. 

Let ^2 ^^2 JBg meet in B^ G^ and B^ G^ in Pg, B^G^ 

and B 2 G 2 in Pg; and let Q^, Q^, O 3 , Pj, P 3 be similarly 
defined. The axes of perspective are PiQiPi, P^Q^R'^^ 
P^Qs^z* Since ^ 2^3 ^Rd R^R^^ ^ 3^1 9 'nd R^Ri, Q 1 Q 2 
R 1 R 2 meet in the collinear points A^, Ag, Ag, it follows that 
Q-^R-y^y ^3 "^3 nieet in a point, 

EXERCISE 11 B 

1 . A figure of a points and 6 lines has x of tho points on each line 
and y of the lines through each point. What is tho relation between 
a, hy X, y*t Draw tho figure for 

(i) a = 6 = 3, a; = 2/ = 2; (ii) a = 6 = 9, u; = 2/ = 3. 

2. The equations of four lines are 

A = 2a; + 32/ + 42; = 0, fi = x + 2y-\-z=^0y 

= 3a; -f 62/ + 62 = 0, p = 3a; + 2/+ I62 = 0; 



11‘71] HAEMONIC SECTION 213 

find Uy V, w such that p = uX-hv/i+wv. What must a, fiy 7 , d be if 
a = 0 , y^= 0 , 7 = 0 , 5 = 0 are the equations of the lines and 

a + /?-+-7 + 5 = 0 ? 

3. In the figure of 11-51 give a construction for the point A' such 
that A, A' separate P, B harmonically. 

4. Given a triangle and a point P not on any of its sides, give a ruler 
construction for the line through P meeting the sides in 0, By S, so 
that (PQRS) = -1. 

5. In the figure of Desargues’ Theorem, if A^ is the point of con- 
currence, which is the line of collinearity? 

6 . Three coplanar triangles are in perspective two by two with the 
same axis of perspective; prove that the three centres of perspective 
are collinear. 

7. ABCD is a quadrangle; AB and CD, AC and BD, AD and BG 
meet in Fy Gy H; also CD and HOy BD and HF, BG and OF meet in 
Py Q, B. Prove that P, Q, R are collinear. 

8 . AB and CDy AC and BD meet in (7, F; also UV meets AD at F 
and BG at Gy and BF meets ^(7 at K., Prove that OKy FG, UA are 
concurrent. 

9. Ai Bi Ciy A 2 B 2 G 2 are in perspective. Bi Cg and Pg 

Gg^i, A 1 B 2 and .^gPi meet in X, Y, Z. Prove that XYZ is in per- 
spective with AiB^Gi and with ^gPgCg. (Consider the triangles 

PiGi-^g, B 2 G 2 A 1 ,) 

10 . State the three-dimensional dual of the following; If VABCy 
V'ABG are pyramids on the same base ABCy then the planes VAV', 
VBV'y VGV' are collinear. 

11 . ly. = arX + hry-{-Cj.z = 0 (r=l to 4) are the equations of four 
planes in space. Prove that numbers piy p 2 , P 3 , exist such that 

and state the condition for Pi:p 2 ’Ps-P^ 

to be unique. 

12 . State some correspondences in four -dimensional duality. 


11*7. Polar of a Point wo a Line -pair 

11*71. If four lines v, a, p, b through a point O form a 
harmonic pencil, any line not through 0 meets these lines in a 
harmonic range. Two lines VAPB, VA'P'B' through a point 
F on give two harmonic ranges with a common point F. 

Now suppose that a and b are two fixed lines and F is a fixed 
point not on a or 6. A variable line through F meets a and 6 
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in points A and B and a point P can be taken in that line such 
that (VAPB) = - 1. The locus of P is the line through 0 
which with OV separates a and 6 harmonically. This line is 
called the polar of V wo the line-pair. 

Any point F' in OV has the same polar as F. The point O has 
no polar. The idea of a polar is generalised in the next chapter. 




11*72. Polar of {xi, yi) wo the line-pair composed of the axes. 
The equation of OP^ is xy^ — yx^ — 0. This line and its polar 
separate y = Q, x — 0 harmonically. Hence the polar is 

xy^-Yyx-^ = 0 . 


11-73. Polar of {x -^ , y-^ wo the line-pair ax^ + 2hxy + by'^ = 0. 

1st method. OP is xy^ = yx^. Let the polar be xy^ — yx^. 
Then the harmonic condition must be satisfied by 

ax^ + 2hxy + 6^/2 = 0 and {xy^ - yxf) {xy^ - yx^) = 0. 

ax^x^-]rby^y^ + h(x^y^^-x^yf) = 0 

Hence the polar is 

ax^x-\-by^y + h(yx^-\-xy^) = 0. 

2nd method. Let Pg be an arbitrary point on the locus. Any 
point on P 1 P 2 is 

I k^x^ + k^x^ K^yx + K^y2 \ 

\ Ai + Ag ’ ATi-h/Cg / 
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This lies on ax^ + 2hxy + = 0 if 

a{KyX^ + K^2)^ + 2h(K^x^ + K^2) (^i2/i + ^ 2 ^ 2 )+ ^K2/i+ ^ 2 ^/ 2 )^ = 
i.e. 

(axj^ + 2hx^y^ + by^^) + 2{ax^X2^ + Mx^y^^ + x^y^ + by^y^ 

+ {ax^^ + 2hx^y^ + by^) = 0 , 

which determines the points of intersection of with 

ax^-{-2hxy + by'^ = 0. Since these points separate Pg har- 
monically, the sum of the values of K^jK^ given by the quadratic 
equation must be zero. Thus 

ax^x^-\-h{x^y^ + x^y^) -{-by^y^ = 0. 

Thus P lies on axiX-\-h{yx^-^xy^-\-by^y = 0. 

1 1 -74. Polar of {x ^ , y^) wo the line-pair a/? = 0. Here a, P may 
be any expressions hnear in the coordinates. The equation 
of OPi is of the form a = and that of the polar is a + ^/? = 0. 
Since a = passes through P, t is given by where 

and are the values found by substituting the coordinates 
of Pi in a and yS. Hence the equation of the polar is 

ay?i-fyffai = 0. 


11*8. Pole of a Line wo a Point -pair 

11-81. If -4, P are points which lie on a line o, and i; is a 
fixed line not through A or P, then the point on o which with 
ov separates A, B harmonically is called the pole of v wo the 
point-pair. 



The idea of pole is generalised in the next chapter. 
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11-82. Example. The medians of a triangle meet at (p,q) 
and two sides are ax^-\'2hxy-\-by^ = 0. Find the equation of 
the third side. 

The mid-point M of the base is (fp, |^). The polar of M wo 
the line-pair is, by 11-73, 

(ap^hq)x-\-(hp + bq)y = 0. 

The base is parallel to this line and passes through (|p,|g). 
Hence the base is 

(ap 4- hq) (2x - 3p) + {hp -h bq) {2y - 3^) = 0. 

EXERCISE 11c 

1 . Use the equation of the polar of {xi,yi) wo ax^ + 2hxy + by^ = 0 
to verify that if the polar of P passes through Q, then the polar of Q 
passes through P. 

2 . Give the polar of any point on OX wo ax^ -f 2kxy + by^ = 0. 

3. Give the pole of wo the point-pair formed by the 

points at infinity on the axes. 

4 . Find the polo of [Z^, Fj, Z^] wo the point-pair 

AX^ + 2HXY+BY^ = 0. 

5. Find the equation of the polo of [X^, F^] wo the point-pair 
composed of (xi,yi) and (X 2 ,y 2 )* 

6 . Prove that the three linos each of which forms a harmonic pencil 
with ax^y + 2hxy^ + hy^ = 0 are 

(ax -f- hy) {a(ax^ -f 2hxy 4- by^) 4- S(a6 - h^) y^} = 0. 

7. A variable line through (f,g) meets the fixed lines 

ax^ 4 - 2hxy-\-by^ = 0 

in P and Q. Prove that the vertex R of the parallelogram POQR lies 
on the conic ^ J^y^ (a; _ 2/) + (Aa; + by) (y - 2g) = 0. 

8. Find the polar of (x -^ , i/i, «i) wo the line-pair 

(l^x-\-m^y+niZ)(l2X + m2y + n2z) = 0 
and express the result in terms of a, 6, c,/, g, h whore 

a = 1 ^ 2 * 2/ = 1 ^ 1^2 4 - ^*2 



Chapter 12 

THE GENERAL CONIC 

12’11. In 7‘41 and 8-63 the general equation of a conic is 
taken to be 

ax^ + 2hxy + by^ + 2gx + 2fy 4 - c = 0 

or ax^ + 2hxy 4- by^ 4- 2gxz 4- 2fyz 4- cz^ = 0. 

It is proved in 4-45 and 8-65 that 5 = 0 is a necessary and 
sufficient condition for the conic to be degenerate in Gg, and 
in 7-43 that a non-degenerate conic has a single tangent at 
every point. 

The general conic meets the line at infinity 2 : = 0 where 

ax^ 4- 21ixy 4- by^ = 0 and 2 : = 0. 

Therefore in Gg, the conic has 2, 2 coincident, or 0 points at 
infinity, according as a6 — < , = , or >0. 

The corresponding types of curve are investigated in 
Chapters 15, 13, 14. In the present chapter the general 
properties of the conic are discussed. Some of the work will 
refer only to Gg. 


12*12. Example. Find the ratio in which the join of 
(1 , - 3) and (6, 7 ) is divided by the line 2x-\-6y — 6 . 

The point that divides the join in the ratio /Cg : is 

/fCi -i-b/Cg -3 /Ci4-7x 2\ 

+ /Ci-h/Cg /’ 


Tx T « ^ -r 2(xi -f- G/Co) 5( — 3 aCi 4- 7 X 0 ) 

It lies on 2ic 4 - 5i/ = 6 if ^ ^ 4- ^ 

K^ + K^ AC14-/C2 

i.e. 2 (aCi4“6ac:2)4-5(-3aCi 4-7/C2) = 6(/Ci4-X2). 

or 4 I/C 2 = lO/Ci. 

ACgi/Ci = 19:41. 

This is the required ratio. 


= 6 , 
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12*13. Example. If the join of and 

cut by the curve xy = c*, determine the ratios in which it is 
divided at the points of intersection. 

The point 

\ Ai + Aa A 1 +/C 2 / 

lies on the curve if 


{K^Xi + KiX^){Kiyi+K^y^) = c2(/<ri + Af2)*. 

i.e. (* 1^1 - c 2 ) + {x^y^ +x^yi- 20 ^) + {x^y^ - c®) = 0 . 

This is a quadratic equation for whose roots are the 

ratios in which is divided at the two points where 

xy = meets it. 


12*2. Joachimsthal’s Method (Gj) 


12*21. The method used in 12*12 and 12*13 will now be 
applied to the conic in G 3 given by the general equation 
ax^ + 2hxy + by^ + 2gx + 2fy + c = 0 . It depends only on the 


formulae x = 


K^X^ + K^X^ 

/fl + /C2 + 


, and is applicable 


whether the axes are rectangular or oblique. 

Suppose that the general conic meets P 1 P 2 point A 

such that P^A : AP^ = ; k^. Then since A is 


/ KiXy^ + K^X^ KxVl + Ki^ 
\ Ki + K^ ’ ACi + Xg / 


and lies on the conic, 


\ 'C 1 + /C 2 / 


+ ^ J iciyi+KiVi V 

k:i + A 2 AC1 + /C2 \ K1 + K2 } 

K,x, + K,x, K,y,+K,y, ^ ^ 

^ Ai + ATg Ai + Ag 


.-. a^K^Xi + K^Xz)^ + 2h{K^x^ + K^x^) + K^y^) 

+ b{,K^yx + + 2 gr(/Ci + Aj) (/Ciaji + ^ 2 * 2 ) 

+ 2f(Kx + /C 2 ) {Kiyx + K^y^ + c{Kx + K^f = 0 , 
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/. (ax^ + 2hx^y^ + by^ + 2gx^ -f 2fy^ + c) 

+ 2{ax^x^ + + x^y^) + by-^y^ + g{xT^ 4- x^) 4-/(t/i + 2 / 2 )+^} 

+ {ax^ + 2hx^y^ + by^ + 2gx^ + 2fy^ + c) = 0. 

This is a quadratic equation for : /c^. Its roots are the values 
of Pi-4 : AP^ for the points of intersection A of the line and 
conic. Since the equation is a quadratic, it has 2, 2 coincident, 
or 0 roots, and consequently a line meets a conic in 2,2 
coincident, or 0 points A. The equation is called JoachimsthaVs 
ratio equation. 


12*22. We denote ax^-{-2hxy-\-by^-\‘2gx + 2fy-\-c by s, and 

+ K^mVn + ^^Vm) + %m2/« + 9'(*m + ^n) +/(2/m + 2/n) + C 

by S^n- 
For example, 

Sii = axj^ + 2hxy^y^ + by^^ + 2gxi + 2.fy^ -f c, 

^12 = ai*^1^2 + ^(^l2/2 + ^22/l)+%l2/2 + 9^K + ^2)+/(2/l + y2) + C^ 

^22 = aV + + ^y2 + 2gra;2+ 2/2/2 + c* 

Dropping the suffix m from gives 5^, and so 

axx^ + Hxy^ + byy^ + g(x + x^) +f(y + + c 

is denoted by s^. 

For example, 

= axx^ + h{xy^ + x^y)^ byy^ 4- g{x 4* x^) +f{y + y^) 4- c, 

^2 = axx 2 + h{xy^ -\-x^y)-\- byy^ 4- g(x 4- x^) 4-/(2/ -f y^) 4- c, 

and, since these are of the first degree in a;, 2/, = 0 and 

^2 = 0 are lines. 

5 = 0 is the equation of the conic, 

= 0 is the condition for P to lie on the conic, 
s -^2 == 0 is the condition for to lie on ^ ^2 

on Si = 0. 

* 

With this notation the results for the general conic are as 
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compact for special cases such as those in 12*12 and 12*13. 
Joachimsthal’s ratio equation becomes 

^11 + 2512^1 ^ 2 + *^22 ^ 2 ^ = 0 . 

12 * 23 . Internal and External Points. When s^ and ^22 have 
opposite signs, the product of the roots of Joachimsthal’s 
equation is negative. Hence one and only one root is positive 
and the conic meets P 1 P 2 internally just once. P^ and P 2 are 
then said to be on opposite sides of the conic. It can be proved 
that tangents can be drawn to the conic from points on one 
side; and that side is called the outside. See Exercise 12b, 
No. 39 . Thus internal and external points can be defined. The 
distinction disappears in G 4 . 


EXERCISE 12 a 

In Nos. 1-4, find the ratio in which the join of the points is divided 
at its points of intersection with the locus. 

1 . (1,3), (7, -2); ir + 22/+l = 0. 

2. (i^ 2 » 2 / 2 ); ax-\-hy-\-c = 0. 

3 . (-1,1), (5, -2); x^ + Zxy + y^=l. 

4. (-3,2), (1,5); 2x^-2xy + y^+i0x-Zy = 0. 

5. Write in full the work of obtaining + 2 , 912 ^ 1^2 + ^ 22 ^ 2 ^ = 9 
for the conic y^ — 4ax = 0. 

In Nos. 6-10, give the value of -f- 2512 ^ 1^2 + ^ 22 ^ 2 ^ 

6 . ax^ + by^ = c. 7. xy = k^. 8. ax^ + 2hxy + by^ = k. 

9. 3x^-6xy + y^-4x-\-ly-ll — 0. 10. (x-a)^ + (y-b)^ = c^. 

11 . State the condition for the general conic to pass through the 
mid -point of 

12 . Find the ratio in which the line joining (6, 30) to (11, — 50) is 
divided at its points of intersection with 2(x^ + y^) — QSxy. 

13 . Find whether the points (4, 2^), ( — lOJ, 10) are on the same or 
opposite sides of the curve x^ — y^= 10. 

14 . State the condition for (0, a) and (6, c) to be on the same side 
of x^ = 4ay. 
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15. Express the condition for the point whose coordinates are 

+ /Cg), + K^y2)l(Ki + ATg) 

to lie on the curve 

s=ax^ + Sbx^y + Scy^ + Sdx + e = 0 

in the form + S^ng/Cj^/Cg + S^igg/Ci/Cg^ + ^ggg/Cg* = 0, 

giving the values of s^jg and s^gg. What kind of loci are represented by 
Sii — 0 and = 0? Interpret the condition Sm = 0. 

12*3. Deductions from Joachimsthal’s Equation 

12 * 31 . Suppose that is a fixed point on the conic. Then 
= 0, and one root of the equation, regarded as a quadratic 
for ACg/zCj, is zero. The second root is also zero if Hence 

^12 = ^ is the condition for Pg to lie on the tangent at P^. 
Hence the equation of the tangent at P^ is Si = 0. 

12 * 32 . Suppose that P^ is a fixed point outside the conic.' 
The quadratic equation has equal roots when S11S22 = This 
happens when P1P2 meets the conic in two coincident points. 
Hence Sii522 = *^12^ ^he condition for Pg to lie on any tangent 
from Pj. 

Hence the equation of the tangents from P^ is 
This equation is of the second degree: there may be two 
tangents from P^ to the conic, but in G3 there may also be none. 

12 * 33 . The points where the tangents from P^ touch the 
conic belong both to 5 = 0 and to Therefore they 

also belong to = 0. But this equation is of the first degree. 
Therefore it represents the join of the points of contact of the 
tangents from P^. This line is called the chard of contact of P^. 

12 * 34 . The Polar, Suppose that P^ is any fixed point. Let 
Pj^AA' be an arbitrary chord of the conic through P^ and let 
Pg be taken on this line so that (P^^Pg^') = — 1. Then the 
locus of Pg is called the polar of P^ wo the conic. 

Since P^AjAP^ = — P^A'I A' P2, the quadratic for has 

equal roots with opposite signs, 

^12 ~ ^* 

This shows that Pg lies on = 0 which is a fixed line. 
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Hence the polar of a point is a line, and the polar of Pi is 
Si = 0. This proof only shows that every point of the polar lies 
on the line = 0, not that every point of = 0 belongs to the 
polar. With the definition given, and in G3, the polar may 
actually be only part of the line. If, for example, the conic is 




closed, and Pi is outside it, P^ must be inside it, and so the 
locus consists of the part of = 0 that is inside the conic. This 
however is not of great importance as the distinction between 
internal and external points disappears in the later geometries. 
In the meantime we shall use the term “polar” to denote the 
whole line. 

It follows from 12*33 and 12*34 that the polar of an external 
point Pi coincides with the chord of contact of P^. Also from 
12*31 the polar of a point on the conic coincides with the tangent 
at the point. 

The argument of 12*21 is applicable even when the conic is 
a line-pair. Hence the polar of Pj wo a line-pair s = 0 is = 0. 
See 11*73. 

The equation of the polar, in full, is 

Si = (axi + hyi+g)x + {hxi + byi +f) y + (gxi +fyi + c) = 0. 
No such line exists if axi + hyi -t- gr = hxi -i- byi -f-/ = 0, and there 
is in general in Gg one point (xj, y-^ for which these equations 
are true. The existence of a point which has no polar is explained 
in 12*6. 

12 * 35 . Example. Find the locus of the meet of tangents at 
the ends of chords through a fixed point Pi. 

Let Pg be any point on the locus. Then the chord of contact 
of Pg passes through P^. 

Sg = 0 is satisfied by x = Xi, y = yi- 
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Thus Si 2 = 0 and Pg on = 0. Hence the locus is the polar 
of P or, strictly, is the part of the polar which lies outside the 
conic. 


12-36. Example. Find the point whose polar wo 2a:2 + 7i/2= 6 
is *Sx + 4y = 5. 

Let (%, y^) be the point. Then 

2xx^ -f lyy^ = 6 and 3ic + % = 5 
are the same line. 

2xi\ly^:^ = 3:4:5. 

Thus the point is (f , ff ). 

12*37. Example. If P^ and Pg lie on s = 0, verify that 

+^2 = ^12 is the chord PiP 2 * 

Since P^ lies on 5 = 0, = 0, and therefore when x^, y^ are 

substituted for x, y, becomes which is equal to 

Si 2 - Thus the coordinates of P^ satisfy ^2 = ^ 12 . 

Similarly the coordinates of P 2 satisfy it. But the equation 
is of the first degree in x, y. Hence it represents a line; and this 
line passes through P^ and Pg. 


12-38. Example. Show that the tangents from the fixed 
point (f,g) to the conic x^Ja-^y^jb — 1 have fixed angle- 
bisectors when a, b vary in such a way that a — 6 is constant. 
The equation of the pair of tangents is 

The equation of the parallel lines through the origin is 


or 


x’‘{g^-b)-2fgxy+y^{P-a) = 0. 


By 4-34 the equation of the angle-bisectors of these lines is 

^2 |f2 ^1# 

-s — ji— — r + -^ = 0, and, since a — 6 is constant, these are 
g^-P+a-b fg 

fixed. So also are the parallel lines through (/, g). 
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EXERCISE 12b 

In Nos. 1-3, write down the condition for to lie on the conic, 

and assuming that this condition is satisfied give the equation of the 
tangent at 

1. ax^ + hy^ = c. 2. xy = 1. 3. 3^;^ ^-^xy = 6. 

In Nos. 4, 5, write down the equation of the tangent at the point to 
the conic. 

4. (1,-1), a;2 + 3y2 = 4. 5. (2,0), 4a;2/ + i/2_6:r+12 = 0. 

In Nos. 6-9, find the equation of the pair of tangents from the point 
to the conic. 

6. (aJi,2/i), 2/2 = aoj + fct/. 7. (1, 10), 2/2 = 4a;. 

8. (0, —h), = 4ta(y‘-c), 9. (— 1, — 2), a;® = 4a;+ Si/. 

In Nos. 10-16, write down the equation of the polar of the point wo 
the conic, 

10. (aji,2/i), a;H2/^ = 11. x'^la^-y^jh^ =: I 

12 . (x^,yi),y -x^. 

13. (a;i,2/i), 2a;2 + a72/“32/2-a;+22/+l = 0. 

14. (4,7), 2/2 = 6a;. 15. (3, - 2), 2/2-cr2/ = 1. 

16. ( — 3, 1), 3a;2 + 4a;2/ — 22/^4-a; — 82 / + 7 = 0. 

In Nos. 17-23, find the point whose polar wo the conic is the given line. 

17. a;2 + 2/2 = 1, 2a;-f 32/ = 4. 18. = 4a;, 2a; — 3^/ = 10. 

19. 2a;2/ = 1, 2a; + 2/ = 5. 20. 3a:2 + 4a;2/+ 2/^ = 1, 6a; + 32/ = 1. 

21 . a;2 = 2/, aa; + 62/ + = 0. 

22. 2a;2--a;2/ + 3a; — 62/ + 4 = 0, 2a; — 72/ = 1. 

23. a + 62/ + C2/2 = 2/ = 

24. Show that the tangent at (a;i,2/i) to xy = is xjx-^ + yjy-^ = 2 
and state the equation of the pola^of {x^,yx). 

25. Write down the equation of the pair of tangents from (x^y 2/i) 
to y^ = 4aa;. To what does it reduce when 

(i) x^ -h,y^- 0, (ii) x^ = -a, 2/1 = 6? 

Verify in (ii) that the tangents are at right angles. 

26. Show that 0 has no polar wo ax^ + hy^ = c, but that every point 
has a polar wo = 4aa;. 

27. Show that no line through 0 is the polar of any point wo 
ax^ + hy^ = c and that no line parallel to OX is a polar wo y^ = 4ax. 
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28. Are there any points which have no polar wo 

(i) = 2/^, (ii) = 1 ? 

29. Use the result of 12*37 to write down the equation of the chord 
Pi Pa of ~ ^^* Deduce the tangent at (kt, kjt). 

30. Show how the tangent at P to 5 = 0 can be deduced from the 
pair of tangents from an external point. 

31. If OP, OQ are the tangents from O to the circle 

x^ + y^-\-2gx + 2fy + c = 0, 
find the equations of PQ and the circle OPQ, 

32. If s = ic2 + 2/2 — 4a2 and a and y^ = 0, verify that 
represents the point (a, 0) only, and explain the result. 

33. Verify that the polar of P wo x^ + y^ = is the perpendicular 

to OP at the inverse of P. 

34. Find the inverse of ( 6, 2) wo x'^ + — 4^x + 2y = 5. 

35. Find the equation of the lines through the origin parallel to the 
tangents from P^ to ax^ + hy^ = 1. 

36. Find the condition of perpendicularity for the tangents from 
(•^i» Vi) fo x^la^ + y^/b^ = 1. Deduce that the locus of the point of inter- 
section of perpendicular tangents to this ellipse is x^ + y^ = a^-\- 6^. 

37. Find the locus of the jioint of intersection of perpendicular 

tangents to (i) — = 1, (ii) y^ = 4:ax, (iii) y^ = 4:axz. 

38. If the tangents from P to ax^ + byj = 1 harmonically separate 
those to cx^ + dy^ = 1, prove that P lies on 

acx^b + d) -f bdy\a -\-c) = be + ad. 

39. Show that the condition for represent lines in real 

geometry is ^ < 0. [Hence for a non-degenerate conic it represents 
lines if P^ is on one side of the conic. J 

40. To what form does reduce when ^ = 0? 

12*4. Joachimsthal’s Method (G^) 

12*41. When the method of 12*2 is applied in G5 or Gq the 
conic is ^^2 ^ 2hxy + hy^ + 2gxz 4- 2fyz -\-cz^ — Q 

and A is the point {K^x^-\-K^x^,KT^yT^-\-K^y^,K-^z^ + K^Z2). This 
is a point on determined by the homogeneous parameter 
(/Cl, K^). It coincides with P^ when (/Ci, /Cg) is (1, 0) and coincides 
with Pg when (/Ci, /Cg) is (0, 1). But it is not necessarily the point 
which divides P^P^ the ratio /Cg : /Ci* 


RI AG 


15 
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The quadratic equation which expresses that A lies on the 

conic is 2.0 . 2 n 

^ 11^1 “I" 2^12 ^ 1^2 "1" ^ 22^2 — 

where 

^mn = ax^x^ + h{x^y^ + x^yj + by^y^ 

+ gi^ra^n + *„Zm) +/(«/m2« + VA) + • 

In Cg this equation has two roots, and therefore P 1 P 2 
the conic in two points. The roots may be equal and the points 
are then coincident. 

If ^11 = 0, Pi is on the conic, and = 0 is the equation of the 
tangent at P. 

12*42. There is no distinction between external and internal 
points. If ^ 11 0 , there is a pair of tangents .$ 11.9 = from P^ 
to the conic. 

12*43. ^1 = 0 is the equation of the chord of contact of P^. 

12*44. The jpoiar of P^ is defined as the locus of Pg such that 
(Pi^P 2-4') = 1. The homogeneous parameters of ^,-4' have 
the values {/Cj, /Cg), found by solving the equation 

5ii + 2^12 + ^22 ^2^ = ^ 

and those of Pj, P 2 are (1, 0), (0, 1). Hence, by 10*86, the har- 
monic condition is = ^* Therefore the polar of is = 0. 
It is the whole of this line and coincides with the chord of 
contact of Pj and with the locus defined in 12*35. 

The equation of the polar of P^ is 

[ax^ + %i + gz^) X + (hx^ 4 - % +fz^) y + {gx^ -hfVi 4 - cz^) = 0. ( 1 ) 
The only case of failure arises when 

ax^ + 4- gz^ = hx^ 4- by^ = gx^ ^^fy^ 4- c^i = 0 (2 ) 

and this requires 5 = 0. Therefore every point has a polar wo a 
non-degenerate conic in Gg. This should be compared with 
12*34. In general (1) represents the polar of P^ even when the 
conic is a line-pair : the point given by (2) is the point of inter- 
section of the lines of the pair and this point has no polar. It 
is called the centre of the line-pair. 
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12*45. Reciprocal Property of the Polar, If the polar of P^ 
passes through Pg, the symmetry of the property (IMl) 

{P^AP^A') = - 1 

shows that the polar of Pg passes through P^. Two points such 
that the polar of one passes through the other are called 
conjugate points. The condition for P^ and Pg to be conjugate 
points is 5 ig = 0 . 

12*46. Polars of collinear Points, If thepolarsof Pj, /^gmeet 
at Q, then by the reciprocal property the polar of Q passes 
through Pi and Pg. Hence P 1 P 2 is the polar of Q, If P is any 
other point on PiPg, since the polar of Q passes through P, 
the polar of P passes through Q, Hence the polars of collinear 
]3oints are concurrent, and the line of collinearity is the polar 
of the point of concurrence. 


12*47. Example. Find the equation of the chord of 5 = 0 
whose mid-point is P^. 

1 st method (G3). Let A A' be the chord and if possible let it 
meet the polar of P^ in Pg. Then ^Pi = PiA\ 

AP, = -P,A^ == A' P^, 


which is absurd. Therefore the chord cannot meet the polar of 
Pi. Hence it is parallel to the polar and has an equation 
c<?i = k\ But it passes through Pi. 

5 — Jc, Hence the chord is 



6*1 — ^11* ^2 

2 nd method (Gg). Let the chord 
be A A' and suppose that it meets 
the line at infinity in Pg. Then 

{AP^A'P^ = — 1 . Pg lies on the polar s^ = 0 of P^, Hence 
the chord passes through the point of intersection of , 5 i = 0 
and 2 : = 0 . Hence its equation is ^1 = Icz, It also passes through 
Pi. 5 ii = kz^. Hence the equation of the chord is ^i^i = 

The equation obtained in the first method can be obtained 
from s^z^ — SiiZ by putting z — z^= 1 . 


15-2 
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12-48. Joachimsthal’s method can also be applied in G 4 and 
Gj. The results of 12-45 and 12-46 are valid in any geometry 
G 3 , G 4 , G 5 , or Gfi, subject to the existence of the polar^. 

12-5. Diameters 
12-51. The i)olar of wo 5 = 0 is 

= x^[ax + % + gz) + y-^(hx + by +fz) + (gx ^Jy + ca;) = 0 . ( 1 ) 

If Pj is at infinity, = 0 and the equation of the polar reduces 

x^{ax + % + gz) + y^{hx + by -\-fz) = 0 . ( 2 ) 

But when P^ is at infinity, the chords through it are parallel 
chords, and the point Pg such that (P^ ^.Pg^') = — 1 is the 
mid-point of Hence 

The locus of the mid-points of parallel chords through 
is a line whose equation is ( 2 ). 

Such a line is called a diameter. 



12-52. For different values of x^ iy^^ the corresponding 
diameters are the polars of collinear points (at infinity) and 
they are therefore concurrent by 12-46. The point of concur- 
rence is called the centre of the conic because it is the mid- 
point of every chord through it. 

From 12-51 ( 2 ) the centre is the point of intersection of 

ax-^-hy-^-gz^O and Jix-^-by+fz^^Q 
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and this is the point given hyx:y:z = hf—bg:gh — af:ab — h^. 
With the notation of 0-6 the point is {0, F, C). 

The equations ax+hy+gz = 0, hx + by+fz = 0 may be 
written 


wo ^ 


ds 

dy 


= 0 . 


12'53. The coiTesi)onding point in G 3 is (G/C, FjC). It does 
not exist when (7 = 0 . The terms centre and diameter are also 
used in Gg. Thus the centre of 

ax^ + ^hxy + by^ + 2gx + 2fy + c = 0 

is given by aic + % + ^ = 0 , Aa; + 6 y +/=0 provided that 
ab — h^ 7 ^ 0 . It is the mid-point of the chords that pass through 
it, which are called diameters. The centre is the point which has 
no polar (12-34). Also there are no points which have the 
diameters for polars. 


12'54. It is not possible to illustrate all the polar properties 
in Gg in a single diagram. The figure shows the polar of as a 
chord of contact TT\ as the harmonic locus, and as the locus 
of the meet Q of tangents at the ends of chords through 
(12-35). It does not show the points at which the conic meets 
P^Q or the chord through P^ which has the tangents at its 
ends meeting at Pg- 



If Pi is at infinity, no point of Gg corresponds to it, but the 
tangents at P, T are parallel, and TT is the diameter bisecting 
chords parallel to AA' \ also the tangents Sbt A, A' meet on the 
diameter. See the figure in 12-51. 
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12*55. Example. Find the locus of the centre of the conic 


2x^ — 2t^xy + 2/^ = 2t^x + y) when t varies. 

05 05 

The centre is given by ^ = 0, ^ = 0, 

i.e. 2x — t^y=^t^, 

and —t^x + y = t^, 

I = 2 /^ — 2x^ \ 2x — y:y — x, 
{2x-yf = {y^-2x^Y{y-x). 

Hence the locus is a quintic curve. 


EXERCISE 12 c 

In Nos. 1,2, obtain ab initio the tangent, polar, and pair of tangents 
for the conic. 

1 . =1. 2. = 4axz, 

In Nos. 3-7, write down the polar of the point wo the conic. 

3. {oci,yi,Zi), x^-y^ = aV, 4. (x^.y^yZi), xy ^ W, 

5. (iTi, 2/i, 2i), k(x^ + 2/2) + 2gxz + 2fyz + cz^ = 0. 

6. (— y^ — x^ ^ 2axz, 

7. (3, 0, — 2), .t2 + 32/2 + 2z^ — Ayz - Zzx + bxy = 0. 

In Nos. 8, 9, write down the conditions for and Pg to be conjugate 
points wo the conics. 

8 . x^ja^ — y^jb^ = 1 ; x^ja^ — y^lh^ = z^, 

9. xy = xy = 

10. Write in full the work of obtaining k^^ + 2^12 ^2 + ^22 ^2^ = 9 

for the conic xy = kH^. 

In Nos. 11, 12, give in full the value of 5i2- 

1 1 . ax'^ + 2hxy + hy^ = k, 12. k{x^ H- y^) + 2gxz H- 2fyz + C 2:2 _ 

13. Find the points of intersection of y = bz and y^ = 4aiC2, and the 
point of concurrence of the polars wo the conic of points on the line. 

14. Find the point of concurrence of polars of points on x ^ kz wo 
ax ^ + 62/2 = C22. 

15. Find the point whose polar wo 4a?* — 6a?2/ + 92/2+ 1 22/2? = 0 is 
2a? ~ 32/ + 2 = 0. 
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16. Find the point whose polar wo ax^ + 2hxy + by^ = 1 is 

lx + my-\-n = 0 

and discuss the case of {ax + hyY = 1. 

17. Answer the same questions as in No. 16 for ax'^ + 2hxy + hy^ = 
and Ix + my + nz = 0 and discuss the case of (ax + hy)^ = z^, 

18. Give the polar of Pj wo the parallel line -pair 

{lx-^my + 2ni)(lx + my + 2n2) = 0 , 

stating when it does not exist. Answer the corresponding questions 
in Gg. 

19. Write down the equation of the chord of y^ = 4tax whose mid- 
point is (oji, 2/i). Find the locus of the mid -points of chords through the 
fixed point (/,<7). 

20. Find the locus of the mid-points of chords of xy = through 
the fixed point {/, g), 

21 . Find the locus of the mid-points of chords of ax^ -f hy^ = c that 
are parallel to lx 4- my -f n = 0. 

In Nos. 22-29, find the centres of the conics. 

22 . ax^-Vhy^ cz^\ ax^ + hy^ — c, 

23. xy = kH^\ xy = Aj^. 24. = i^axz; y^ = 4aa;. 

25. a;* + 4a72/ + 32/^ + 6a;4-8^ + 5 = 0. 

26. 2x^ + 5xy + ly^—\0x-{-20y--\^0, 

27. 2x'^ + xy + y^ — Qxz+\iz^ = 0, 

28. 9a72 — 24a;2/+ 102/^— 12a^-^ 1 62/4-3 = 0. 

29. 2gxz 4- 2 / 2/2 4- cz^ = 0. 

30. Write down the equation of the polar of (k, mk) wo s = 0 and 
find its limit when k->oo. Interpret the result. 

31. Find the points whose polars wo 5 = 0 are ax-\-hy + gz := 0, 
hx-^-hy+fz — 0, and gx-\-fy-\-cz = 0, Explain the meaning of the 
condition of concurrence of these lines. 


12*6. Envelope Equations 

12'61. The method of Joachimsthal can he applied to the 
general envelope equation 


AX‘^ + 2HXY-\-BY^-\-20X + 2FY-{-C = 0 in Gg 
AX'^ + 2HX Y + BY^ + 20XZ + 2FYZ + CZ^ = 0 in G*. 
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When A = 0, the left side of the equation is the product of 
linear factors and the equation represents a point-pair. We 
assume now that A # 0. 

The envelope equation is denoted by (S = 0 and the meanings 
of Si, Sii, /8 i 2, etc. are defined, as in 12-22, by 
S„,„ = AX^X^ + H(X^Y,, -H YJ + B Y^^Y,, 

+ 0{X,,+XJ + F(Y^+Y„) + C inGa 

and in Gg by 

= AX^X,, + H(X„,Y,, + X,, YJ + BY^Y^ 

G(X„ ZJ -l- F{ Y^ Z^ -f Z J + . 

It is convenient to work in Gg. 

Letpi,^) 2 betwohnes [Z^, Yi, JZJ, [X^, Y^, Z^]. An arbitrary 
line through their point of intersection pip^ is 

/C2Z2, i<\Y i-\- K i^Y K1Z1 + K^Z^, 

where (ic^, /Cj) is a homogeneous parameter. This line a belongs 
to the envelope 6' = 0 if 

A{KiXi-\-K^X^Y + 2H{KiXi + K^X^){KiYi + K^Y^) 

-t- B(Ki Zj + ^2 y 2 )^ "b 2 G(Aj Zj /C2-X^2) (^1 “t” ^ 2 ) 

+ 2F(kiYi+k^Y2){ki + k^) + C{Ki + K2Y = 0 , 


and, as in 12-22, this reduces to 

4“ 2^j^ 2^1^2"^ ^22^2^ “ ii- 

This quadratic equation has two roots, and these give the 
parameters (ki, k^), {k'i, k'^) of the two lines a, a' of the envelope 
which pass through The roots 

may be equal and the Unes a, a' are 
then coincident. 

Suppose that one of the lines 
Pi,P 2 belongs to the envelope. If 
this is the fine Pi, then /Sn = 0, 
and one value of {ki, K 2 ) found by 
solving the quadratic equation is (1,0). The second value is 
also (1, 0) if 812 = 0. But 812 = 0 is the condition for Pa 
pass through the point = 0 (which lies on pi in virtue of 
/Sii = 0). Hence on any line pj of the envelope there is a 
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point aSi = 0 having the property that the two lines of the 
envelope which pass through it are coincident with This 
point is the contact of the line^i with its envelope. The contact 
of a line with its envelope is the dual of the tangent at a point 
to a locus. The contact of a line is introduced in 4-1 as a limit. 
The equivalence of the two aspects is explained as in 7-33. 

12 * 62 . If /Sii ^ 0, there is a pair of contacts of the envelope 
which lie on p^. These arc the points p^p^i found by expressing 
that the hnes of the envelope which pass through p^p^ are 
coincident. The condition is ^1" holds if p<^ 

belongs to the envelope = 8^. This is the equation of the 
point-pair of contacts on p^. 

The contacts on p^ are the duals of the tangents from P^. 



12 * 63 . The lines of the envelope 8 = 0 whose contacts are 
on p^ belong both to the envelope 8 = 0 and to the envelope 
S^^8 = 8^, They therefore also belong to 8^ = 0. But this 
equation is of the first degree. Therefore it represents the meet 
of the lines of the envelope whose contacts are on p^. This is 
the dual of the chord of contact of P^. 

12 - 64 . The Pole, Suppose that p^ is any fixed line. Let a, a' 
be the lines of the envelope 8 = 0 through an arbitrary point 
on ^ 1 , and let p^ be the line through this point such that 
(Pxdp^ci') = — 1. Then the envelope of p^ is called the pole of 
Pi wo the envelope conic 8 = 0. 

Proper parameters of a, a' are the values of (/Cij/Cg), (/^i, ^ 2 ) 

given by + 2 S^ 2 KiKg + = 0 
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and those are (1, 0), (0, 1). Hence by 10-86 the harmonic 

condition is 

KzIkx = 

= 0 . 

This shows that ^2 Passes 
through = 0, which is a 
fixed point. Hence the pole 
is a point, and the pole of 
is the point = 0. 

The equation of the pole 
of Pi wo >S = 0 in Gq is 

{AX^ + HY^+GZ^)X + (HZi + jS F i + FZ^) Y 

+ iOX^ + FY^+CZ^)Z = 0. ( 1 ) 

The only case of failure arises when the coefficients of JT, Y, Z 
are all zero, and this cannot happen unless A = 0. Thus every 
line has a pole wo a non-degenerate envelope conic. See 
Exercise 12d, No. 17. 

12 - 65 . By the symmetry of the property (piap 2 ^') = — 1 
with respect to Pi and P 2 > if P^i® Pi P 2 

pole of P 2 on p^. 

Two lines such that the pole of one lies on the other are 
called conjugate lines. 

The poles of concurrent lines are collinear and the point of 
concurrence is the pole of the line of collinearity. This is 
proved by the dual of the method in 
12-45. 

12 - 66 . Example. Find the envelope 
of the join of the contacts of lines of 
/S = 0 which meet on a given line pj. 

Let P 2 be any line of the envelope. 

Then the pole of pg lies onpj. /. ^^2 = ^- 
Hencepg belongs to the envelope = 0. 

Therefore the required envelope is the 
pole of pi. 
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12-67. It is not possible to illustrate all the properties of 
the pole in in a single diagram. The figure shows the pole 
of as the meet of the lines t, t' whose contacts lie on 
as the harmonic envelope, and as the envelope of the 
join q of the contacts of fines of /S = 0 which meet on p^. It 
does not show the fines of the envelope through qp^ or the 
point on p^ the fines through which have their contacts 
on p.,. 

The figures in 12-54 and 12-67 are dual, but they can also 
be regarded as the same figure with a different interpretation. 



12-68. Example. Find the condition that Xx-\- Ty + 1 = 0 
should touch x^ja^ + y^lb^ = 1. 

Let {x^, i/i) be the point of contact. 

This lies on Xx-]- Ty + 1 = 0. /. Xxi-\- Yy^ + 1 = 0. 

Since 

s = x^ja^-hy^/b^—l, = xxja^ + yyjb^—l, 

and the tangent is 

xxja^ + yyjb^ = 1. 

This must be the same as 

Xx-\- Yy+l = 0, 

• _ yi _ 1 

• • a^x 627 

from Xx^+Yyi+l = 0, a^X^-^b'^Y'^ ^ which is the 
required condition. 
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12-69. Example. Find the condition for Xx+ Yy + Zz — 0 
to be a tangent to = 4aa:2. 

Let (* 1 , y^, Zi) be the point of contact. 

This lies on Xx+Yy + Zz = 0. Xxi+ Yyx+ Zzj^ = 0. 
Since s = y^ — 4axz, Si = yVx— 2a{xZx+zxi), and the tangent is 

yyx = 2a{xzx + zxx). 

This must be the same as Xx+ Yy + Zz = 0, 

2azx _ ~yi _ 2aa;i 

■wr xr rr ^ XZ ZX 

from Za:i+ Yyx + Zzx = 0, + 

i.e. aY^ = XZ, which is the required condition. 


12-7. Tangents to s = 0 and Contacts of S = 0 


12-71 . If [X, y, Z] is a tangent to the general non-degenerate 
locus conic 

ax^ 2hxy 4- by^ + 2gxz 4- 2fyz + cz^ - 0, 
let [xx, yxt 2i) be the point of contact. Then 
{axx + hyx + gzx)x+ {hxx 4- byx +fzi) y 4- (gxx 4-/j/i 4- csj) z = 0 
must be identical with Xa:-f Yy-\r Zz = 0. 

, axx + hyx 4- gZi hXx+ byx +fzx _ gXx +fyi + czi _ 

X ~ Y ~ Z 


aXx 4- hyx 4- gzx -kX = 0, 
hxx + byx+fZx-kY = 0 , 
gxx+fyi+czx-kZ = 0 . 


But also Xxx + Yyx-V Zzx = 0 because the point of contact lies 
on the tangent. Hence 

a h g I = 0, 

h b f Y 

sr / c ^ 

z y z 0 
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i.e., with the notation of 0-6, 

AX^^2HXY + BY^ + 20XZ^^2FYZ^GZ^ = 0 . ( 1 ) 

This is the condition for [X, F, 2] to be a tangent to 5 = 0. 

The same proof with z and Z replaced by unity shows that the 
condition for [Z, Y] to be a tangent to 

ax^ + 2hxy + by^ + 2gx-{-2fy + c = 0 
is AX^ + 2HXY + BY^ + 20X-^2FY + C = 0. (2) 


12-72. When 5 = 0 is a line-pair, with the notation of 4-45 
A = bc—P = mimaniTig — + 

F = gJh — df — ^2 "t ^2^l) (^1^2 ^2^l) ^2(^1^2 "t ^2^l) 

= — j(^1^2 — ^2^l) (^1^^2 

Hence 12-71 (1) becomes 

{(min2~^2%)^ + (%^2 — %^i) Y ■]- Zf = 0, 
and so it represents the point of intersection of the lines 5 = 0, 
twice. 


12-73. Let {x, y, z) be a contact of a general non-degenerate 
envelope conic given by the equation 

AX^ -h 2HX Y-^BY^ + 2GXZ -{-2FYZ+CZ^ ^ 0, 


where A, B, G, F, 0, H have any values such that A 7*^ 0. 

Let [Xi , Yi , Zi] be the line of the envelope of which it is the 
contact. 

Then = 0 is the same as xX + yY + zZ = 0. Therefore, as 

in 12-71, AXi+HYi + GZi-kx = 0, 

HXi + BYi + FZ^-ky = 0, 

OXi + FYi + CZi-kz = 0, 


and also + yY■^^■\■ zZi = 0 because [Zj, Fj, Z^ passes through 

the contact. Hence 


A H O X 
H B F y 
O F C z 
X y z 0 


= 0 , 
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i.e. A'x^-{-2H'xy+BY + 2G'xz + 2F'yz+G'z^ = 0, (1) 

where BC-F^ F'^ OH-AF, etc. 

This is the condition for (x, y, z) to be a contact of S = 0, 
The same proof with z and Z replaced by unity shows that 
the condition for {x, y) to be a contact of 

AX^ + 2HXY-\-BY^-\^20X + 2FY+C = 0 
is A'x^ + 2H'xy + B'y^ + 20'x-\-2F'y+C' = 0. (2) 

12-74. When /S = 0 is a point-pair, it can be proved as in 
12-72 that 12-73(1) becomes the equation of the join of the 
points of the pair, twice. 

12*75. Double Generation of the Conic 

Consider a non-degenerate conic 5 = 0 which is the locus of a 
point P^. For each position of P^ there is a tangent at P^. The 
tangents form a curve envelope whose equation is proved in 
12-71 to be 

AX^-^2HXYi-BY^ + 2GXZ + 2FYZ + CZ^ = 0, (1) 

where A=bc—P,F = gh — af, etc. 

Each line of this envelope has a contact and the locus of 
these contacts is proved in 12-73 to be 

A'x^ -h 2H'xy + Py + 2G'xz + 2F'yz + C'z^ = 0, (2) 

where A' = BC-F^ F' = GH-AF, etc. 

In 12-73 the coefficients A, F, ... are arbitrary, but in 
12-75(1) they are given by ^ = bc—p, F = gh — af, etc. 

Also, by 0-6, A' = BC^F^ = aS, F' ^ GH-AF =fS, etc. 
Hence the locus 12-75 (2) of the contacts of p^ is the original 
locus conic 5 = 0. 

A conic may therefore be regarded as a locus of points P 
having a tangent at each point or it can be regarded as an 
envelope of lines whose contacts are the points P. 

ax^ -j- 2hxy + by^ + 2gxz -j- 2fyz + cz^ = 0 
is called the locus equation of the conic and 

AX^ + 2HX Y-hBY^ + 2GXZ + 2FYZ+ CZ^ = 0 
is called the envelope equation of the conic. 
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Starting from the locus equation the envelope equation is 
derived fromit as in 12-71 and the values o{A,F, etc. are be 
gh — af, etc. 

But if the envelope equation is given, the locus equation is 
derived in the form 12-73(1). 


12-76. The polar of wo a locus conic is defined in 12-34 
and 12-44; and the pole of wo an envelope conic is defined 
in 12-64. When a conic is regarded 


from both aspects, the polar of is 
the join q of the contacts of the tan- 
gents through Pj, and the pole of q is 
the meet of the tangents whose con- 
tacts are on q. Thus the pole of I is 
the point whose polar is I, and the 
polar of L is tlie line whose pole is P. 




12*77. The Centre 

The centre is defined in 12-52 as the point of concurrence of 
diameters, and this is, for Gq, the point whose polar is the 
line at infinity. When the envelope equation is available, the 
centre is found most conveniently by 12-64(1) as the pole of 
the line at infinity. 

Putting Xj = 0, = 0, = 1, the centre is 

GX + FY^CZ^O. 

Its coordinates are {G,F,C), in Gq. In Gg the centre is 
{G/G, F/C) if 6V0. 

The centre of a point-pair, which is mid-way between the 
two points, can be found in this way. See Exercise 12 d, No. 18. 


EXERCISE 12d 

In Nos. 1-5, obtain the envelope or locus equation by an ab initio 
method. 

1 . ax^-\-hy^ = c, 2 . aX^-\-hY^ ^ cZ^, 3 . xy ^ 1. 

4. X2 + 2FZ = 0. 6. axy + hx-\-cy-\-d—e. 



240 THE GENERAL CONIC [12*77 

In Nos. 6-10, calculate the values of B, C, F, G, H and write 
down the envelope equation. 

6. :rVa2_2/2/62= 1. 7. xy = kK 

8. k{x^ + y^) + 2gxz + 2fyz + cz^ = 0. 9. x^-xy-2y^ + Zx+l = 0. 

10. 55 a ;2 - 30xy + 39y^ - 40xz - 24yz - 46422 = 0. 

In Nos. 1 1 , 12, find the locus equation. 

11 . X2+F2_^-2, 12 . X^-Y^-\‘^XZ^YZ + 2Z^ = 0, 

In Nos. 13-16, show that the conic has no envelope equation and 
find what form is taken by = 0 . 

13. (ccH- 2 /)^ = ^ 2 . 14. (lx‘^my+l)(l'x + m'y+l) 0, 

15. {ax + by + cz)^ = 0. 

16. Prove that 3X2-4XF~4F2 + 2X4-4F- 1 = 0 has no locus 
equation. What is the relation of {y + 2)^ = 0 to the given equation? 

17. Give the equation of the polo of wo aS' = 0 in G 3 and examine 
the case of failure. Compare with 12*64. 

18. Verify by 12*64 (1) that the centre of 

+ F + 1 ) (x2X4-y2 ^" 1 " 1 ) “ ^ (i(^i + ^ 2 )» i( 2 /i + ^ 2 ))* 


12-8. Self-Polar Triangles 

12-81. If each side of a triangle is the polar of the opposite 
vertex wo a conic, the triangle is said to be self-jpolar wo the 
conic. 

00 ^ triangles self -polar wo a given conic can be drawn with a 
given vertex A . For if B is any point on the polar of 4 , a third 
point C is determined as the point of intersection of the polars 
of ^ and B and is the polar of C, Hence ABC is self-polar. 


12-82. In the figure, by 11-42, (AQDZ) = — 1. Also 
{BPCZ) = {AQDZ), {BPCZ) = - 1. 

Therefore the polar of Z wo any conic through A, B, C, D 
passes through Q and P and is therefore XY, Similarly the 
polar of X is Zr. Hence: 

The diagonal points of a quadrangle are the vertices of a 
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triangle which is self-polar wo any conic through the points 
of the quadrangle. 

It follows that the polar of any point X wo a conic is the locus 
of the point of intersection oi AC and BD when AB and CD 
are two arbitrary lines through X, 


A 




12*83. Dually the diagonal lines of a quadrilateral are the 
sides of a triangle self-polar wo any conic inscribed in the 
quadrilateral. 

For in the figure, by 11*44, {hzhy) = — 1. 

the pole of y lies on z. 

Also (h'xk'y) = — 1. Therefore the pole of y lies on x. 

Hence xz is the pole of y. 



RI AG 


16 
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EXERCISE 12 E 

In Nos. 1, 2, use Joachiinstlial’s iiietliod to find the lines of the 
envelope which pass through the meet of the two given lines. 

1. [1,3], [5, -3]; 2X^-iyXY+Y^= IS. 

2. [3,0,2], [4, -4,0] ; ^Z^~2YZ + 2ZX-hXY = 0. 

In Nos. 3, 4, write down the condition for the line to belong to the 
envelope and, assuming that the condition is satisfied, give the equation 
of the contact. 

3. [Xi, Fi], PX^ + QY^=l. 4. [Xi, Fi, ZJ, XY + kZ^ = 0. 

In Nos. 6, 6, verify that the line belongs to the envelope and find its 
contact. 

5. [1, -2], X2 + XF+F2-2X + 3F + 5 = 0. 

6. [1,2,3], 4Z2-XF-2F2 + 3XZ + 4FZ-3Z2 = 0. 

In Nos. 7, 8, use the envelope equation to verify that the line touches 
the conic and find the coordinates of the contact. 

7. Sx + y=lyUx^-2y^z=l. 8. a;-32/ + 5 = 0, 2/^ = x + 2/+ 1. 

9. Find the equation of the pair of points in which [ — 1, 2] meets 
X2 + 3F2= 1. 

10. Find the equation of the points of intersection of y^ = 4aa; and 
[-l/a,0]. 

11. Find the contacts of the axes and the line at infinity with 

aYZ + hZX + cXY = 0. 

In Nos. 12-15, write down the pole of the line wo the conic. 

12. [Xi, FJ, aF2 = X; [X^, Fi,ZJ, aY^ = XZ. 

13. [1, -1], 2XF+F2-3XH-4 = 0. 

14. [1, -3,2], X2+F2 + Z2 = 4FZ. 

15. [0, 0, 1], X2 + F2 + 20XZ + 2FYZ+ GZ^ = 0. 

In Nos. 16, 17, find the polar of the point wo the conic. 

16. X-F= 1, X2 + 2F2 = 2. 

17. LX + MY^NZ=:0,FYZ+QZX + HXY^0. 

18. Write down the condition for pj and pg conjugate lines 

WOX2+F2 = FZ. 

19. Find the condition for p^x + q^y + r^ = 0 and P 2 ^ + 722/ + ^a = ^ 
to be conjugate lines wo x'^ + 2y^ = 1. 
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In Nos. 20-24, find tho centre of the conic. 

20 . X^ + 3XY + 5Z^=zO. 

21. X^+Y^ + Z^ ^2YZ + 2ZX + 2XY. 

22 . X^ + XY-Y^-\-2X^3Y+l = 0. 

23. a/X + blY ^cjZ = 0. 24. axy + hx + cy-{-d = 0. 

In Nos. 25—28, find the locus equation of the conic. 

25. aX^ + hY^-c, 26. Y^ = 2kXZ. 

27. r^X^+ F2) = {aX + bY+Z)\ 

28. 5X2-.2XF+11F2_i4^^_26FZ+17Z2 = 0. 

29. Pi and p^ are tangents to S = 0, what is represented by 
Si + S^ = >^12? 

30. Find the envelope of the chords of the general conic that subtend 
a right angle at the origin. 

31. Write down the equation of the points of intersection of aS^ = 0 

and [Xi, Yi,Zi], Show that if X^ = 0, Fi = 0, = 1, it reduces to 

bX^ — 2hXY + aY^ = 0. Deduce the condition for the conic to bo a 
rectangular hyperbola, 

32. Give tho equation of the points of intersection of [X^, Y^, Z^] 
and au?- + by^ = and deduce the equation of tho points at infinity 
on the linos joining the origin to those points. 

33. The points in which a lino cuts a.r^ + 6i/*= 1 harmonically 

separate tho points in which it cuts bx'^-\-ay^ = 1. Prove that the lino 
touches (a^ + b^) y^) = a + 6. 

34. Find the eight points of contact of common tangents of 
ax^ + by^ = 1 and cx^ -f dy^ ~ 1 and prove that they lie on a conic. 


12*9. Parametric Equations 

12*91 . If any point on a conic is taken as origin, the equation 
of the conic in Gg is 

ax^ + 2hxy + by^ + 2gx + 2fy = 0. 

An arbitrary line through the origin meets the curve where 
x\a H- 2ht + bi^) + 2x(g 4-/C) = 0 and y = tx, 
i.e. at the origin and at the point 

x\y \ \ — —2{g +/^) : — +/0 • + bi^, ( 1 ) 

The line x = 0 meets the curve at the origin and at (0, — 2//6) 
and this is the limit when ^ oo of the point ( 1 ). This exception 

i6-2 
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can be avoided by the use of a homogeneous parameter instead 
of t. Every other point of the curve is given by (1), the para- 
meter of P being the value of t for which t/ = is the equation 
of OP, The origin itself is given by = 0 unless is a 
factor of in that case 2 gx-\- 2 fy is a factor of 

ax^ 4- 2 hxy -f by^ and so the conic is degenerate. It has therefore 
been proved that any non-degenerate conic through the origin 
has parametric equations of the form (1). 

12-92. For a conic not passing through the origin, if {p, q) is 
any point on the curve, the equations are 

X — p iy — q‘, 1 — — 2 (g ^ 

and these are of the form 

x:y:l = a^t^-^2bT^t-\-c^:a^t^i-2b2t-{-C2'.a^t^ + 2 bQt + c^, 

In Gq the equations are 

X i y 'z = j -f- 26 j ^ -f* c j I (I2 4 " 262 ^ 4 * ^2 ‘ ^3 4 * 263 1 
or, to avoid exceptions, 

x\y ',z = O/'i 4" 26j ts 4" i 4* 262 ts 4* 263 ts -f- C3 5^. 

12-93. Envelope Equation, The point t given by the equations 
in 12-92 lies on the line [X, Y, Z] if 

X{a^t^ 4" 26j^ “h Cj) 4~ Y {a2t^ 4- 263 ^ 4- C 2 ) + Z{a^t^ 4" 263 ^ 4- C 3 ) = 0, 
i.e. t^(a^X a 2 Y a^Z) 2t{b^X b 2 i +b^Z) 

4" (Cj X 4” ^2 F 4“ Z) = 0. 

This quadratic equation gives the parameters of the points in 
which the line meets the conic. [X, Y, Z] touches the conic if 
the quadratic has equal roots, i.e. when 

{a^X -\-a2Y CI3 Z^ (Oj X “l" C2F 4 " C3 Z^ = {b-^X 4 * 62F 4 " 63 
This is therefore the envelope equation of the conic. 

When di a 2 a^ = 0 , 

^2 ^3 

Cl C 2 C3 

there is a set of values X, Y, Z, not all zero, for which 
di X “h U 2 Y 4" d^ Z ^ bi X -\-b 2 Y -^b^Z — Cl X 4" ^ 3 F 4* C 3 ^ = 0, 
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For this particular line [X, T, Z] the quadratic in t becomes an 
identity. Hence every point of the line lies on the conic. 
Therefore when the determinant is zero the equations in 12*92 
do not represent a non-degenerate conic. 

12*94. The tangent to the conic 
X \ y -f" 25j t H“ Cj i "f* ^^2 ^ ^2 * ^3 ^ "t ^3 

may be obtained by the method of 6*71, which gives 

X y z ^ Q. 

+ 261^ + Cl ^2 + 2 b + Cg ^3 -I- 263 ^ -h C3 

X y z = 0, 

flt'l t "i" b-y ttg t "f* ^2 ^3 ^ ”t ^3 

Alternatively, from 

^ 1^2 + 261 ^ + Cl = Xx, 

0^2 “H 2^2 ^ “H Cg = Ay, 

Of'g “h 2b 2 1 “i“ C 3 — Xz , 

= I 26 i X : X : 2 b^ x 

2^2 ^2 y 02 y 263 y 

263 C 3 2 ; <^3 ^ ^3 ^^3 ^ 

= Aiir-f-2J5iy-f (7i lAgO; 4-2^2?/ + ^" 2 + ^jBay-h C'g, 
so that by the method of 6*24 and 6*25 the tangent at is 
(A^x + 2B^y + (7i) - 2^i(^2^ + ^B^y + C^) 

■f + ^ 3 ) 

and the chord can be found in the same way. 

The contact of an envelope conic given by 

X:Y :Z = ait^i-2bit + Ci:a2t^-\-2b2t + C2:a2t^ + 2b2t-^C2 

may be found by the dual method. 

Other processes which may be applied to a conic given by 
parametric equations are illustrated in the following example. 
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12*95. Example. Discuss the conic 
x\y:l = + 

From the given equations 

x:y \ \~-x — y — 
x\2 — 2x — y:\—x — y = 

Hence the x^ y equation is x^ — {2 — 2x — y)(l — x — y), 

By 12*94 the tangent at the point t is 

{2 — 2x — y) — 2tx-\'t%l—x — y) = 0 

and the chord is 

(2-2x-y)-{t^-^t2)x + t^t2(l-x-y) = 0. 

[X, Y, Z] is a tangent if the quadratic 

Xt-\-Y{t^-2)-\-Z(t^ + t-l) = 0 

for t has equal roots, i.e. if (Y + Z)(2Y + Z)-^(X + Z)^ = 0. 
This is the envelope equation. 

Hence the pole of [X^, Y^, Z-^] is 

.YZi + 27ri+2ZZi + |(rZi + Z7i) + (ZZi + Z2i) = 0, 

i.e. {X, + Z,, 2714-1^1, Xi + |7i + 2^i). 

Therefore the centre is (l,f, 2); and, in Gg, 

The asymptotes are the tangents at the points t given b\’ 
4 - ^ — 1 = 0 and so they are 

(2 — 2x — y) — 2tx + t^ {I —x — y) = 0, 

where ^ = J(— 1+^5). Their joint equation is found by 
elimination of t. 

Since {2--2x-y) — 2tx-\'t^{l-x-y) = 0giYes 

(3 — 3x — 2y)'~t(l+x — y) = 0. 
{3-3x-2y){4:-2x-3y) = [l^-x-yY. 

The axes bisect the angles between the asymptotes. Hence 
they are parallel to the bisectors of + 3x1/ + == 0. Since 
the coefficients of x and y in this equation are equal, the 
bisectors are the axes of coordinates. Hence the axes of the 
conic are x = \ and y = |. 
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12 * 96 . The method of 12-73 consists in finding the envelope 
of a line, in the form of a curve locus, by determining the 
contacts of the envelope; these contacts are points through 
which there pass coincident lines of the envelope. 

The envelope of a variable curve f(x, y,t) = 0 may also be 
found by determining these points. 

If f(xi, 2/ij 0 = 0 has a repeated root t, this also satisfies 

0 

2 / 1 , t) = 0. Hence the locus is found by eliminating t 
between these equations. 

When the variable curve is /(a;, y) + tg{x, y) = 0, the envelope 
is the points of intersection of the curves f(x, y) = 0 and 
g{x,y) = 0. 

When the variable curve f{x,y)-\-2tg(x,y) + t%{x,y) = 0, 
the envelope is {g{x,y)Y = f(x,y)h(x,y), because this is the 
condition for the quadratic in t to have equal roots. 

EXERCISE 12 F 

In Nos. 1-4, obtain parametric equations. 

1 . y(x + y) = x. 2 . {x-{-y)^ =z x-y. 

3 . x^ + 2xy-hSy^--4:X-^5y — 0, 

4. 2x^ + ^xy + 5y^ + 6a; + 7y — 24 = 0. 

In Nos. 5-8, find independently the locus and envelope equations. 

5. X = y = t^-‘2t + 5, 6. a; = ^ + y = 2^ + ^“^ 

7. x:y : \ + + + 

8. xiy :z — + + 

9. Find the tangent at ^ = 1 to x:y:z = t^ + 2t+\:t'^--\:U — 2. 

10. Show that the equations 

x:y:l = t^-\-2t + Zi2t^ + t-l:4tt^ + 6t + b 
represent a line which could be represented by 
x:y:\ = 1 : 5 — 2 : 5 . 

11 . Find the chord of the conic a; : y : 1 = + 

12 . Find the polar of (w, v, w) wo the conic 

xiyiz = i + 2 :« 2 +l:^ 2 -L 

13 . Find the pole of [1, 1, 1] wo the conic 

xiyiz^ 2 + 
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14 . Findthepoleof [1,1,1] wo the conic 

Z:r;Z=:=-«2 + 2<-2:(«+ 1)2; 2^-1. 

15 . Find the asymptotes of a; ; 2 / : 1 = i 2. 

16. Show that a; : 2 / : 1 = 3^* — 4 - 1 : 5^2 + 3 : + 1 is a circle and 

find its radius. 

17 . Find the centre, asymptotes, and axes of 

x\yi \ = 2^2 4-i — 1 : 1 ; 3^2 4- 5^ — 2. 

18 . Find the centre and axes of 

x\y\\ = < 2 «. 2 ^— 1 :^— 1:^2 — ^4-1, 

19 . Find the vertex and axis of the parabola 

xxyi 1 = «2 + ^-1;2^4-3:«2. 

20 . If the first minors of hi Cj are all zero, what point has 

^2 ^2 
^3 ^3 ^3 

coordinates x, y such that 

x:y:l =: ait‘^ + 2 bit-\-Ci:a 2 t^-\- 2 b 2 ti’C 2 :a^t^ + 2b^t + c^^ 

21 . Prove that the pole (xi, 2 / 1 ) of the chord < 1^2 conic 

x:y:l = ait^-^ 2 bit-\-Ci:a 2 t^-\’ 2 b 2 t + C 2 :a 2 t^ + 2 b 2 t + C 2 
is given by 

; 2 /i * 1 — ^1(^1 " 1 “ ^2) "I" * 1 " ^2(^1 “J" ^2) “i" ^2 

; ci^hh "i" ^ 3(^1 "J" ^ 2 ) "1" ^3* 

22 . What curve is touched by the line 

(a + bt^)x + (G'\-dt)y-jr{6+ft)^ = 0 

for all values oft? 

In Nos. 23-29, find the envelope when t varies. 

23 . y==Sxt—t^, 24 . {x^ — y^)=::t{x^—l), 25 . y^ = tx^ + at~^. 

26 . 2xtla - 2 /( 1 ” t^)lb = 4«( 1 - l + t^). 

27 . xfs + ylt = 1 where 54-^ = 1. 

28 . x^/s-^y^jt = 1 where 52 + ^2 — 

29 . x^ 4 - 2t^xy 4 - t^y^ = 1 . 

30 . In what way is the line [AC, Y] limited by the relation 

(X^-l) = t{Y^-l)? 



Chapter 13 

THE PARABOLA 

13-1. In 6*2 the equation of the parabola is taken to be 
= hx. 

By 12-34 the polar of wo this parabola is yy^ = \k{x + x^) 
and this is the tangent at if lies on the curve. 

By 12-45 the condition for P^, Pg to be conjugate points is 

ViVi = \k{xi + x^). 

By 12-32 the equation of the pair of tangents from P is 
(«/2 - kx) {y^ - kxi) = {yy-i^ - P(a: + Xi)}K 


13-2. The Parabola y® = 4ax 
13-21 . In 6-28 the parabola is represented by = 4ax or by 
x:y:a = 

Every value of t determines just one point on the parabola and 
every point on the parabola determines just one value of t. The 
representation is proper (10-51). 

The following results are found by the method of 6-2. 

13-22. lx + my + na = 0 meets the parabola x:y:a=^t^:2t\\ 
in points whose parameters are the roots of the equation 
lt^-{‘2mt + n = 0. 

13-23. The chord is + + = 0- 

13-24. The chord whose ends are given by ut^ ■^2vt-\-w = 0 
is ux + vy + wa = 0. 

13-25. The tangent at is x — t^y-\-at^ = 0. 

13-26. The normal at is t^x-\-y = at^-\-2ati. 



or 

The rest 
For exa 
conjugal 

13 - 3 . : 


various 
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EXERCISE 13 a 

1 . Find the tangent other than a; = 0 from (0,6) to = 4aa;. 

2 . Find the tangents from (2a, 3a) to = 4arr. 

3. Find the condition for the tangents from (J,g) to y^ = 4aa^ to 
intersect at 45°. 

4. Find the locus of the mid-points of chords of y^ = kx through the 
vertex. 

5. The tangents at the ends of the chord of x:y:a — 

meet at T, and F is the mid-point of the chord. Prove that TV is 
parallel to the axis. 

6. State the condition for the chord x : y i a : 2t : \ to be in 
a fixed direction, and show that the mid-points of such chords are 
collinear. 

7. Find the equation of the point of intersection of the tangents 
of the parabola X ; F : 1/a = f : 1, and deduce the equation of the 

contact of 

8. Py Q, R are points on y^ = 4ax whoso ordinates are in g.p. 
Prove that the tangents at P and R meet on the line tlirough Q 
perpendicular to the axis. 

9. A chord oi y^ + ax = 0 touches y^ — Aax = 0 and subtends a right 
angle at the origin. Find its inclination to the axis of the parabolas. 

10 . Two parabolas have parallel axes. A variable line parallel to 
these axes meets the parabolas at P and Q. Show that the mid-point 
of PQ lies on another parabola. 

11. A polygon of 2n sides is inscribed in a parabola. Prove that if all 
the sides but one have fixed directions, so also has the remaining side. 

12 . A polygon of 2n sides is inscribed in a parabola. Provo that if all 
the sides but one pass through fixed points on the axis, so also does the 
remaining side. 


13'4. Geometrical Properties 

13-41. The axis, vertex, focus and directrix of a parabola 
are defined in 6-28 and some properties of the curve are given 
in Exercise 6a, Nos. 17-24. 

In the figure, P is an arbitrary point t on the parabola 
x:y:a = PN is perpendicular to the axis, and the 

tangent and normal at P meet the axis in T and G. 
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Since PT is x — is the point { — 0). Hence 

TA = AN. 

The subnormal NO = = 2a. 

^ dx 


K P 



13-42. The mid-point of TO is the same for all positions of 
P. It is the focus (a, 0). 

The chord through the focus perpendicular to the axis is 
called the lotus rectum. 

Since S is the mid-point of the hypotenuse of the right- 
angled triangle PTG, ST = SP. 

Therefore if the parallelogram T8PK is completed, it is a 
rhombus, and 8K is perpendicular to PT. 

But PT x — ty-\-at^ = 0 and 8 is (a, 0), 

/. 8K tx + y — at. 

But K lies on ?/ = 2at. Hence X is ( — a, 2at). 

Since K lies on the directrix x-\-a — 0, and 8P = PK, the 
parabola is the locus of a point P which is equidistant from the 
focus and the directrix. 

13-43. The diagonals of TSPK bisect one another at right 
angles at 7, and Y is the foot of the perpendicular from 8 to 
the tangent. Y is the point (0,at)\ it lies on the tangent at A. 
Hence (5-86) 

The pedal of a parabola wo the focus is the tangent at the 

vertex. 

13-44. TP bisects ^ 8PK. 

The triangles ASY, YSP are similar, each being similar to 
Y ST. Hence SY^ = AS . SP. Also if PT meets the directrix 
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at Ff the triangles FKP, FSP are congruent and so 
Z. FSP is a right angle. 

The lengths of the lines in the figure can be expressed in 
terms of a and 0 ( = Z. 8 TP), For example, 

NP = NOQotd = 2a cot 0 

and SP = r cosec 0 = AS cosec^ 0 = a cosec^ 0, 

13-45. Pedal Eqvxition. The relation between the distance 
r ( = OP) and the perpendicular distance p from a fixed point 
to the tangent at an arbitrary point P of a curve is called the 
pedal equation of the curve wo the fixed point. The sign 
conventions that are adopted make p always positive. These 
are explained in E,C, vol. n, Chapter xvi. 

The result 8Y^ AS , SP, proved in 13-44, can be written 

This is the pedal equation of the parabola wo the focus. 

A pedal equation does not completely determine a curve. 
= ar is satisfied not only by the parabola but also by any 
congruent parabola obtained by rotation about the focus. It is 
also satisfied by p = 0, r = 0. 


13'5. The Converse Pedal Property 


The parabola may be obtained as the envelope of the line p 
drawn at a variable point T of a fixed line I, perpendicular to 
the line joining 7 to a fixed 


point S. 

Taking I as y-axis, and the 
perpendicular to it through 
S as x-axis, let p be [X, Y], 
Then 

A7 = ~l/y, TA = 1/X. 
But A72=: TA,AS. 



a72 = Z, 


which is the envelope equation of the parabola (13-27). See 
also Exercise 13f, No. 2. 
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13*6. Focal Chords 

13*61. A chord which passes through the focus is called a 
focal chord. 

a; — 1(^1 + ig) 2/ + ^^ 1^2 = ^ passes through (a, 0) if 1^12 = — 1. 
Hence tit^^ — I m the relation between the parameters of the 
ends of a focal chord. "J^herefore the tangents at the ends of 
a focal chord intersect at right angles. They also meet on the 
directrix because the pole of the chord is + 



PF, P'F are tangents at the ends of a focal chord. They 
meet at right angles at F. PK, PK' are perpendiculars to the 
directrix. By 13*44, L FSP is right angle. Also the triangles 
FSP, FKP are congruent and the triangles F8P', FK'P' are 
congruent. 

13*62. Example. A circle passes through a given point and 
touches a given line. Find the locus of its centre. 

1st method. Take the given line as a;-axis and let the given 
point be (0, c). Then the centre (x, y) of the circle is equidistant 
from y = 0 and (0,c). 

= 2cy — = 2 c( 2 / — |c). 

This is a parabola with a; = 0 as axis and y — \c m tangent at 
the vertex. 
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2nd method. Let P be the centre of the circle through the 
given point A and touching the given line at Q, Then ^P = PQ. 
Therefore the locus is a parabola, 
focus A, with the given line as 
directrix. 

13*63. Example. Prove that the 
circumcircle of a triangle formed by 
three tangents to a parabola passes 
through the focus. 

By 13*43 the feet of the perpendiculars from the focus to the 
sides of the triangle are collinear. Hence, by the converse 
Simson’s Line property, the focus lies on the circumcircle. 
See also Exercise 13 f, No. 20. , 

13*64. Example. Prove that the orthocentre of a triangle 
formed by three tangents to a parabola lies on the directrix. 
The tangents to x:y:a = at 

X — t^y + at^ = 0 and x — t^y-\- at^ = 0. 

These meet where (^1 — ^ 2 ) 2/ = 

, , y = X = 

The perpendicular from this point to a third tangent 
x — t^y + at^^ = 0 

is t^x + y = a(ti + ^2 + hhh)- 

And this meets the directrix x = — a where 

y = a(^i + ^2 + ^3 + ^ 1 ^ 2 ^ 3 )* 

The symmetry of the result shows that the other perpendi- 
culars meet the directrix at this same point. 

13*65. Example. Find the locus of the mid-points of focal 
chords of the parabola y'^ = 4aa;. 

1st method. Let (x-^, y^ be the mid-point of the focal chord 
Then + 2^^ = 2a(#i + g. 

Also, by 13*61, = — 1. 
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Thus 2ax^ = ~ h} 

= i/i2 + 2a2. 

The locus is the parabola = 2a(x — a), 

2nd method. Let {x^, y^) be the mid -point of a focal chord. 
As proved in 12-46 the chord is parallel to the polar 

yy^ = 2a{x-^x^), 

and it passes through (x^, y^). Thus the chord is 
yy^-2ax = y^^-2ax^. 

Since it passes through the focus (a, 0), -- 2a^ y^ — 2axi. 

/, (iKi, 2 / 1 ) lies on y'^ = 2a{x — a). 

EXERCISE 13 b 

1 . Find the tangents to = 4aa; at the ends of the latus rectum. 

2. Prove that the directrix is the polar of the focus. 

3. Find the length of the focal chord of = 4ax which makes an 
angle a with the axis and show that the latus rectum is the shortest 
focal chord, 

In Nos. 4-6, find the equation of the parabola. 

4. Focus (3,2), directrix x-f 7^/ = 12. 

5. Vertex (4, 2), directrix 2x — 2 / = 1. 

6. Focus (1,2), tangent at the vertex 3x-|- 4?/ = 22. 

7. Verify the result of 13-43 by using the equations of PT and the 
perpendicular from aS* to PT. 

8. With the notation of 13-4 express the lengths of AY, SY, PO, 
SP in terms of a and the parameter of P. 

9. Given the ends of a focal chord of a parabola and the direction of 
the axis, show how to find the focus and directrix. 

10. A and B are given points. A parabola touches AB at A and its 
axis passes through B. Prove that the locus of the vertex is a circle. 

11. From the mid-point M of a focal chord perpendiculars are 
drawn to the axis and the chord, meeting the axis at N and F. Prove 
that NV is equal to the semi latus rectum. 

12. Prove that the locus of the point of intersection of tangents to 
y^ = 4ax which cut off a fixed length b from the directrix is 

(x -1- o)2 (2/2 ~ 
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13. If the nth pedal is defined to be the pedal of the (n — l)th pedal, 
find the 4th pedal of = 4aa; wo the focus. 

14. Find the equation of the pedal of = 4a£i; wo ( — a, 0). 

15. A variable chord P/SQ of a fixed circle passes through a fixed 
point S, The polar of S wo tho circle on PQ as diameter cuts PQ a,t Y 
and the diameter through aS at T. Prove that SY^/ST is constant and 
that the envelope of the polar is a parabola. 

16. A variable circle passes through two fixed points A and B and 
a fixed line through A meets it at P. Prove that the tangent at P 
envelops a parabola focus B. 

13*7. Diameters 

13*71 . The chord has a fixed direction if -f ^2 is constant. 
It makes an angle O) with the axis such that cot (o = ^ 2 )* 

The 2 /-coordinate of the mid-point of the chord is 
Hence: 

The locus of the mid-points of parallel chords is the line 

y — la cot a), which is parallel to the axis of the parabola. 
This locus is called a diameter in Chapter 12 . In G 5 and Gg it is 
the polar of a point at infinity. See 12*5. 




If the diameter bisecting meets the curve at P, the 

tangent at P goes through P^, i.e. it is parallel to the chords. 
Also the tangents at meet on the diameter at T. 

T arid V are separated harmonically by the conic. Hence, 
for the parabola, TP = PF. 

13-72. Example. Find the locus of the point of intersection 
of normals at the ends of a focal chord of the parabola = 4aa;. 

The tangents and normals at the ends of a focal chord 
QiQ% form a rectangle T Q^N, 


Rl^O 


17 
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By 13*71, TP = PF. Also TN is parallel to the axis. If 
N is {x^y)i T is { — hence V is {^{x — a),y) and P is 
— 3a),i/). But Phes on the parabola. Hence = a(a; — 3a). 
Thus the locus is a parabola with vertex (3a, 0) and latus 
rectum a. 



13*75. Oblique Axes 

PX is the diameter through a fixed point P on the parabola, 
Q is a variable point on the curve and QxQ% is the chord 
parallel to the tangent at P. is bisected by PX at F. 

If the parameters of are the coordinates of F are 
+ a(ti + t 2 ) and those of P are ia(^l + ^ 2 )^ ^(^1 + ^ 2 )* 

Also + ^2 = 2 cot 0 ). 

Thus PF = + ^ 2 ^) - = la{ti - 

and QV = a{t^ — cosec oj, 

Q = 4a cosec2 a> . PF = 4.SP . PF. 

Hence if P is taken as origin and PX, PY oblique axes, the 
equation of the parabola is y^ = 46a;, where 6 == SP. 

With these axes x:y:b = I are parametric equations, 

and the equations of the tangent and chord are the same as 
those in 13*2 with b substituted for a. 

13*76. Example. The diameter of a parabola through a 
point P on the curve meets a chord C7F at i and meets the 
tangents at U, V in H, K. Prove that PH . PK = PL^, 

Taking the diameter and tangent at P as axes of coordinates, 
the equation of the parabola is y^^ 46a;. 
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If C/, F are {bt^, 2bti), {bt^, 26<a),the equations of ?7F and the 

x-tijf + bt^ = 0, 

x-t^y + bt^ = 0. 

PL = -btit^, PH = -btj^, PK = -bti, 
PH.PK = Pl^. 


EXERCISE 13 c 

1. Find the distance from (x,y) to the curve = 4aa? measured 
parallel to the axis. 

2. Tangents to a parabola at Q, Q' meet at T, and V is the mid- 
point of QQ\ Prove that the curve bisects TV, 

3 . Prove that the circle drawn on a focal chord as diameter touches 
the directrix. 

4. What are the coordinates of the focus referred to the oblique 
axes of 13-76? 

5. In 13-76, if QD is the perpendicular from Q to PX, prove that 
01)2 = 4aPF. 

6 . Use the property QV^ ^ 4/S^P . PF to write down the equation 
of the locus of the mid-point of a variable chord of y^ = ^ax of length 1. 

7. P,Q,P are points on a parabola. The diameters through P, Q 
meet RQ, RP at Z>, E, Prove that the tangents at P, Q meet at the 
mid-point of DE, 

8. 0 is a point on a chord PP' of aparabola such that PQ . QP' = /fc®, 
where h is constant. If the direction of PP' is fixed, find the locus of Q, 

9. PQ is a chord of y'^ = 4aa;. The lines through P, Q parallel to the 
tangents at Q, P meet at R, PQ varies but passes through the fixed 
point (/, g). Show that R lies on the curve 2y^ •— 2ax — ^gy + 6a/ = 0. 

10. With the figure of 13-76, the tangents at Q^, Qg meet at T and 
the tangent at another point R meets the tangents at Q^, Q^, P in 
H, K, L, Prove that TH : HQ^ = KR :RH = Q^K: KT and KL = LH. 

11. A tangent to y^ + 4bx = 0 meets y^ — 4aa; = 0 at P and Q, Prove 
that the mid -point of PQ lies on y^{2a’\-h) = ^^x, 

12. F is the mid-point and T is the pole of a chord QQ' of a, parabola 
which meets the axis at E. The perpendicular at F to QQ' meets the 
axis at F. S is the focus and K is the foot of the perpendicular from T 
to the directrix. Prove that ST ia parallel to EK and SK is parallel to 
PF. 
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13-8. Normals 

13-81 . By 13-26 the normal to a; : y : a = : 2i : 1 at the point 

^ tx-\-y = at^^-2at. 

This passes through (/, g) if 

tf+g = a^^+2a^, 
i.e. at^-\-{2a—f)t — g = 0. 

This is a cubic for the parameters of points the normals at 
which pass through (/, g). In it will not always have three 
roots. 

If ^ 2 > h parameters of three points the normals at 

which pass through (/, g), since they are the roots of the cubic 
equation, 

From fi + ^2 + ^3 = ^ follows that the centroid of the feet of 
three concurrent normals lies on the axis of the parabola. 

13-82. Example. Find the point in which the normal at 
to x:y:a = meets the curve again. 

The normal is t-^x + y = at^ + 2at^, 

The point lies on it if 

ht^^ + 2to = h^ + 2t^. 

One root of this quadi*atic equation for tQ is and the sum of 
the roots is Hence the other is — 2/^^ — This is the 

parameter of the point in which the normal meets the curve 
again. 

13-83. Example. Find the locus of the point of intersection 
of normals at the ends of parallel chords of 
1st method. The normals are 

t^x-\-y at^ + 2at^, t^x -^-y — at^ + 2 a^ 2 . 

They meet where a; = a(2 + ^i^H-<i ^2 + ^ 2 ^)> y ^ -^^hhih'^h)- 
Since the chords are in a fixed direction, is a constant, k. 
Let = h. Then x = a{2 -t-k^ — h) and y = —akh. 

Hence the locus is kx = ak{2 + k^) + y, which is a line. 
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2nd method. Let be the parameter of the foot of the third 
normal through the point of intersection of the normals at 
Then by 13-81 ^^ + ^2 + ^3 = 0. But^^ + ^g = /. = —k. 

Hence the locus is the normal at the point whose parameter 
is —k, 

13 - 84 . Example. Find the locus of the foot of the perpendi- 
cular from (a, 0) to a normal of = 4ax. 

1st method. The normal is tx-\-y = at^-\-2at. The perpendi- 
cular to it from (a, 0) is ic — ^ 2 / = a. Elimination of t gives the 
required locus. 

Multiply through the second equation by t and subtract 
from the first. Thus 

y(l+t^) = .*. y = at. 

But x-ty = a, y^ = a(x — a). 

2nd method. 8Q is the perpendicular to the normal PG, 
Since SG = SP, Q is the mid-point 
of PG, Draw perpendiculars PN, 

QM to the axis. Then 

NG = 2a, MG = a. 

But gjf" = 8M,MG, 
y^ = (x — a)a. 

In the first method, if the elimina- 
tion of t is carried out by direct substitution for t from the 
second equation into the first, the locus is obtained in the 
form 

{y'^-a(x-a)}{(x-a'f + y^} = 0. 

In real geometry this represents the parabola and the point 
(a, 0); but as this point lies on the parabola, the second factor 
adds nothing to the result. In complex geometry the locus is 
the parabola and the isotropic lines SI, SJ, These occur as 
part of the locus because they are tangents to the parabola 
2/2 = 4aa;, and, as they are perpendicular to themselves, they 
are also normals. Thus if K is any point on SI ov SJ ,K should 
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be regarded as a foot of a perpendicular from /S to a normal. 
The portion 81, SJ of the locus can be found by the first 
method by considering the factor 1 -f . It is not given by the 
second method, which is essentially a method of real geometry. 

EXERCISE 13d 

In Nos. 1-3, give the equation of the normal. 

1. At (9, —6) to 2/® = 2. At to = ax + by + c. 

3. To y^ = 4:a(x + a) at the positive end of the latus rectum. 

4. Prove that 2tx + y = 2kt^ + kt, where « is a parameter, is a normal 
to y^ = kx. 

5. Find the condition for ZarH- my + n = 0 to be a normal to a?* = 4%, 

6. Find the normals to y^ = 4oa; which pass through 

(i) (6a, — 18a), (ii) (10a, 3a). 

7. Find the point of intersection of normals to a; : y : a = : 2Z : 1 at 

the points Zg* 

8. Normals to y^ = 4aa; make complementary angles with the 
axis. Prove that they meet on y^ — aa; = — 2a^ ± a^. 

9. The normal at P to y^ = 4aa? which makes an angle \7t-\-6 with 
OX meets that axis at O and meets the curve again at Q, Find the 
lengths of PG and PQ. 

10. Find the locus of the poles of normals to y^ = kx. 

11. Find the locus of the mid-points of normal chords of y^ = 4aaj. 

12. Find the locus of a point Q taken on the normal at P to y^ = 4aa5 
so that Q is twice as far from tho axis as P. 

13. PQ is a focal chord of a parabola y^ = ^ax, and the normals at 
P, Q meet the curve again in P', Q'\ Prove that P'Q' = 3QP. 

14. If the three normals from (/, g) to y^ = 4aa; make angles 0^, 0^, 0^ 
with the axis, prove that tan (^1 + ^ 2 + ^ 3 ) = 

15. If the normals to y^ = kx at (a;i,yi)» (aJ 2 »y 2 )> ^^e con- 

current, prove that yi + y 2 + Z/a = ^ 

16. If two of the normals from (/,y) to y® = 4cax are at right angles, 
prove that = a(/-’ 3a). 

17. If two of the normals from (/, g) to y^ = 4aa; are coincident, prove 
that 27ay2 = 4(/— 2a)®. 
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18. Prove that normals to a? : y : a = : 2^ ; 1 touch the curve 

x — 2a\y\a= : 1, 

and sketch this curve. 

19. Normals to = 4aa; at Q, jR meet at (at^, 2at) . Find the equation 
oi QR and show that it meets the axis at the same point for all values 
of t. 


13-9. Other Representations of the Parabola 

13’91. When the properties of a single parabola are to be 
investigated, it is best to use the equations = hx or = 4air, 
or the parametric equations equivalent to them. But the curve 
may arise in the form 

5 = + 2hxy + by^ + 2gx + 2/y + c = 0, where ab = h^, 

and more general parametric equations may also be used. 

13*92. Example. What parabola is represented by 
= lOx + St/H- 14? 

The equation may be written {x — 5)^ ~ 3?/ + 39 = 3(j/ +13). 
If PM, PN are the perpendiculars from P{x, y) to the perpen- 
dicular hnes a; — 5 = 0 and «/ + 13 = 0, the 
equation expresses that PM^ = SPN, 

Hence the equation represents the 
parabola with axis x — 6 = 0, tangent 
at the vertex 2 /+ 13 = 0, and latus rec- 
tum 3. 

Since the equation shows that 
2 /+ 13 > 0, the curve lies above the line 
1 / + 13 = 0. Hence the focus is (5, — 12J) 
and the directrix is 2 / = — 13f . 

13*93. Example. What curve is represented by 
(3a; + 42/)2 == 16a;~62y--6? 

The equation can be written 

(3x + 4t/ + ^k)2 = (16+6fc)a; + (8A;— 62)2/+ (P — 6). 
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Choose k so that + 4^ -f i = 0 
and {l6 + 6k)x+{Sk—Q2)y+(k^ — 6) = 0 

are perpendicular lines, i.e. so that 3(16 + ^k) + 4(8i; — 62) = 0. 

/, k — 4:, 


The equation becomes (3a; + 42 / + 4)2 = 40a; — 30?/ 4- 10, or 
^3a; + 4^ + 4 j^ ^ 2^— 



If PM, PN are the perpendiculars from P{x,y) to the 
perpendicular lines 3a; + 4i/4-4 = 0 and 4a; — 3?/+l = 0, tJie 
equation expresses that the PM^ = 2PN, Hence the curve is a 
parabola of latus rectum 2, having 3a; + 4?/ + 4 = 0 for axis and 
4a; — 3i/ + 1 = 0 for tangent at the vertex. The parabola lies 
below the line 4a; — 3?/-l- 1 = 0 because the equation requires 
that 4a; — 3?/+ 1 should be positive. 

13 * 94 . The method used in 13*93 can be applied to any 
equation 

ax^ + 2hxy + by^ + 2gra; + 2/?/ + c = 0, for which ab-h^ = 0. 

This condition makes ax^ + 2hxy + by^ = {jpx + qyY- Hence the 
equation of the curve is 

(px + gy + rf = 2x(pr -g) + 2y{qr -/) + - c. 

r may be chosen so th8i,t p{pr-g) + q{qr-f) = 0 unless 
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The method of 13-93 breaks down in this exceptional case. 
The equation is however of the form 

{px + qyf + 2X{px + gi/) + c = 0 , where Xp ^ g, Xq= /, 
i.e. [px~\-qy-\-X)^ — X^ — c, 

This represents parallel lines, coincident lines, or nothing 
according as > , = , < c, 

i.e. X^p^ > , = , < cp^ (or X^q^ > , = , < cq^)^ 

i.e. g^>,=,<ac (ov P> , = , <bc). 

13-95. Example. A curve has parametric equations 
X = + 2 a 2 t, y = + ^b^t, 

where ^163 ^ a^b-^. Show that it is a parabola. 

1 st method. 2 a 2 t — x = 0 , 

b^i^-\-2b2t-y = 0 , 

— 2t \ — \ = a^y — b^xia^y — b-^x’.a^b^ — a^^v 

Ehmination of t gives the locus equation 

{a^y-b^xf^-^a^y-b^x) {a^b^-a^b^) = 0 , 

which represents a parabola because the terms of the second 
degree form a square. When the equation is made homo- 
geneous, the solution with z = 0 gives equal roots. 

2 nd method. Xx-\- Yy-{-\ =0 meets the curve where 
{cL^X ^{cif^X -^-b^Y^t -]r \ = 0 . 

If Xx + Tt/ -h 1 = 0 is a tangent, this quadratic for t has equal 
roots. Hence the envelope equation is 

{a^X^b^Yf ^ {a^X + b^Y). 

But {a^X^-b^YY = (a^X-^b{Y) Z is satisfied by [ 0 , 0 , 1 ]. 
Hence the curve is a parabola. 

13-96. Example. Find the directrix of the parabola 
X = 2bt, y = ct^ + 2dt. 

1 st method. The equations give 

^ 2 : 2 ^: 1 = by — dx:cx — ay:bc — ad. 
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{by — dx) — {cx~ay)s + {bc — ad)s^ = 0 
meets the curve in points whose parameters are given by 

+ = 0. 


Hence it is the tangent at the point s. Regarded as a quadratic 
for 8 the equation has two roots s^, which are the parameters 
of the points of contact of the tangents from {x,y); and 

1 + = bc — ad:cx—ay:by — dx. 

If {Xi, yi) is on the directrix, the tangents from (xi, y^) are at 
right angles. Hence 

(as^ + b) ( 0 .S 2 + 6) + (cSi + d) (cs^ + d) = 0, 

(a® H- c®) {by — dx) + {ab + cd) {cx — ay) + {b^ + d^) {be — ad) = 0, 

» 

ax + cy+b^ + d^ = 0. 


2nd method. By 13-95 the envelope equation of the curve is 
{bX + dY)^=^aX + cY. 

The pair of points at infinity on the tangents from {x, y) to 
{bX + dY)^ = {aX + cY)Z is, by 8-56, 

{bX + dY)^ + {aX+cY){xX+yY) = 0. 


Also if {x, y) is on the diiectrix, these points are in perpendicular 
directions. . ^i)i + ax) + {d^ + cy) == 0. 


The directrix is ax-{-cy + b^ + (P = 0. 


13-97. Example. Prove that the envelope of a chord of a 
parabola which subtends a right angle at the vertex is a point. 

1st method. Let the parabola he x:y:a = and let 

the ends of the chord [X, T] be ^ 1 ,^ 2 - Then, by 13-23, 

The lines joining the vertex to ^a right angles if 

^ 1 ^ 2 4- 4 == 0, i.e. 4aZ+l = 0. 

Therefore the envelope of the chord is the point (4a, 0). 
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2nd method. The pair of lines from the vertex to the 
points of intersection of = 4m with the chord 

Xx-\-Yy-\-l = 0 are y^ + 4ax(Xx+Yy) — 0. 

These are at right angles if 4aX +1 = 0. 

the envelope of the chord is the point {4a, 0). 

This is the Fr^gier point (7-44) of the vertex, 

13-98. Example. Find the polar equation of the parabola 
referred to the focus as pole. 

1st method. Moving the origin to the focus (a,0) by 2-61, 
the equation y^ — 4ax is replaced by y^ = 4a(a: + a). Hence the 
polar equation is 

r* sin^d = 4a(r cos 6 + a). 

r® = r* cos®(9 + 4a(r cos 6+ a) 

= (rcosd + 2a)®, 

±r = rcosd + 2a, 

r(l — cos^) = 2a or r(l + cos0) = -2a. 

These equations are equivalent because 
the second is satisfied by { — ri,6 + n) 
when the first is satisfied by {r^, 0-^). 

2nd method. Let P be any point {r, 6) on the cm-ve. Then, by 
SP = PK = XN^XS + SN, 
r = 2a + rcoad, r(l — cos0) = 2a. 
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EXERCISE 13 b 

In Nos. 1~4, find the axis, tangent at the vertex, and the length of 
the latus rectum. 

1. a;2 + 32/ = 0. 2. 

3. 2/^ = 4(i/ — £c). 4. ic* + 2aa! + 26?/ + c = 0. 

In Nos. 5-8, find the focus and directrix. 

5. (a;+l)* + ?/2 = (a;4-2)2. 6. a;2 + 8?/ = 8. 

7. y^ = ax-\-b. 8. a; = a + 26?/ -f c?/®. 

In Nos. 9-14, find the axis and vertex and sketch the curve. 

9. (x + yY-x-y, 10. (a;-2?/)* = 2a;4-6?/- 1. 

11. (a; + 2?/)2 = 56a;4-12?/-184. 

12. 4(6a;+12?/)2 + 8a;+63?/-34 = 0. 

13. (lx - yY = 276ir + 32?/ - 531. 

14. (7a;~24?/)2 = 82aj + 76?/-l. 

15. Find the axis and vertex and the length of the latus rectum of 

the parabola x = u cos at,y ^uBinat — where u, g, a are constants. 

16. Find the new equation of the parabola 

y = X tan a — \gu~^ sec^ a x"^ 

when the origin is moved to the point (u^Bm^aj^g, u^Bm^ccj^g), 

17. Show that the parabola in No. 16 touches the parabola 

= ^1i(h — y), 

where h = u^l2g, for all values of a. 

18. Prove that the equations x = at^-\-2ht + c, y = kt^ represent a 
parabola. 

19. Find the tangent at t^to x ^ y = 6(^ — 1)*. 

20. Find the length of the chord \2x — by = 28a of 

X = at^, ?/ = 4a(^— 1)2. 

21 . Find the tangent at to a; = o + y -f+0 and the locus of 
the point of intersection of perpendicular tangents. 

22. If the tangents at to x = at-\-ht\ y = ct + dt^ are at right 
angles, find the fixed point through which the chord passes. 

23. Find the polar equation of y^ = 4aa; with the vertex as pole, and 
of its inverse wo r = 2a. Sketch the inverse. 

24. What is represented by 2a = r(l + cos 6) ? 

25. Find the inverse of a parabola wo the focus and sketch the 


curve. 
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EXERCISE 13 F 



1 . In the figure PSP' is a focal chord and PQ a normal chord of 

Obtain the lengths of SP, SP', PO, PQ in terms of a and 6 
{=ASTP). 

2. Obtain as follows an alternative proof of 13*5. From TY 
produced cut off FP equal to TY, Prove that P lies on a fixed parabola 
by showing that SP = PK, Prove that TP is a tangent at P to this 
parabola. 

3. A circle touches a given line and a given circle. Find the locus 
of its centre. 

4. PSQ is a focal chord of a parabola with vertex A, Prove that 
PS,SQ =::AS,PQ, 

5. Prove that the semi latus rectum of a parabola is a harmonic 
mean between the segments of any focal chord. 

6. If PK, P'K' are perpendiculars to the directrix of a parabola 
from the ends of a focal chord, prove that PK', KP' meet at the vertex. 

7. The normal at P to a parabola focus S meets the axis at O, OQ 
is drawn perpendicular to SP, Prove that QP — 2a, 

8. From any point T on the tangent at P to a parabola focus S 
perpendiculars TM, TN are drawn to SP and the directrix. Prove that 
SM = TN (Adams’ Theorem). 

9. T is the pole of a chord PQ of a parabola focus S, Prove that the 
triangles TSP, QST are similar and that SP , SQ = ST^ and 

TP^:TQ^ = SPiSQ, 

10. In the figure of No. 9 prove that TQ is a tangent to the circle 
PST, and if the circles PST, QST meet the axis again in U, V, prove 
that PU is parallel to TV, 
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11 . Find the common tangents of = 24a; and — 25. 

12 . Find the common tangents of 2/^ = 120a;- 3421/- 12441 and 

+ 2/® + 280a? + 342?/ = 0. 

13 . If the distances of P^, Pg from the axis of a parabola are equal, 
prove that the distances of P^, Pg from the polars of Pg, Pi are equal. 

14 . Prove that of all points on y^ = 4aa; the vertex is the nearest to 
(2a, 0), and that of other points on the curve the nearer to the vertex 
is the nearer to (2a, 0). 

15 . A variable triangle is inscribed in y'^ = 4aa; so that two of the 
sides touch y^ = 46a;. Prove that the third side touches y^ = 4ca; where 
(2a -6)^0 = a6^. 

16 . Find the chord of — ^a/y which touches y'^ = 46a; and subtends 
a right angle at the origin. 

17 . A variable chord of y^ = 4aa; subtends a right angle at (a, 2a). 
Prove that it passes through (5a, -2a). 

18 . Chords of y^ = 4aa; through (a, — 2a) make equal angles with 
the tangent at that point. Provo that their other ends are collinear 
with ( — 3a, 2a). 

19 . Obtain the condition of perpendicularity of the chords and 

of the parabola x\y\k — Use it to prove that chords which 

subtend a right angle at the fixed point pass through the fixed point 

+ — Aj^q). 

20 . Show that the conic Il{A;i(a;-^22/ + a^2^)(a?— ^32/ + a^3^)} = 0passes 
through the vertices of the triangle formed by the tangents at 

to the parabola x:y\a=^t^:2t:l. Also find the ratios for 

which the conic is a circle and verify that the circle passes through 

(a,0). 

21 . The tangents at ^g, to the parabola x:y:a — form a 

triangle Qi Qs* Linos are drawn through parallel to the chord 
^2^3 and the tangent at ti. Show that these lines and the similar lines 
drawn through Qg and all touch the parabola 

(y - 2a^i - 2a^g - 2at^)^ + 8a(x - a^g ^3 - at^ - at^ = 0. 

22 . The tangent at P to 2/^ = 4aa? is met in Q by the line through the 
vertex A perpendicular to AP. Z is the foot of the perpendicular from 
A to the tangent at P. If Z lies on Ix+my-^^na — 0, prove that P has 
three possible positions and that the corresponding positions of Q lie 
on the line (2Z-n)ii;+4mi/ + 2na = 0. 



Chapter 14 

THE ELLIPSE 


14-1. In 6-41 the equation of the ellipse is obtained in the 
form 

By 12-34 the polar of Px{xi,yx) wo this ellipse is 


^^yyi - 1 

and this is the tangent at Pj if P^ is a point on the curve. 
By 12-45 the condition for P^, Pj to be conjugate points is 


a* 62 


When b = a, the ellipse is a circle. 

The polar of P^ix^, 0) wo the circle x^ + y^ = a* is xxi = a®. 
This meets OP^ at P^ such that OP^ = a^/x^. 

OPi . OPg = a2. 

Hence the polar of a point Pj wo a circle centre 0 is the line 
perpendicular to OP^ at the inverse of P^. 

By 12-32 the equation of the pair of tangents from P^ to the 
elUpse a;2/o2 + y^jb^ = 1 is 




+ 





14*2. Parametric Equations 

14*21. In 6-43 parametric equations of x^ja^ + y^jb^ = 1 are 
obtained in the form 


a ' b ' 


a 


or 


- : 1 = l-<2:2<:H-«2. 

a b 
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Every value of t determines just one point of the ellipse, but 
there is one point ( — a, 0) on the eUipse which is not given by 
any value of t. It can be obtained as a hmit when t->co. 

In Gg xja :yjb:z = — 2st + is proper parametric 

representation. 

14*22. Intersections of lx-\-my-\-n = 0 with the ellipse. The 
point t of the ellipse hes on the hne if 

la{\--t^)-{-2rnbt-\-n{\+t^) = 0, 
i.e. {n — la) t^ + 2mbt + (n + la) — 0. 

This is a quadratic for t whose roots are the parameters of the 
points of intersection of the hne and curve. 

14*23. The Chord t^t^. The quadratic equation obtained by 
the method of 14*22 for the parameters of the points of inter- 
section of the chord and curve must be t'^ — t{t-^^-t^-{‘t-^t^ = 0. 
Therefore by the equations in 14*21 the chord must be 

i.e. (X-hh)xla^-{t^-\-Qyjb = 

14*24. The Chord given by ut^-\-2vt + w = 0. By 14*21 the 
roots of ut^ ■\-2vt^-w ^ 0 are the parameters of the points of 
intersection of the ellipse with 

i.e. with (w — u) xja -h ‘2vylb -f + u) = 0. 

Hence this is the chord joining the points whose parameters 
are given by ut^ + 2vt + w = 0. 

Alternatively, the result follows from 14*23 because 

I:ti + t 2 :tit 2 = u : — 2v:w. 

14*25. The Tangent at t-^. This is found from the chord by 
making t^ h- The equation is ( 1 - xfa + 2t^ yjb = 1+ It 
can also be found by the method of 6*71. 
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14-26. The Normal at This is perpendicular to the tangent 
and passes through 

a: = a(l y = 

Hence the normal at is 

where = a^ — b^, 

14-27. Envelope Equations. By 14-25 parametric envelope 
equations are 

aX:bY: \ l-t^ :2t:l-Vt^- 
Therefore the envelope equation is 

a2Z2 + 62r2= 1. 

The results of 12*6 may be applied to this equation. 

14-28. Pole of a Chord. If the chord is FJ, by 12-64 its 
pole is 

a^XX^ + b^YY^ = 1, i.e. (-a^Xj^, -b^Yf). 

If the chord joins the points 1^,12, and (x^^yi) is its pole, 
xxJa^-\-yyJb^ = 1 is identical with the equation in 14-23. 
Hence 

^1 • 2/l • 1 = U(1 ^1^2) • ^(^1 ^2) • ^ "f" ^1^2* (^) 

If the ends of the chord have parameters given by 

ut^ + 2vt -^w — 0, 

this equation must be the same as 

( 1 -^ 2 ) + 2tyjb = I +t^y 

which expresses that the polar of {x^, yf) passes through the 
point t. Hence 

-^+ 1 : -^: 1 --^ = u\v\w. 
a ha 

^ 1 * 2 / 1 * 1 == a{u — w)\ — 2bv:{u-\-w). 

This may also be deduced from (1). 


R 1 A G 


18 
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14*3. Eccentric Angle 

14*31. In 6*41 the ellipse is represented by parametric 
equations ^.^acos^S, y = 6sin95 

and an indication is given of a method of obtaining the 
equation of the chord ^19^2 ^7 orthogonal projection. It is 
convenient to denote the eccentric angles by a — yff , a -f The 
chord is then 

xja yjb 1 =0, 

cos (a -+-/?) sin(a + /?) 1 

cos (a—/?) sin(a — yff) 1 
i.e. {xja) 2 cos a sin yff + (y/b) 2 sin a sin yff = sin {(a + /?) - (a - /?)}, 

X V 

i.e. “ cos a -h f sin a = cos B, 

a b 

14*32 , Making the tangent is 

X '2/ 

-cosa + rsina = 1. 
a b 

The corresponding normal is 

ax sec a - by cosec a = a^ — b^ = c^, 

and parametric envelope equations are 

aX = — cosa, bY = — sina. 

14*33. Example. Find the pedal of x^la^-\-y^lb^ = 1 wo the 
origin. 

Let any tangent to the ellipse be a; cos a + sin a = p ; then, 
by 14*27, ^2 QQg2 a 4- 62 31^2 ^ _ ^2 

But p and a are the polar coordinates of the foot of the 
perpendicular from the origin to the tangent. Hence the polar 
equation of the pedal is 

cos^ 6 sin^^ = 

This curve can be traced by giving values to 6 , Its cartesian 
equation is aV + 6^1/2 = (x^-\-y^Y- 
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14-34. Example. Find the envelope of the join of points on 
an ellipse whose eccentric angles differ by a constant. 

Let the eccentric angles be 5 S — a, ^ + a, so that a is constant. 
The equation of the join is 

-cos^ + f sin^ = cosa 
a ^ b ^ 

and so the line touches the elHpse = 1 , where 

Ui = a cos a and b^ — b cosa. 


14-35. Example. Tangents to x^jc^ + y^jd^ = 1 are drawn 
from a point on x^ja^ + y^jb^ = 1 . Find the envelope of the 
chord joining the other points where these tangents meet 

x^ja^-^-y^jb^ == 1 . 


1 st method. Let either tangent from the point 
xja : yjb : 1 = 

meet the curve again in the point t. 

Then (l — t-^t)xla^{t^’\-t)ylb = l + ^i^ is a tangent to 

x^/c^ + y^jd^ = 1 , 

i.e. [(l-^iO/®> + - 1 -^ 1 ^] 

is a tangent to c^X^ + d^Y^ = Z^, 


i.e. 






The roots of this quadratic in t are the parameters of the 
points where the tangents meet the curve again. Hence by 
14-24 the chord joining these points is 


lc^_d^ 
[a^ b^ 








(1 - t^)pxla H- 2tiqylb + (1 + »• = 0. 


or, say, 
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The homogeneous envelope coordinates of this line are 
(1 - h^)pla, 2tiqlb, (1 + r 
and these satisfy a^X^jp^ + b^Y^jq^ = Z^jr^. Therefore the 
envelope is p^x^jd^ + q^y^lb^ = r^. 

2nd method. Let either of the tangents drawn from 
(acos^, 6 sin^) meet the curve again in (ctcos^i, 6 sin^i). 

The tangent is 

- cos + 9 ^) + 1 sin 1 ( 01 + 0 ) = cos -|( 0 i - 0 ) 

CL O 

and its homogeneous envelope coordinates are 

^008-^(01+0), ^ sin ^(01 + 0), -COS^( 01 - 0 ). 

These satisfy c^X^+d^Y^ = Z^. 

pi A1 

-2COs2|(^i+?4)+psin2J(9;i+^) = cos2|(^4i-^), 

^2 ^2 

-j ( 1 + COS 01 COS0 — sin0i sin0) + ^ ( 1 — COS 01 co80 + sin0i sm0) 

(Jb 0 

= 1 + cos 01 cos 0 + sin 01 sin 0 , 

-2 - p - 1 j ( -a2 + ^ - 1) 

or, say, p cos^^ ^ (f> -= r. 

Hence (acos^i, fesin^ii) hes on 

(pxja) costp {qylb)^in(f> == r, 

which is therefore the equation of the chord. It is a tangent 
to p^x^ja^ -f qhj^jb^ = r^, 

EXERCISE 14 a 

In Nos. 1-10, give the equation of the line or lines. 

1. The tangent at (3, — 7) to 4tX^ + y^ = 86. 

2. The tangents at the origin and ( — 2, — 1) to re® + 41/* + 4a; = 0. 

3. The tangents to 4a;* 4- 6i/* = 2 perpendicular to i/ = 3a;. 
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4. The polar of (3, — 8 ) wo = 3. 

5. The polar of the origin wo (x — cfja^ + {y + d)^lb^ = 1 . 

6 . The polar of X = A; wo + = 1 . 

7 . The polar of X + T = 1 wo 3 flj® + 4ty^ = 5 . 

8 . The polar of (l,in,0) wo x^ja^ + y^jb'^ = 

9. The pair of tangents from ( — 3, 6 ) to x^ + lOt/^ = 1 . 

The pair of tangents from ( 2 , 1 ) to + 31^2 + 2 a; — Sy = 1 . 

In Nos. 11-14, give the coordinates of the point. 

11 . The pole of 4a; — 3^/ + 5 = 0 wo Ix^ + 2y^ = 1 . 

The pole of OF wo (x—pY + qy^ = r^. 

^S. The pole of [5, 6 ] wo 3X2 + 2 F® 

14. The pole of 0] wo a^X^ + b^Y^ = Z^, 

15. Give the equation of the pair of contacts of X 2 + 3 F 2 = 1 on 
[ 1 , 2 ]. 

16. Give the equation of the pair of contacts of a 2 X 2 + b^Y^ = on 
[Z,m, 0 ]. 

17. Show that no point of the ellipse x^ja^ + y^jb'^ = 1 lies outside the 
rectangle formed by a; = ± a, 2 / = ± 6 . 

18. Find the mid -point of the chord lx + my + n = 0 of 

x^la^ + y^jb^ = 1 . 

19. Find the equation of the pair of lines from the centre of 

x^/a^ + y^lb^ = 1 

to the ends of the chord lx-{-my-\-n = 0 . 

20. Find the equation of the circle which has the chord a; + y = 6 of 
2a;2 + 3y^ = 36 for a diameter. 

21. Find the length of the perpendicular from the centre of an 
ellipse to a tangent which makes an angle i/r with the major axis. 

22. Show that the sum of the squares of the reciprocals of two 
perpendicular diameters of an ellipse is constant. 

23. What is the condition for ax + by = 1 to be a tangent to 

4a;2 + 2 /^ = 9? 

24. Prove that if aH^ + b^m^ = n 2 , then lx + my + n = 0 is a tangent 
to a; 2 /a 2 + y^jb^ = 1 and find the point of contact. 

25. Two lines conjugate wo x^ja^ + y^jb^ = 1 pass one through (a, 0) 
and the other through ( — a, 0). Prove that they meet on the ellipse 
a; 2 /a 2 + 22/2/62= 1 . 
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26. If 6 is the interior angle between the tangents from {x,y) to 
x^ja^ + y^jh^ = 1, prove that 

(aj2 + 2/^ — — b^) sin (9 = 2 cos 0 — a %^) . 

Give the geometrical meanings of x^-\-y^ = + and 

aV H- b^y^ < 

27. Find the condition for the chord of the ellipse 

xjaiyjbil = + 

to pass through the origin. 

28. State the condition for the chord of the ellipse 

x^/a^ + y^jb^ = 1 

to have a fixed direction. 

29. State the condition for the chords tit 2 and t^t^ of the ellipse 
x^la^-\-y^lb^ = 1 to be at right angles. 

30. Find the mid-point of the chord ^ 1^2 x^fa^ + y^/b^ = 1 . 

31. State the relation between the eccentric angles of Pi, P 2 if the 
tangents at Pi, P^ are (i) parallel, (ii) perpendicular. 

32. State the condition for the chord joining the points whose 
eccentric angles are (pi and ^2 to bo in a fixed direction. 

33. A tangent to the ellipse x^ja^ -f y^jh^ = 1 meets the axes in P and 
Q, Find the locus of the mid-point of PQ» 

34. Prove that the pole T and the mid-point F of a chord of an 
ellipse are collinear with the centre and that the ellipse separates T, V 
harmonically. 

35. Write down the equations of the chords joining the vertices of 
x^jd^ + y^Jb^ ^ 1 to the point whose eccentric angle is (f>, and the 
coordinates of the poles of those lines. 

36. If cos cos ^ = 1, prove that the pole of the chord wo 

x^la^ + y^lb^ = 1 

lies on x^/d^ + y^jb^ = ^xja. 

37. A is a fixed point and Q is a variable point on an ellipse centre (7. 
The tangents at A, Q meet at P, and QR is the chord parallel to PC. 
Prove that R is fixed. 

38. Prove that the parameters of concyclic points on 

xla:ylb:l = l--t^:2t:l+P 

satisfy + ^2 + "b ^4 ~ ^2 *^3 ^4 + h h h + h ^2 h + h h h* 

39. Prove that the sum of the eccentric angles of concyclic points 
of an ellipse is 2n7r. 

40. The tangents at P,Q to x^fa^ + y^lb^ = 1 are conjugate wo 
x^jc^ + y^ld^ = !• Find the envelope of PQ. 
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14*4. Geometrical Properties of the Ellipse 

14-41 . The curve x^ja^ + y^jb^ = 1 is symmetrical about both 
axes. 

It is assumed that a>b>0. This involves no loss of generality. 
The vertices A{a, 0 ) and A' ( — a, 0 ) and the major and minor 
axes and centre are defined in Chai^ter 6 . Reference should be 
made to Exercise 6 c, Nos. 12-15. In Chapter 6 the elUpse is 
obtained by orthogonal projection. Other methods of ob- 
taining it are given in the present chapter. 




14-42. The locus of P such that SP-^PS' is constant where 
8 and 8' are fixed 'points. 

Let 8, /S' be ( ± c, 0 ) and denote the constant value of 
8P + P8' by 2a. Let 8P = h, P8' = h\ Then 

A'2 _ ^2 _ ^ — (a; — c)2 = to 

and h' + h = 2a. h' — h = 2cxla, 

a^ + icx/a)^ = Uh^ + h'^) = G8^+CP^ = c^ + x^-\-y^ 

/. x^ 1 — c^/a^) + y^ = a^ — c^ 

or x^ja^ + y^jb^ = 1 , where 6 ^ = a^ — c^. This shows that the 
ellipse x^ja^ + 3 /^/ 6 ^ = 1 can be described by means of a string 
of length 2a with its ends fixed at a distance 2^{a^ — b^) 
apart. 
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14 - 43 . The locus of a 'point P fixed 
A, B move on fixed perpendicular 
lines. 

Let the perpendicular lines be 
taken as axes, and let BP = a, 

PA = b. Let P be an arbitrary 
point on the locus, and denote the 
angle OAP by t. Then x = acos^, 
y = b sin t. These are parametric 
equations of an ellipse. 

14 - 44 . A plane section of a right circular cone. 

Let V be the vertex of the cone, VC its axis. Let a* be the 
plane of section, ol the plane through V C perpendicular to cr. 
Let a, cr meet in AA and take an arbitrary point P on the 
curve of section. 

The spheres drawn with centres at the incentre I and an 
ecentre of the triangle VAA to touch a will touch it at 
points S' on A A' and will touch 
the cone in circles EE\ FF' . Let the 
generator VP cut these circles in 
H, K. 

P8f PS' are tangents to the 
spheres. 

PS = PH, PS' = PK. 

Thus SP-]-PS' = HP + PK = EF, 
a constant. Hence the locus of P is 
an ellipse (14-42). 

It has been assumed that A and A' 
lie on the same side of V. The oppo- \c 

site case is considered in 15-44. If a 

is parallel to a generator of the cone, the plane a through 
VE and the axis of the cone meets the surface of the cone 
also in another generator VE', and meets a* in a line E'K. 
The cmve of section is the projection from V of the circle on 
EE' as diameter in the plane perpendicular to a. 
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With the notation of 9-2 

VE = VE' = a, EE' = 6, 

and the circle is = bx. Hence by 9*21, 

the equation of the projection is 

(bx')^ {ay')^ = 

i.e. ay'^ = b'^x', a parabola. 

The general case can also be investigated 
analytically in this way. See Exercise 9a, 
No. 18. 


V 



14-45. Foci 

The points 8, 8' that occur in 14-42 and 14-44 are called the 
foci of the ellipse. 

Since the constant value of 8P + P8' is 2a, 8B = B8' = a. 
Hence the foci can be constructed by drawing an arc centre B 
and radius a to cut the major axis. 



An ellipse may be obtained as the locus of a point P whose 
distance from a fixed point 8 is e times its perpendicular 
distance from a fixed line not through 8, where e is a constant 
and 0 < e < 1. c is called the eccentricity. 

Take the fixed point 8 as origin and let the fixed line be 
X = k. Then the equation of the locus is 

x^-\-y^ = e^{x ~ k)^ or x% 1 - c^) -f- 2e^kx + y^ = e^k^. 
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By change of origin to ( — 1 — e^), 0), this equation becomes 

This is the same as x^ja^ + y^jb^ = 1 if 

“ (l-e2)2 ^ l-e®’ 


Thus 


^ ® "o2» ® - a2 • 


But a^ — 6^ = 0 ^. /. e = c/a. 

Hence x^ja^ + y^jb^ = 1 is the locus of a point whose distance 
from (ae, 0) is c times its distance from 

X = c + k — ae-\-a{l — e^)le = aje, 
where e = cja < 1 . 

The line x = aje is called the directrix corresponding to the 
focus (ae, 0). 

The same curve is also the locus of a point whose distance 
from 8'(—ae, 0) is e times its distance from the fixed fine 
a; = — a/e. /S' is a second focus and x — —a/e is the correspond- 
ing directrix. 


14*46. The foci may alternatively be obtained directly from 
the equation x^ja^ + y^jb'^ = 1 as follows. 

The equation may be written 

b^x^jd^ + y^ = b^, 

or, using c^ = a^ — b^, 

(l—c^/a^)x^-\-y^ = a^-c^ 
x^ + c^-^y^ == c^x^ja^ + a^, 
or, adding ± 2ca; to each side, 

^2 / ^ 2\2 
(x±cf + y^ = -^\x±-^ , 

i.e, 8P^ = e^PK^ or 8'P^ = e^PK'^, where 8, 8' are ( ± c, 0) or 
( ± — perpendiculars from P 

to the lines x = ± a^jc = ± aje. 
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SP = ePK is called the focus-directrix property. No such 
property holds in G 3 for a point ( 0 , k) and line y = k\ See 
Exercise 14b, No. 18. 

14-47. Lotus Rectum, The chord LSU through a focus 
perpendicular to the major axis is called the latus rectum. 

Its length 21 is found by substituting c,l for x,y in the 
equation x^jd^ + y^jb^ = 1 . 

Hence P = c^/a^) = 6 ^ 

This relation, together with e^ = (a^ — b^)la^, determines a, b 
in terms of I, e, 

14-48. Focal Distances. From SP PS' = 2 a,i.e.r + r'= 2 a, 
by differentiation wo the arc s, 

dr dr' 
ds^ ds ’ 

cos^i-f cos^' = 0. 

(See E.G. vol. ii, p. 335.) 

Hence ^ + — n, and SP, 

S' P make supplementary angles with the tangent at P. Or: 

The tangent and normal at P are the angle-bisectors of SPS' . 

14-49. From 14-48, if aSF is the perpendicular from S to the 
tangent at P, and S'P meets SY at V, the triangles SPY, 
VPY are congruent. Hence 

CY = i/S'F = 1{S'P + PS) = a. 

Therefore FHes on the auxiliary 
circle. Therefore the pedal of the 
ellipse wo a focus is the auxiliary 
circle. 

14-50. Let Y, Y' be the feet of 
the perpendiculars from S,S' to 
the tangent at P, and let Z,Z' 
be the feet of the perpendiculars 
to the parallel tangent which touches the ellipse at the dia- 
metrically opposite point P' to P. 
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Then Z, Z' are the images of Y' , Y through G. By 14-49, 
Y, Y', Z, Z' all lie on the auxiliary circle. 

Also SY.8'Y'= 8Y .ZS = A'S.SA = (c + a)(c-o). 
8Y.8'Y' = b\ 


14-51 . Pedal Equation. In the figure, triangles 8PY, 8'PY' 
are similar. 

8Y_8'Y' . p_ b^lp 

“ SP ~ 8'P’ r~ 2a-r 

• • ^2 y. 

This is the pedal equation wo the focus as pole. 

14*52. The Converse Pedal Property, If /S is a fixed point 
inside a fixed circle, and F is a variable point on the circum- 
ference of the circle, the envelope of the perpendicular at Y 
to iSF is an ellipse with focus 8 having the fixed circle as 
auxiliary circle. 



Take the centre G of the circle as origin and let 8 be (c, 0). 
Let the perpendicular at Y to 8Y he [X, Y] and suppose that 
it cuts the axes of coordinates in T,T\ 

The triangles TYC, TST' are similar. 

. CY,TT = OT,ST\ 

••• “ 7 (^+ 1 ^) 



14-56] 
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a^(X^+Y^) = c^Y^+l, 
i.e. a^X^ + b^Y^ = 1. 

The corresponding envelope when 8 is outside the circle is 
found in 15-52. 

14-53. If a chord PP' meets the directrix corresponding to 
the focus 8 at P, then F8 bisects an angle between 8P, P8'. 
For if PK, P'K' are perpendiculars to the directrix, 

8P = ePK, 8P' = eP'Z'. 

8P : 8'P = PK : P'Z' = PP : P'P. 

Therefore F8 bisects the angle at 8, 

By making P' P it follows that if the tangent at P meets 
the directrix at P, then Z. R8P is a right angle. 

K' 

K 


\ 

14-54. From the last result may be deduced Adams’ Theorem : 
If TM, TZ are perpendiculars to 8 P and the directrix, 
drawn from any point on the tangent at P, then 8M = eTZ, 

For 8M:8P--= RT:RP= TZ.PK, 

But 8P = ePK 8M = eTZ. 

14-55. If tangents PP, TP' are drawn from a point T to 
an ellipse, T8 bisects Z. P8P', 

For if TM, TM' are the 
perpendiculars to 8P, 8P', 
by 14-54, 8M = eTZ = 8M', 

Hence T8 bisects Z P8P', 

14-56. The proofs in 14-53- 
14-55 are applicable when 

e = 1. This shows that the results hold for the parabola. 


T 
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14-57. The tangents TP, TP' are equally inclined to T8, 
TS\ 

1st method. Let 8Y, 8'Y' be the perpendiculars from the 
foci to TP and 8Z,8'Z' the perpendiculars to TP', 

By 14-50, 8Y ,8'Y' = 8Z,8'Z', Hence it may be 

shown that the triangles 8YZ, 8'Z'Y' are similar and so 

Z. 8TP = Z 8ZY = Z 8'Y'Z' = Z 8'TP', 



2nd method. By 12-38, the equation of the angle-bisectors of 
the lines through the origin parallel to TP, TP' is 

^2 _ y2 

But the lines through the origin parallel to T8, T8' are given 

{xg - y{f- c)} {xg - y{f+ c)} = o 

and their angle-bisectors are given by the same equation as 
the bisectors of the parallels to TP, TP'. Hence T8, T8' are 
equally inclined to TP, TP'. 


14*6. Locus of the Point of Intersection 
of Perpendicular Tangents 

1st method. The tangents from are 


i.e. 


\a2'^62 7\a2'^62 7 \ a* ' 
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They are perpendicular if the sum of the coefficients of and 
in their equation is zero, i.e. if 


l^-l 

U- 



7^62 1 

i»« V 


— — = 0 . 

Therefore {x-j^,y^ hes on + + 

2nd method. By the envelope equation = 1 it 

follows that an arbitrary tangent to the eUipse is 

X cos a + 1/ sin a = A^(a^ cos^ a + 6^ sin^ a). 

A tangent perpendicular to this is 

— a; sin a + 2/ cos a = sin^ a + 6^ cos^ a). 

By squaring and adding it follows that the point of inter- 
section of the tangents lies on 

0^2 + ^2 _ ^2 ^ Z) 2 . 

This locus is called the director circle of the ellipse. It is 
discussed further in a later chapter. The corresponding locus 
for a parabola was proved in 13-61 to be the directrix of the 
parabola: in Gg it would be the line-pair composed of the 
directrix and the line at infinity. 

EXERCISE 14b 

1 . In the construction of 14*42 if the ends of the string are 3 in. 
apart, and the major axis is double the minor axis, what is the length 
of the string? 

2 . An ellipse of minor axis 3 in. is to be drawn by the construction 
of 14*42 with a string of length 6 in. Find the distance between the ends 
of the string. 

3. Find the eccentricity of the ellipse drawn by means of a string 
4 in. in length with ends 2iin. apart. 

In Nos. 4-7, find the foci, directrices, and eccentricity. 

4 . + = 36. 5. + = 441. 

6 . ^x + y+lY■\■^x~y-lf=l2. 

7. 4:{x^ + y^) = (a?cosa + 2/«ina— 
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In Nos. 8-11, find the eccentricity and the length of the latus rectum. 

8. x^-h2y^ = 3. 9. 4(a;- 1)2 + 25(2/ + 2)* = 100. 

10. 2a;2 + 42/2 + 4.^ ~ 1 2?/ = 5. 11. 81ic2 + 42/(2/— 2) = 320. 

12. Find the tangents to 9052+ 162/2 = 144 at the ends of the latera 
recta. 

13. Find the condition that the chord ^2 

xja : yjh : 1 = 1 — ^2 : : 1 + ^2 

passes through a focus. 

14. In the figure of 14*45 prove that SB = CA and AS . SA' = 

15. Express the semi -axes of the ellipse in terms of the eccentricity 
and the latus rectum. 

16. Show that the distances from the foci to the point {x,y) on 
a;2/a2 + y^/h^ = 1 are a ± ex, 

17 . Through any point P on x^Ja^ + y'^jh^ = 1 a line is drawn parallel 
to OX meeting 0 F at M and the circle on the minor axis as diameter 
at R, Prove that MP : MR = a :b, 

18. Show that the equation x^ja^ + y^jh"^ = 1 cannot be written in 
the form x^ + (y-~p)^ = (qy — r)^ if b^<a^, 

19. The adjacent comers 15 of a rectangular lamina A BCD slide 
on two fixed perpendicular lines in the plane of the lamina. Prove that 
the locus of C is an ellipse of area nAD^, 

20. The normal at P meets the axis at O, and PK is drawn perpendi- 
cular to the directrix corresponding to the focus S, Prove that the 
triangles SPK and QSP are similar and deduce that SO — eSP, 

21 . If the tangent and normal at P meet the major axis at T and O, 
prove that (S' GST) = — 1. 

22. AA' is the major axis of an ellipse of which S, S' are foci. P is 
any point on the curve. AR, .4'P'.parallel to SP, S'P meet the tangent 
at P in P, R', Prove that AR-^A'R' = AA'. 

23. The tangent to an ellipse at any point P meets a fixed tangent at 
T, At a focus S, a line is drawn perpendicular to ST to meet the tangent 
at P in Q. Prove that the locus of Q is a line which touches the ellipse. 

24. Pis any point on the tangent to an ellipse at an end of the minor 
axis. Prove that the other tangent from T also touches the circle 
through T and the foci. 

25. Show that the envelope of the chords of contact of tangents to 
an ellipse of eccentricity e from a point on its director circle is an ellipse 
of eccentricity e ^{2 — e2). 
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26. A tangent to + y^jb^ — 1 meets x^ja + y^fh = a + 6 in P and 
Q, Prove that the tangents at P and Q are at right angles to one 
another. 


27. Find the director circle of the ellipse x’^ld^-Vy^lh^ = 2aj/a. If 
a and h increase without limit in such a way that b^ja -> 1, find the limit 
of the ellipse and of its director circle and verify the result. 


14*7. Diameters 

14*71. It is proved in 12*34 that the harmonic conjugate P 
of a fixed point P^ wo the ends Q, Q' of a variable chord through 
Pj lies on a line 5 ^ = 0 called the polar of P^, and that this 
line passes through the points of contact of tangents from P^. 
Also if the tangents at Q, Q' meet at T, since the polar of T 
goes through P^, that of P^ goes through T. Thus T lies on 
HK, See the first figure. 



When the geometry is homogeneous and P^ is a point at 
infinity (Z, m, 0), the polar of P^ becomes the locus of the mid- 
points of chords parallel to xjl = yjm and its equation is 
xlla^ + ymlb'^ = 0. This passes through the centre C and is 
therefore called a diameter of the ellipse. See the second 
figure. 

The tangents at the ends H, K of the diameter 
xlla^ + ymlb^ = 0 

are parallel to the chords bisected by that diameter, and the 


R I A G 


IQ 
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tangents at the ends Q' of any one of the chords meet on 
HK, 

The point at infinity on xlfd^ + ymlb^ = 0 is (a^m, — bH, 0) 
and this is the pole of xjl = y/m. Chords parallel to 
xlla^ + ymjb^ = 0 
are bisected by xjl = yim. 

These two diameters, which are such that each bisects the 
chords parallel to the other, are called conjugate diameters. 
They are conjugate lines in the ordinary sense that each 
passes through the pole of the other. 




14-72. In the first figure PVGP' and BCD' are conjugate 
diameters and QQ' is one of the chords bisected by PP'. 
The eccentric angles of the points can be taken as they are 
shown in the second figure. For (i) the sum of the eccentric 
angles of the ends of parallel chords is constant. Thus if 
P is the point a, Q, Q' must be a — a + ^J: also D, D' must 
be <x—j3,oc+j3, where P — \'n because BB' is a diameter. Or 
(ii) the ellipse can be regarded as the orthogonal projection of 
a circle: PP',BB' are then the projections of perpendicular 
diameters because the tangent at P is parallel to BB'] the 
eccentric angles of the points on the ellipse are equal to the 
vectorial angles of the corresponding points on the circle. 

Since 

CP^ = cos^ a + 6^ sin^ a and CB^ — sin^ a + 6^ cos^ a, 
CP2 + (7i)2 = a2 + 62, 

i.e. the sum of the squares of the lengths of conjugate diameters 
of an eUipse is constant. 

Also, the parallelogram formed by the tangents at P, P', 
jD,Z)' has constant area 4a6, since it is the orthogonal pro- 
jection of a square circumscribing a circle of radius a. 
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14-73. The conjugate diameters whose ends have eccentric 
angles Itt are of equal length and are called the equi- 
conjugate diameters of the elhpse. The equiconjugate diameters 
lie along the diagonals of the rectangle x = ±a,y = ±b. 

The axes of the ellipse are one pair of conjugate diameters 
and they are the only perpendicular pair. 

14-74. Example. Find the chord of + which 

is perpendicularly bisected by Ix + my = z. 

Let the chord be xjl — ylm = kz. The diameter which bisects 
it is the polar of (Z, m, 0), namely xlja^ + ymlb^ — 0. 

These two Hnes are concurrent with lx + my = z. 



III - 

- 1/m 

k 

= 0, 


lla^ 

mjb^ 

0 



1 

m 

1 


k 

Ija^ 

mjb^ 

= - 

Ijl 

-> 1/m 


1 

m 


Ija^ 

mjb^ 


k{a^-b^) = a^ll^ + b^lm^. 

Hence in Gg the Hne perpendicularly bisected by lx + my = 1 is 
— (xjl — ylm) = d^/l^-\-b^lm^, 

14-75. Example, Find the pedal equation of an ellipse wo 
the centre. 

By 14-72, + GD^ = a 2 ^2 

and p . CD = ab. 

Eliminating CD, 4- + 6^). 

14-76. Example. Find the condition for 
Ax^ + '2.Hxy + By^ = 0 

to represent conjugate diameters of x^Ja^ + y^lb^ = 1. 

Hence the condition is a^A + b^B = 0. 


19-2 
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14*77. Example. Find the least angle between conjugate 
diameters of x^ja^ + y^jb^ = 1. 

Let the eccentric angles of P, Dh& — \ti. 


Then t&riLACP — 


6sm^ . , A rin. bcoa^ 

^ , tan Z.ACD = r— j , 

acosp asin^ 


2ab cosec 2^ 
a^—b^ 


(baoad) fesin^X // 6*\ 

tanZPCD = + ^ / 1 — 2 = - 

\asmp acosp// \ a‘/ 

Hence the acute angle between the conjugate diameters is 

tan“^ {2a6 cosec 2ipl{a^ — b^)}. 


This is least when ^ = \n and is then 2 tan“i (6/a). 


14*78. If the figure of 14*72 is obtained by orthogonal 
projection from the corresponding figure for the circle, the 
ratio of lengths in the same direction is the same for both 
figures. 

Hence QV^/CD^ and PV .VP'jGP^ are the same for both. 
But in the circle 

QV^ = PV. VP' and GP^ = GD^. 

Hence in the ellipse 

QV^ iPV. VP' = GD^ : CP^. 

This is a special case of Newton’s Theorem (14*79). 

When CP, C D are taken as axes of coordinates and Q is the 

pomt ix,y), pY Yp' OP^-GV^ = a^-x^, 

where CP = a^. Putting also pD = b^, 

y^-.Oi^ — x^ = b-^-.a^. 

.*. x^ja-^+y'^lb^ = 1 . 

This is the equation of the ellipse referred to conjugate dia- 
meters as oblique axes. 

14*79. NewUnCs Theorem. If P^QR is a secant of the ellipse 
x^ja^ + y^jb^ = 1 through a fixed point P^, and 6 is the angle it 
makes with y = 0, then the point (a:i-t-»” cos 6, yi+r sin d) lies 
on the ellipse if r = PiQ or PiR. 
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Hence (Xi + r cos 6)^ja^ + (^i + »■ sin d)^lb^ = I is a quadratic 
in r whose roots are Q and P^ B. 


PiQ.PiB 




■)/(^ 


coa^0 sin*0\ 


62 r 



Similarly, for a secant P^ Q'B' which makes an angle 0' with 


OX, 


PiQ'.PtR' 


, \ / / cos26>' sin2<?' \ 

6~j' 


PiQ.PiP 

PiQ'.P^R' 


is independent of (x^, y^) and depends only on a, b, d, d\ 

Thus, for chords in fixed directions, P^Q 
is constant for all positions of P^. This is known as Newton’s 
Theorem. 

The same method can be applied to the conic 


ax"^ + Ihxy + hy"^ + ^gx + + c = 0, 


and so Newton’s Theorem holds for any conic. 

For the ellipse, by taking one position of P^ at the centre ( 7 , 


PiQ.Pii? (7X2 
PiQ'.PiP' ” (7X'2’ 


where CK,CK' are the semi-diameters parallel to P^QR, 
PrQ'R'. 
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14*8. Concyclic Points on the Ellipse 

14*81. The chords of intersection of a circle and ellipse are 
inchned to the axis of the ellipse at supplementary angles. 

1st method. Let QR, Q'R be the chords and let them meet 
at P. Then by a property of the circle PQ . PR = PQ\ PR' 
and, by 14 * 79 , PQ .PR iPQ'.PR' = CK^:CK'\ where CK, 
CK' are the parallel semi-diameters. 

Hence CK = CK', Thus CK, CK', and therefore the chords, 
make supplementary angles with the axis. 

2nd method. Let the circle be + — 0. 

The points t^, of x/a :y/b: I = l — lie on 

this circle if t^, are the roots of 

a2( 1 _ ^2)2 ^ 462^2 + 2^a( 1 - P) + 4 /fc« ( 1 + ^2) + c( 1 + = 0. 

Since the coefficients of t^, t in this quartic equation are 

^ “h ^2 “t" ^ 3 't ' ^4 ~ 'h "t" ^ 1 ^ 2 ^ 3 * 

/. (1~^i^2)(^3 + U + (1“”^3^4)(^i + ^2) = This is a necessary 
and sufficient condition for the chords 

(1 — t>it2) xfO/ -{• y/b == 

and (1 - ^3^4) xja (t^ -h ^4) y/6 = 1+ ^3^4 

to be inclined at supplementary angles to OX, Another method 
is given in 16 * 82 . 

If ^ is the eccentric angle of the point whose parameter is t, 
t = tan^^. Hence the condition 

( 1 — ^1^2) (^3 ‘t" ^4) + (1 — ^3^4) (^1 4 " ^2) “ ^ 

is equivalent to tan J (^1 + ^2) + ^^^ H^3 + 04) = ^* 

Hence the eccentric angles of four concyclic points are such 
that "i"^2 "t" 9^3 4 " ^4 ~ 27177 , 

This is a necessary and sufficient condition for the points 
^i,02j^ 3>^4 fo be concyclic. 

14*82 . Example. Find the equation of the locus of the point 
P which divides a chord of an ellipse of which the direction is 
fixed so that QP^+ PQ'^ is constant ( = 2 k^). 
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Take conjugate diameters one of which is parallel to QQ' as 
axes. Let P, Q be {x, y), {x, z). Then 

(QP + PQ')^ = 4z^ 
and ' {QP-PQ'f = 4y\ 

= z® + y^. 



But x^ja^+z^jb^ = 1. 

x^ja^ — y^lbj^ = 1 - k^/hj^. 

This is the equation of the locus. 

EXERCISE 14 c 

1 . What diameter of x^jd^ + = 1 bisects chords parallel to 

y = txl What chords are bisected hy y = sxl 

2. Give the condition for liX + nij^y = 0 and + ^ 

conjugate diameters of ax^ + by^ = 1. 

3. CP, CD are conjugate semi-diameters of an ellipse and PN, DM 
are perpendicular to the major axis. Prove that 

PN: CM = b:a = DM: CN. 

4. Prove that SP . PS' = GD^, where CD is conjugate to CP, 

5. If PP' is a diameter and Q is any point on an ellipse, prove that 
QPy QP' are parallel to conjugate diameters. 

6. Find the condition for the diameters of ax^ + by^ = 1 through its 
points of intersection with Ix-hmy + n = 0 to be conjugate. 

7. Prove that ax^ -i- 2hxy — by^ = 0 represents conjugate diameters 
of ax^ + by^ = 1. 

8. Find the perpendicular to lx -h my -h n = 0 which is conjugate to 
it wo x^jd^ + y^lb^ = 1 and prove that the two lines meet the major 
axis in points which separate the foci harmonically. 
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9 . The tangent at T to an ellipse meets a diameter CP at H, and 
the line through T parallel to the conjugate diameter meets GP at N. 
Prove that CN.CH^ GPK 

10 . Two conjugate diameters of an ellipse meet the tangent at one 
end of the major axis in Q and Q\ Prove that QQ' subtends supple- 
mentary angles at the foci. 

11 . Prove that two conjugate diameters and the directrix form a 
triangle whose orthocentre is the corresponding focus. 

12 . Prove that 

ab(a^ sin^ d — cos^ 6) (x^/a^ — y^/b^) = 2xy{a^ — b^) sin 6 cos 0 

represents conjugate diameters of x^ja^ + y^jb^ — 1 and that their 
angle -bisectors are parallel to the tangent and normal at the point 
(a cos 6 sin 0 ). 

13 . Find the locus of the point of intersection of perpendiculars to 
the conjugate diameters CP, CD of an ellipse drawn at P and 0 
respectively. 

14 . Prove that conjugate diameters of an ellipse cut the director 
circle at the ends of a chord which touches the ellipse. 

15 . Tangents to an ellipse at the ends of a fixed diameter QQ' are 
cut by a variable tangent at P in T, T\ Prove that QT ,Q'T' is constant 
and that TP : TQ = T'P : TQ. 

16 . Find the locus of the mid-points of focal chords of 

x^ja^ + y^lb^ = 1 . 

17 . Find the locus of the mid-points of chords of an ellipse which 
subtend a right angle at the centre. 

18 . Chords PKQ of x^ja^ + y^jb^ = 1 pass through a fixed point 
K{k,0) where = a\a^-b^)l{a^^b’^). Prove that ljKP^-\-llKQ^ is 
constant. 

19 . Prove that the mid-point of a chord of length 2k of 

x^la^ + y^lb^ = 1 

lies on the curve 

a^b^x^la* + y^/b^) (x^a^ + y^/b^ - 1 ) + k^(x^la^ + y^/b^) = 0 . 

20 . Prove that the common chords of an ellipse and a concentric 
circle are the sides and diagonals of a rectangle. 

21 . Given an ellipse drawn on paper, show how to find its axes and 
foci by geometrical construction. 

22 . A circle touches the ellipse x = acos(p,y = 6 sin 96 at the point 
and meets it again at the point 02 * Find the parameter of the 

remaining point of intersection. 
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23. A circle has three -point contact with an ellipse at a given point 
whose eccentric angle is 0, Find the eccentric angle of the other point of 
intersection. 

24. PGP' and DGD' are conjugate diameters of an ellipse and ^ is 
the eccentric angle of D. Find the eccentric angle of the point where the 
circle PDP' meets the ellipse again. 


14*9. Normals 

14*91. The normal at to x^ja^ + y^jb^ = 1 is 

ahjxX-b^XxV = {a^-b^)Xxyx. 

This passes through a fixed point (/, g) if 

= {a^-b^)xxyi = 

i.e. if {Xx,yi) lies on d^fy — h^gx — (a^ — b^)xy as well as on 
b^x^-^a^y^ = 

These curves intersect in points whose ordinates satisfy 
b^ia^fy)^ = bV(c^y + b^g)^ = a\b^-y^) {c^y-¥b^gf 

and therefore, in Gq, in four points. 

The equation a^y — b^gx = c^xy represents a rectangular 
hyperbola called the hyperbola of Apollonius which is dis- 
cussed further in volume ii. 

14*92. The normal at the point <f> to x = acos^S, y = 6sin95 

axsGc<f) — by cosec <f> = c^. 

This passes through the fixed point (/, g) if 

• n. ^ 1 / af seed) — bg cosec 6 — 

or, if « = tan J ^ ^ 

2aft{\+t^)-bg{\-t^) - 

a quartic in t. The four roots of this equation satisfy 

1 \ tx't 2^1 ^2 • ^ 2^3 * ^ 1^2 ^ 3^4 

= 6^ : ~ 2(a/4- c^) : 0 : - 2{af- c ^) : - bg. 

1 — "b ^ 1 ^ 2 ^ 3^4 ~ ^* 

cot J (^1 + 962 +9^3 + 9^4) = 

9^1 + 9 ^ 2 9 ^ 3 "!■ 9^4 = {2n-\- \) 7 t . 


Hence 
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This is a necessary but not a sufficient condition for the 
concurrence of the normals at the points Two 

conditions are needed for the concurrence of four lines. 

14-93. If the normals at concurrent and (f>[ 

is the point diametrically opposite to then since 

20 = (2?i+l)7r and (^>[ = 

it follows that + 02 + ?^3 + 04 = ^ except for a multiple of 2n, 
and therefore by 14-81 the points 0i502>03>04 sire coney die, 
i.e. the circle passing through the feet of three concurrent 
normals passes through the point diametrically opposite to the 
foot of the fourth normal. 

14-94. Example. Prove that the perpendiculars from the 
vertex of an ellipse to four concurrent normals meet the ellipse 
again in four concyclic points. 

Let the perpendicular from A to the normal at P meet the 
ellipse again at P'. Let 0,0' be the eccentric angles of P, P'. 
Since the tangent at P is parallel to AP' and the eccentric 
angle of A is zero, 0' = 20. 

There are four positions of P for which the normals are 
concurrent, and their eccentric angles satisfy 210 = (2/1+1 ) tt. 

Hence for the corresponding points P', 

20' = 2(2/i+ l)7r = 2m7r. 

Therefore the four points P' are concyclic. 

14-95. Example. Normals to an ellipse centre C at P^, P^, 
P3, P4 are concurrent. Provo that lines P^Qi, PsQs^ 

P^Q^ making with the major axis angles supplementary to 
those made by CP^, CP^, GP^, CP^ are also concurrent. 

The equation of CP^ is xy^ — yx^ = 0, and that of Pj 
xyi + yxi = 2x^yj^. The normal at P^ is a^y^x — b^x^y = c^x^y^ 
and this passes through a point {f,g). 

But this shows that xy^ + yx^ = passes through 
(2a2//c2, ^2b^glc^). 

Similarly, P^ P3 Q3, P4 Q4 pass through this point. 
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14 - 96 . Example. Find the locus of the point of intersection 
of perpendicular normals to x^ja^ + y^jb^ = 1. 

If the normals at U, V meet at Q and the corresponding 
tangents meet at T, TU QU^ ib rectangle. The diagonal TQ 
bisects JJU' dbtV and therefore passes through the centre (7. 


T 



Since {TPVP') = — 1, 

CF. GT = CP^. 

\{CT^QG)CT ^CPK 

But, by 14-6, (7T = + 

and if Q is the point (r, 6), 

CQ = r and (CP cosd)^la^-h (CP sin 0)^/b^ = 1. 


Hence 


1 

(cos^6)la^ -h {sm^0)lb'^' 


ir^J(a^ -\-b^) 


+ b^ a^b^ 

2 b^^cos^0-ha^sin^0' 


b^ cos^ 0 + a^ sin^ 0 — 


r^(a^ + b^) = — + 


This is the polar equation of the locus, and 


(a® + 62) (a;2 + y^) {b^x^ + + a*y^ - a^b^{x^ + y^)Y 

= (ai? — b^)"^ {a^y^ — b'h?‘'f 


is the cartesian equation. 
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14 * 97 . Example. If T is the pole of a chord PQ of 
x^ja^ + y^jb^ = 1 

and /S is a focus, show that 8P .SQ = ST^ where 2/? is 

the difference between the eccentric angles of P and Q. 

Let the eccentric angles be then T is the point 

(a cos a sec yff, b sin a sec fi) 

and 8T^ = {ae — a cos a sec/?)^ + (6 sin a sec JS)^. 

/ST^cos^y? = a2(ecosy?-"Cosa)^-f fi^sin^a 

= (a^ — b^) cos^yff — 2a^ e cos yff cos a 

+ cos^a + b^ sin^ a 
= a2[l + cos(a-l-yff) cos {oc — ^)] 

— 62|cos (a + jS) cos (a — /?)} 

— e{cos (a -h yS) + cos (a — yff)} 
= a2{ 1 — e cos (a +/?)}{ 1 - e cos {cx,—fi)} — SP,8Q, 

14 * 98 . Example. Prove that chords of an ellipse which 
subtend a right angle at a fixed point on the curve are con- 
current and determine the point of concurrence. 

1st method. Let the ellipse be xja : yjb : 1 = 1 — : 2^ : 1 + 
and suppose that the chord subtends a right angle at the 
point Then the chords 

(1 - «o^i) + (^0 + h) ylb=- I + 

(1 - t^t^) xja -h % + ^ 2 ) 2//^ = 1 + kh 
are at right angles. 

This proves that the chord whose equation (14*23) is 

passes through the point {x, y) given by 

( 1 " i) : f : (1 + f '0 :«** + 



THE ELLIPSE 


301 


14 - 98 ] 

2tid method. See 7-44. The point of concurrence is on the 
normal and may be determined by taking the special case of 
chords OP, OQ parallel to the axes. If 0 is the point whose 
eccentric angle is (j>, the equations of PQ and the normal are 

6a;sin^ + a«/cos0 = 0 

and ax sin — by cos ^ = (a^ — b^) sin (f> cos (/>. 

x:y :d^ — b^ = acos^ : — 6sin^ :a^ + b^. 


EXERCISE 14 D 


Prove the results in Nos. 1-8 in which P is a point on x^ja^ + = 1 

the normal at which meets the axes in G, O', (7P is drawn from the 
Centro perpendicular to the normal, CD is conjugate to CP, and PN, 
PN' are perpendicular to the axes. 


1 . CG:=(cya^)CN. 

3 . PF.PG = b\ 

5 . ON = (b^la^)GN, 

7 . PG:CD = b:a. 


2 . CG' :=(c^lb^)N'C. 
4 . PF.PO' = a^, 

6. PF.CD:=ab. 

8. PG'iCD = a:h. 


9 . Prove that Ix + my + n = 0 is a normal to x^la--\-y^lb^ = 1 if 
a^lP + b^lm^ = {a^-b^)^ln^. 

10 . Prove that* 


2A(A2+ l)aa; + (A^ — 1) 6^ + 2A(A2 — 1) {a^ — b^) = 0 
is a normal to x^ja^ + y^/b^ = 1 for all values of A. 

11 . The normal at P to x^ja^ + y^jb^ = 1 meets the axis at 6r. Find 
the locus of the mid-point of PG, 

12 . Prove that the locus of the poles of normal chords of 

x^/a^ + y^lb^ = 1 is a^x^ + b^y^ = (a^ - b^)\ 

13 . Provo that the product of the perpendiculars drawn to the 
normal at P of an ellipse, from the centre and from the pole of the 
normal, is equal to the product of the focal distances of P. 

14 . Find the locus of the mid-points of normal chords of 

x^acost, y = bsint, 

15 . Points P, Q are taken on two similar and similarly situated 
ellipses centre 0 a,nd Z.POQ is bisected by the major axis. Prove that 
PQ is a normal to a fixed conic. 



302 THE ELLIPSE [14-98 

16. If a is the angle between normals to the ellipse x = acosf, 

2/ = 6 sin ^ at the points t = = 0 + prove that the eccentricity e 

is given by sin 20 = 2cot a^(l — e^). 

17. Along the normal to x^jd^ + y^lb^ = 1 at the point P lengths 
PQv PQz are cut off equal to tho conjugate semi -diameter CD, Show 
that Qi, lie on one of the circles x^ + y^ = (a ± b)^. 

18. Prove that the locus of the point of intersection of the normal 
at P to x^la^ + y^jh^ = 1 and the diameter conjugate to GP is 

(6V-}-aV)(ic^ + 2/T = (a-* -62)2 a? V* 

19. Prove that tho length I of the normal chord of x = a cost, 

y = 6sin^ at a point P is given by 2a^b^ll = (a^ b^) p — , 

20. Use the result of No. 19 to find the least length of a normal 
chord of the ellipse when (i) 2 b^^a^, (ii) 2 b^<a^. 

21. Provo that the normals to a; = a cos ^,2/ = 6sin^ at the points 
^1, ^2 nieet in the point 

ax\ —by — cos 0^ cos 02 cos J (0i -i- 02) 

: sin 01 sin 02 sin i (0i -f 02) : cos i (0i -02). 

22. Prove that the feet of the normals from (/, g) to x^ja^+y^jb^ = 1 
lie on the curve given by the parametric equations 

X y = gtl(t-a^). 

23. Normals to an ellipse at Pj, Pj, P3, P4 are concurrent at K(f, g ) . 
Pj Qi, P2 Q 2 , P3 Qz* Q 4 make with the major axis of the ellipse angles 
supplementary to those made by KP^, KP^y KP^, KP^, Prove that 
^iQi» PiQzy PzQzf ^4^4 concurrent and find the point of con- 
currence. 


EXERCISE 14 k 

1 . Find the equation of the ellipse the ends of whose axes are 
(5,-3),(8, ~l),(ll,-3),(8,-6). 

2. Find the equation of the ellipse of eccentricity ^ whose vertices 
are (2, 0) and (0, 1). 

3. Find the eccentricity and the length of the latus rectum of the 
ellipse 2{2x — 5y)^ 3{5x + 2y)^ = 2(10y — 4a:-f 7). 

4 . Find the equation and the length of the chord of 2x^ + 3y^ = 36 
with mid-point (3, 1), and find the equation of the circle on this chord 
as diameter. 

5. Find the common tangents of t/^ = 3a: — 16 and 3a:® + 2y^ =11. 

6 . Find the common tangents of 

22X2 + 33F2 = 6 and 20X2- 3F® + 4X = 0. 

7. Find the inverse of x^ja^ + y^lb^ = 1 wo x^ + y^ = A;*. 
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8 . Find the inverse of x^Ja^ + y^/b^ = 2x1 a wo y* = A;* and 
sketch the curve. 

9. Use the property SP = ePK to show that the polar equation of 
an ellipse with a focus as pole is of the form 

r{l ±ecos(^ — a)} = k 

and give the geometrical meanings of k and a. 

10. Find the locus of the poles of tangents of an ellipse wo a circle 
centre a focus. 

11 . The normal to an ellipse at P meets the major axis at G and OK 
is drawn perpendicular to the focal distance SP, Prove that PK is 
equal to the semi-latus rectum. 

12. M the mid-point of a focal chord PP' of an ellipse and the 
normals at P, P' meet at N, Prove that MN is parallel to the major 
axis. 

13. A circle whose centre is on the major axis touches the ellipse 
at P and Q and passes through a focus S, Prove that SP is equal to the 
latus rectum. 

14. The polar of T wo x^ja^ + = 1 goes through a focus. Prove 

that the product of the perpendiculars from T and the centre to this 
polar is equal to the square of the semi -minor axis. 

15. A chord of fixed direction of an ellipse centre G meets the major 
axis at X and the perpendicular bisector of the chord meets that axis 
at Y, Prove that CX : GY is constant. 

16. Prove that conjugate lines through a focus of an ellipse are at 
right angles. 

17. A variable line I passes through a fixed point (h, k). Prove that 
the envelope of the lino which is perpendicular to I and conjugate to it 
wo x^ja^ -f y^jb^ = 1 is a parabola. 

18. The tangents to x^fc^ + y^jd^ = 1 at P and Q are conjugate wo 
x^'/a^ + y^/b^ = 1 . Prove that PQ touches 

x^l{c*(b^ + d^)} + y^l{dHa^ + c^)} = ll(aH^ + b^c^). 

19. The lines joining a point P of x^ja^ + y^jb^ = 1 to ( ± Aj, 0) meet 
the ellipse again in Q and P, and T is the pole of QR, Prove that PT is 
bisected by the minor axis. 

20. Find the equation of the ellipse centre the origin with semi-axes 
Ui and and a major axis which makes an angle <f> with OX, (a^ > by), 

21 . If two concentric ellipses touch, prove that the angle between 
their major axes is given by 

(a^ - 62^)2 (ag^ - 61 ^) tan 2 0 = (V 

where a^, bi and ag, 62 are the semi-axes. 
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22 . Prove that the locus of a point two of the normals from which to 
x^ja^ + y^jh^ = 1 are coincident is 

(aV + — c^)® + 21a^b^c^x^y^ = 0, 

where c® = a® — 6®. 

23 . Find the locus of the point of intersection of normals to 

x^a^ + y^/b^ 

at the ends of chords making an angle y with OX, 

24 . If e® > 2(^2 — 1), prove that there are eight normal chords of 

x^/a^ + y^/b^ = 1 

which meet the ellipse at the ends of conjugate diameters, and that the 
length k of such a chord satisfies k* — (a® + 6®) k^ + 2o®6® = 0. 

25 . From the ends of chords of x^/a^ + y^lb^ ^ 1 which touch 
+ y^jd^ = 1 the other tangents to this second ellipse are drawn. 

Find the locus of their point of intersection. 

26 . Can the locus in No. 25 coincide with the first ellipse? If one 
triangle can be inscribed in x^ja^ + y^jh'^ = 1 and circumscribed about 
x^Jc^ + y^jd^ = 1, prove that an infinity of such triangles can be drawn. 



Chapter 15 

THE HYPERBOLA 

15-1. In 6*51 the equation of a hyperbola is given in the 
form 5 „ 

- 1 

62 

By 12*3 and 12*4 formulae for the hyperbola corresponding to 
the results for the ellipse in 14*1 can be obtained. Such 
formulae differ from those for the ellipse only in containing 
— b^ in place of 6^. 

In complex geometry there is no distinction between the 
two curves. The present chapter is concerned mainly with G 3 , 
but it is sometimes convenient to use homogeneous geometry 
G5. 


15'2. Parametric Equations 
15*21. The equation — — = 1 he written 

y 

a b 

.May. 


a b a 


or xja : yjb : 1 = 1 + : 2 ^ : 1 — 

This parametric representation is complete except that the 
point ( — a, 0) is only obtained as a limit by making i -> 00 . Each 
value of t, except ± 1, gives a point of the curve. 

The following results for the hyperbola 

xja : ylb : 1 = 

correspond to those with the same numbers in 14*2. 


RI AG 


20 
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15*22. lx + my + = 0 meets the hyperbola in points whose 

parameters are the roots of (Za — 2mht + (Za + 7^) = 0. 

15*23. The chord Z^Zg is (l+ZiZ2)a;/a — (Zi + Z2)2//6 = 1 — Z^Zg. 

* 

15*24. The chord given by = 0 is 

{w-^u)xla-\-2vyjb + {w — u) = 0. 

15*25. The tangent at Z^ is (1 4- Z^^) xja — ^t^yjb = 1 — Z^^. 

15*26. The normal at Z^ is 

where = a^ + 6^ 

15*27. The envelope equations are 

-aX:bY:l = l-\-t^:2t:l-t^ 
and a^X^-b^Y^^ 1. 

The results of 12*6 can be applied to this envelope equation. 

15*28. The pole of [X^^Y^] is a^XX^-b^YY^=^ I, i.e. 

(■-a^X,,b^Y,). 

The pole of the chord is given by 

x\y \ = GS-(1 ZjZg) * 6(Zi -}- Zg) ^ 1 Zj^Zg. 

The pole of the chord given by ut^ -h 2i;Z + ii; = 0 is 
x^\y^: 1 = a{u-{-w): — 2bv:{u — w), 


15*29. Example. Give the condition for 3a; — 4i/4-c = 0 to 
touch 3x^ — 2y^ 4-7 = 0. 

In Gg the corresponding line and curve are 

[3, -4,c] and IX^^^Y^ + }Z^^ = 0, 

Hence the condition is 3-84-^^ = 0, c = 4 >^36. 


15*3. Other representations of the hyperbola are given in 
6*62, 6*54, 6*66. Results corresponding to those in 15*2 can be 

found for the hyperbola a; = |a|z + “j, i/ == ife^Z — yj. See 

Exercise 15a, Nos. 17-21. 
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In Gg or Gg the curve corresponding to 
xja : yjb : 1 = 1 + : 2^ : 1 — 

has the proper parametric representation 
xja : yjb \ z = 2st : 

where {s, t) is the parameter. The point ( — a, 0, 1) is given by 
s = 0,t = 1] and the values (1, ±1) of (s,t) give the points at 
infinity. This should be compared with 15*21. 

In Gg and Gg xja:ylb:z = — represents a 

central conic. A simpler representation is given in 15*8] . 

EXERCISE 15 a 
111 Nos. 1-8, give the equation of: 

1 . The polar of (2, —3) wo {x — 2y) (x + 2y) = 1. 

2 . The tangents at ( ± a, b, 0) to x'^jd^ — y^jh^ = z^, 

3 . The polar of (0, 0, 1) wo x^/a^ — y^jb^ = z^. 

4 . The pole of [1, 0] wo — 

5. The polar of the origin wo a^X^ — b^Y^ = Z^, 

6. The tangent from (3, 6) to y^ = 4:{x^— 1). 

7. The tangents from (3, 6, 1) to y^ = ^x^ — z^), 

8. The pair of contacts of a^X^ — b^Y^ = on [0,0, 1]. 

9. Give the equation of the pair of tangents from (a, h) to 

x^la^-y^lb^ = 1 

and deduce the separate equations. 

10 . Find the constant value of the sum of the squares of the reci- 
procals of perpendicular diameters of x^fa^ — y^jb^ = 1. Explain the 
result when b'^<a^. 

1 1 . Show how the parameter t changes when the point 

describes the hyperbola. What is the condition for the points to be 
on the same branch? 

In Nos. 12-16, the hyperbola is xja : yjb : 1 = 1 + : 2^ : 1 — <2. 

12 . Give the condition for the chord to pass through the origin. 

13 . Give the condition for the chord t^t 2 to have a fixed direction. 


20-2 
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14 . Give the condition of perpendicularity for the chords 

15 . Find the mid-point of the chord 

16 . Find the locus of the point of intersection of perpendicular 
tangents. 

In Nos. 17-21, the hyperbola is x = 

17 . Give the equation of the chord deduce the equations of 

the tangent and normal at t^. 

18 . Find the equation for the parameters of the points of inter- 
section of the hyperbola with Ix-^-my + n — 0. 

19 . Find the equation of the chord joining the points whose para- 
meters are the roots of ut^ + 2vt + = 0. 

20 . Find the pole of the chord 

21 . Find the pole of the chord in No. 19. 

22 . Prove that the chord of ir = a ch 2/ = h sh ^ joining the points 
a + a — is 

-cha~/sha = chy^, 
a h 

and deduce the equation of the tangent at the point a. 

23 . Find the equation of the chord of the hyperbola 

X = asec0, y = 6tan^, 
and deduce the equation of the tangent at 

24 . Find the pedal of x^ — y^ = a* wo the origin and sketch the curve . 

25. A tangent to x^ja^ — y^jh^ = 1 meets the axes at T, T', and the 
rectangle TOT'K is completed. Find the locus of K. 

26 . The tangents to a hyperbola at the ends of a chord QQ' whose 
mid-point is V meet at T Prove that V T passes through the centre C, 
and if it meets the curve at P, prove that GF. CT ^ GP^, 



15*4. Geometrical Properties of the Hyperbola 

15*41. The curve x^la^ — y^jb^ == 1 is symmetrical about 
both axes, may be greater than, equal to, or less than b^. 

The vertices A(a,0), A'{ — a,0) and the transverse and 
conjugate axes and centre are defined in 6*56. The circle 
x^ + y^ = is called the auxiliary circle. 

Reference should be made to Exercise 6d, Nos. 7-10. 

We give here various ways of obtaining the hyperbola. 



15 - 44 ] 
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15 * 42 . The locus of P such that SP is constant, where 
S and S' are fixed points. 

Take 8, 8' to be ( ± c, 0) and denote the constant value of 
SP^PS' by 2a. Then the algebra of 14*42 gives, as before, 
x\\ —c^la^) + y^ — — 

Since a is now less than c, this equation is written 
— = 1, where = c^ — a^. 

15 * 44 . The hyperbola may also be obtained as a section of a 
right circular cone. The method of 14*44 is used, but are 
on opposite sides of F. 
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When P is on one branch, 

PS' = PK, PS = PH. 

SP -PS' =^-HK EF. 

When P is on the other branch, SP — PS' = ^-EF, and 
SP — PS' = ± ^jPleads to the equation in 15-42, with^i4' = 2a 
and SS' = 2c. 


15 - 45 . Foci. The points S, S' 
15-44 are called the foci of the 
hyperbola. 

If B is the point (0, 6), the foci 
may be constructed by making 
S'C = CS = AB, 
since c by 15-42. 

This point B does not lie on the 
hyperbola. 

15 - 46 . By the method of 14-46 
the equation of the hyperbola may 
be written 

(a;±c)2 + 2/2 = -^a;±~j , 

and therefore the hyperbola is the 
locus of a point P such that 


which occur in 15-42 and 



SP^ePK or S'P = ePK\ 


where PK, PK' are perpendiculars to the fixed lines x = ± a^jc. 

^2 ^2 _j_ ^2 ’ 

Alsoc^ = “2 “ ^ , and so the ecccn<nci^2/(c) of a hyperbola 

a a 

is greater than 1 . 

The foci are (±c, 0), (± ^(a^-^b^),0), or (±ae, 0), and the 
corresponding directrices are x = = ±a/e. 

The locus of P such that SP = ePK is an ellipse, parabola, 
or hyperbola according ase<l,e = l,e>l. A parabola is said 
to have eccentricity 1. 


15-47. The latus rectum LSL' is of length 21 found by 
putting X — c, y == I in x^la^ — y^Jb^ = 1. 
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Hence = b^c^/a^-l) = b^la\ I = b^ja. 

This relation, together Avith e® = {a^ + determines a, b 
in terms of I, e. 


15-48. The work of 14-48, 14-49, 14-6, 14-6 is applicable to 
the hyperbola with slight modifications. 

The director circle of x^ja^—y^jb^ = 1 is = a^ — b^. 

When 6^ ^ a®, the hyperbola has no perpendicular tangents. 

The properties of normals and of concyclic points are similar 
to those for the ellipse. See, for example. Exercise 15b, Nos. 
26-31. 


15-51. Pedal Equation. As in 14-51 it is proved that 

— = • If jP is on the branch nearer to 8, r' ~r = 2a, and 

r S P 

if P is on the farther branch, r — r' — 2a. Hence the pedal 
equation is 


62 ^ 2a 

-- = 1 + — . 
pi r 


15-52. The Converse Pedal Property. If S is a fixed point 
outside a fixed circle, and 7 is a variable point on the circle, 
the envelope of the perpendicular at 7 to /S 7 is a hyperbola 
with focus 8 having the fixed circle as auxiliary circle. The 
method of 1 4- 52 leads to the envelope equation a^X^ — 62 72 = 1 . 
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EXERCISE 15b 

Prove the results of Nos. 1~6 with the notation of Exercise 6 d, No. 7. 
The normal at P meets the axes in O' and CP is a perpendicular to 
the normal. 

1. (7<7.C7T = a2 + 62. 2. CO = {c^ja^) CN. 

3. GO' = (c2/62) CN'. 4. PF,PG= -6^. 

5. PF.PG' = a\ 6. {STS'G) = ^l, 

7. A rod A PB is movable about the end A and a string BPC is tied 
to the other end B and to a fixed point G. Show that if the string is 
kept stretched in two straight parts BP and PG, the locus of P is one 
branch of a hyperbola. State the exception. 

8. A shot is fired from A so as to strike a target at B, and the sound 
of the firing is heard at P one second before the sound of the destruction 
of the target. Find the locus of P. 

9. Show, as in Exorcise 14 b, No. 18, that the hyperbola 

(c^ — a^) ~ > a^, 

has no foci on the ^/-axis in real geometry. 

10. Ai? is the arc of a sector of a circle centre (7, and a hyperbola of 
eccentricity 2 is drawn with focus A and directrix BC, If the hyperbola 
meets the arc AB at D, prove that GD trisects /_AGB. 

11 . Show that the distances from the foci to the point on 

x^ja^ — y^jb^ = 1 are ex^ ± a. 

In Nos. 12-15, find the foci, directrices, and eccentricity. 

12. = 4(2/2+ 1). 13. gx^-^y^ = 36. 

14. 25a;2- 1442/2 = 3600. 15. (x- 1)2- (2/ + 2)2 = 1. 

In Nos. 16-19, find the length of the latus rectum and the eccentricity. 

16. 3it’2 — 42/2 = 12. 17. a;2 __ 2/2 + 6a; + 82/ ~ 9 = 0. 

18. 42/2 -9a;2 = 36. 19. x^-^y+l)^ = 1. 

20. Find the product of the perpendiculars from (ach^,5sh^) to 
xla± yjb — 0, showing that it is independent of <j), 

21 . Find the locus of the mid-points of normal chords of a;2 — 2/2 = 0,2. 

22. Find the locus of the poles of normal chords of x^ja^ — y^/b^ = 1 . 

23. The normal to x^jd^ — y^lb^ = 1 at P meets the transverse axis 
in G. OQ is perpendicular to that axis and equal to OP, Find the locus 
of P. 

24. Find the Fregier’s Point of (ach^, 6sh^) wo the hyperbola 

x^a^-y^lb^ = 1 . 
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25. Tho chords and tQt 2 of xiy :a = :2t \\ are equally 

inclined to the tangent at Prove that the chord meets the tangent 
at in a fixed point. 

26. If the points (a ch h sh n = 1 to 4, are concyclic, prove that 
119 ^ = 0. 

27. If the points t^, of xfa : yjh : 1 = — are con- 

cyclic, prove that + = 0. 

28. Prove that the feet of the normals to — y^/b^ = 1 from (/, g) 

lie on the curve a^y(f—x) = b^x{y — g), 

29. Prove that the feet of four concurrent normals to a hyperbola 
cannot lie on the same branch of the curve. 

30. Prove that the normals to xja : y/b :1 = I +t^:2t: I — at 
hi hi hi h Q'^e concurrent if 21 ^ 1^2 = 0 hhhh = “1* 

31. Use the converses of Nos. 27, 30 to prove that if normals at 
P,Q,Ry S to a hyperbola are concurrent and P' is the point diametri- 
cally opposite to P, then P', Q, P, S are concyclic. 

15*6. Asymptotes 

X V 

15-61. The lines - + f = 0 are called asymptotes of 
a 0 

- 1 

a2 '6* 

x^ 

See 6*56. The joint equation of the asymptotes is ^-^2 “ 

When a — b, the asymptotes are at right angles and the 
curve is a rectangular hyperbola. Since =(a2 + 6^)/a^, the 
eccentricity of a rectangular hyperbola is aJ2. 

15*62. Any line parallel to the asymptote xja + ylb = 0 is 
xla + yjb — k and this meets the hyperbola 

xja : yjb : 1 = — 

where {I 1^) 2t = k{\ — t^), 

1+^ = k{ \ — f), 

jfc+r 

Hence a line parallel to an asymptote meets the curve in one 
pointonly. Whenfc->0,^->— 1 and there is no point of the curve 
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corresponding to i = — 1 . The asymptote itself does not meet 

tC 1 / 

the curve. Similar results hold for lines — ~ = k. In the 

a b ® 

asymptotes of — = are — f- = 0 and they are the 

tangents at infinity. Certain properties of the asymptotes can 
be found by treating them as tangents. 


15*63. Conics — 2 /^/ 6 ^ = ifc have the same asymptotes for 
all values of k. 

— = ki is transformed into — = ig by 

the substitution rr' = px, y' = py, where = k^jk^. The conics 
may therefore be called similar. In Gg the transformation 
does not exist when k^ and ijg have opposite signs and the 
conics are not then similar in the ordinary sense. 


EXERCISE 15c 

1 . Find the limits when t-^1 and ^ — 1 of the tangent at t to the 

hyperbola xja : yjh : 1 = 1 + . 2 ^ : 1 — ^2 

2 . Find the tangents at (a, ± 6, 0) to 

xja : yjh :z — + 1'^ i^st : 

3. Write down the equation of the tangents from (a,b) to 

x^la^-y^lb^ = 1 

and simplify it. 

In Xos. 4-7, find the asymptotes of the hyperbola. 

4. x^ — 9y^ = 9. ’ 5. 4a;2 — + 4 = 0. 

6 . (07 + 6)2 — ( 2 / — 5)2 = 2 . 7 ^ y^ — x^ = 2y — 4:X. 

8 . Find the rectangular hyperbola with vertices (5,4) and ( — 3, — 2 ) . 

9 . Find the hyperbolas with asymptotes x±2y = 0 passing tlvrough 
(6, 2J) and ( — 5, — 3). What are their eccentricities? 

10. What is the relation between the eccentricities of 

x^/d^ — y^lb^ = + 1 ? 

11 . SY is the perpendicular from a focus to an asymptote. Prove 
that GY = a and SY — b, 

12 . Prove that the foot of the perpendicular from a focus to an 
asymptote of a hyperbola lies on the directrix. 
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13 . TQ is a tangent to a hyperbola from a point T on an asymptote. 
Prove that Z.TaS^Q = Z.CTS. 

14 . TQ is the tangent to a hyperbola from a point T on an asymptote. 
Prove that /_STQ = /_CTS\ 

15 . Prove a property of a hyperbola corresponding to Adams’ 
Theorem (14'54) when T lies on an asymptote. 


15'7. Diameters 

15*71 . The properties of diameters regarded as the polars of 
points at infinity are given in 14*7. These apply to the hyper- 
bola. 

The locus of the mid-points of chords of x^la^ — y^lb^ = 1 
which are parallel to xjl = yjm is xlja^ ~ ymjb^. These lines 
are conjugate diameters. 

The diameter xjl = yjm meets x^ja^ — y'^jb^ = 1 in points 
( ±pl, ±p^) if p\P‘la^ — m^jb^) = 1 . 

The conjugate diameter xlja^ — ymlb^ meets x^ja^ — y'^jb^ = 1 
in points ( ± cra^jl, + crb^jm) if (T^a^/l^ — b^/m^) = 1 . 

The intersections exist in real geometry for xjl = yjm if 
l^la^>m^lb^y and for xl/a^ = ymjb^ if Hence, of 

two conjugate diameters, one and only one meets the hyper- 
bola. 

15*72 . If PC P' is a diameter which meets the hyperbola and 
if it is represented by xjl = yjm, then the conjugate diameter 
xlja^ = ymlb^ meets the hyperbola x^ja^ — y^Jb^ = 1 of G 4 in 
points D,D' whose coordinates ±craH, ±crb^m are given by 
cr^b'^jm^ — a^jl^) = — 1 and 

CP 2 4 . CD^ = /> 2 (Z 2 + ^ 2 ) + o.2(^4/;2 4 . ^>4/^2) 

a262(j!2 ^ ^4^2 ^ 54^2 

62J2 — ^ 2^2 _ q2^2 

In complex geometry, there is no distinction between the 
ellipse and the hyperbola. The results of Chapter 15 differ 
from those of Chapter 14 by having — b^ in place of 6^. In 14, 
62 == a2 — c2, and, in 15, 62 = c^ — a 2 
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In real geometry, it is convenient to use the points A, A' 
given by - a^jP) = + 1 . 

These points exist in real geometry, but they do not lie on the 
hyperbola — — 1. 

Hence GP^-GA^ = 

The points A, A' lie on the hyperbola — y^jb^ = — 1, and 
this is called the conjugate hyperbola. It has the same asymp- 
totes as x^ja^ — y^jb^ — 1. A, A' are sometimes called the ends 
of the diameter conjugate to PGP' although they do not lie 
on the original curve. In the special case when PGP' is the 
transverse axis AGA' {y^O), the conjugate diameter (a; = 0) 
meets the conjugate hyperbola in the points B,B' whose 
coordinates are 0, ± 6. 

Some other properties of conjugate diameters are giv^en in 
Exercise 16 d. 



15*78. When GP and GA are taken as coordinate axes, the 
equation of the hyperbola, found from x^ja^ — y^jb^ = 1 by a 
substitution of the form 

X = lx' my', y — Vx' -\-m'y', 

is of the form Px'^ + Qx'y' + Ry"^ = 1 . 

Since the values of x' for a given value of y' are equal and 
opposite, Q ~ 0, Also 2/ = 0 when a; = = GP, /. Pa^ = 1. 

The same substitution transforms x^ja^ — y^jb^ = — 1 into 
Px'^ -f Ry'^ = — 1, and for this curve a?' = 0 when = 6^ = GA, 
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Hence the equation of the original hyperbola referred to the 
oblique axes (7P, (7A is 


1 

V ‘ 


15*79. Example. The tangent to a hyperbola at a point P 
meets an asymptote at Q, and a chord UV parallel to QP meets 
the same asymptote at K. Prove that KU . KV = PQ^. 

Let the axes he CP and (7A. Then the equation of the 
curve is 


2 2 

where = CP, = CA. 
Also the equation of the asymptotes 

a , 2 6,2 • 

Hence if M is the mid-point of UV 
and CM = x, 



Also 


6,2 


6,2 '~ai2 

ai2 


= 1 . 


P0 = 6i MK== 


b^x 


a. 


Thus 


KU .KV = MK^-MU^ = 6,2 = PQK 


EXERCISE 15 D 

1 . If the diameters of xja : yjh : ] = 1 + . 2 ^ : 1 ~ ^2 through the 

points and are conjugate, prove that (1 + ^i^) (1 + ^ 2 ^) = 

2. P is the point on x = ac\\(j>y 2 / = 6 sh 9 i. Provo that the 

diameter conjugate io CP cannot pass through any point ^ 2 > ^nd find 
where it meets — = — 1 . 

3. If the normal at P to a hyperbola meets the axes at G, G\ prove 
that P(?:(7A = 6 :a= GK.PO'. 

4. Prove that SP.PS' = CAK 

5. Prove that the parallelogram which has P, A, P', A' for the mid- 
points of its sides has area 4o6, 

6. Prove that the mid -points of the sides of the parallelogram 
PAP'A' lie on the asymptotes. 
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7. For the hyperbola — a*, prove that the triangle CPA is 

isosceles and has constant area. 

8 . Prove that conj ugate diameters of a rectangular hyperbola make 
complementary angles with its axes. 

9. Find the condition for Ax^ + 2Hxy + By^ = 0 to be conjugate 
diameters of x^ja^ — y^lh^ = 1. 

10. Show that an asymptote of a hyperbola is its own conjugate 
diameter, and that the two asymptotes are separated by any pair of 
conjugate diameters harmonically. 

15-8. Asymptotes as Axes of Coordinates 

15-81. It is proved in 6*61 that the equation of a hyperbola 
referred to its asymptotes as axes is xy = The value of the 
constant k may be found by taking the 
particular position A of P. 

Thus 

k^ = AU,AV^ IGY^ = J(a2-f 62). 

The formulae of Chapter 12 can be C 
applied to xy = k^. For example, the 
polar of {x^,y^ is xy^^-yx-^ = 2^2. The 
curve may be represented parametri- 

but no point is given by ^ = 0. The same equations represent 
a central conic in G 4 . For the corresponding curve xy = kH^ in 
Gg a proper parametric representation is 

x’.y'.kz^f^'.s^'As, 

and this is a standard form of equation of a central conic in 
Gg. In G 5 it represents a hyperbola. 

Results corresponding to those in 14-2 and 15*2 are given 
below for xy = fe 2 . 

15*82. The line lx + my-\-n — 0 meets x\y\k = t^\\:t in 
points given by ^ + m = 0 . 

15*83. The chord is 
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15-84. The chord given by ut^ + 2t;^ + tt? = 0 is 
ux-\-wy-{-2vk = 0. 

15-85. The tangent at ti is 

— 2t^k\ 

15*86. If the hyperbola is rectangular, the normal at ti is 

15-87. The envelope equations, found from 15-85, are 
Z:y:l/*= 1:^2: 
and 4PZr = 1. 

The results of 12*6 apply to this equation. 

15-88, The pole of [Z^, FJ is 2k^{XY^+ YX^) = 1, i.e. 

(-2Pri, -2PZ,). 

The pole of the chord is 

• Vl • ^ “I" ^2- 

The pole of the chord given by ut^ + 2vt + w = 0 is 
^1 '^yx'^k — w\u \ — 2v. 

15*89. Any equation of the form 

xy — ax + by + c 

represents a hyperbola. For the equation can be written 
(x — b) {y — a) = a6 + c, 

or, by a change of origin, 

xy = ab + c. 

15*90. Example. E, jP, P are points onx:y:k = t^:l : t, of 
which E and F are fixed and P varies. PE, PF meet an 
asymptote in E\ F\ Prove that E'F' is constant. 
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Let the parameters of E, F, P be a, b, t. Then PE is 


x-\-yat = h{a-\-t), 

and E* is (^(a-H ^)5 0 ). 

Similarly F' is {k{b-\-t),0). 
Therefore 

E'F' = k{a-^b), 

which is independent of t, 

15-91. Example, {w}. Find 
the equation of the normal at 



ti to X : y : k = : I : t. 

If the normal is ux-\-vy = k, the condition of perpendicu- 
larity with x-^t^y = 2kt^ is, by 3-31, 


u + vt^ — {ut^ -h v) cos 0 ). 


Also, since the normal j^asses through Hence 

by elimination of u, v, the normal is 


i.e. 


X y k 

1 — cos (0 — cos CO 0 

1 


= 0 , 


— cos(ej) — ^i^coso;) = k{ti^—l). 


15-92. Example. Prove that the orthocentre of a triangle 
inscribed in a rectangular hyperbola lies on the curve. 

Let the hyperbola he x:y:k = Then the chords t^t 2 


and ^ 3^4 are 


x-\-t^t2y > — k(t^-\-t^ 


and 




and they are at right angles if 

1 "t" ^2 ^3 ^4 “ 


Hence if kkk is the given triangle there is a point on the 
curve such that i® pe.pendicular to ^ 3 ^ 4 , and by the sym- 
metry of the relation 1 + = 0 also is perpendicular 

to ^ 2^4 and < 2^3 to < 1 ^ 4 . Thus the point ^ 4 , = - l/(^i^ 2 ^ 3 )> i® the 
orthocentre. 
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15-93. Example. Prove that an angle between the tangent 
at ^ to a rectangular hyperbola and a chord is equal to 
the angle subtended by ^P at the point B of the curve dia- 
metrically opposite to A. 



Let the hyperbola hQx:y:k = t^: \ : I, and let the parameters 
of A, P be a,'p\ then the parameter of P is —a. 

By 15-83, AP and BP are parallel to x-Va'py — 0 and 
x-a'py — ^. Hence they make equal angles with OY on 
opposite sides. 

By 15-85, the tangent at A is x^a^y — 2ka\ also BA is 
X — a^y = 0 . Hence these lines also make equal angles with 0 Y 
on opposite sides. Therefore an angle between AP and the 
tangent at A is equal to the angle between BP and BA . 

15-94. Example. If the tangents at P, Q, R to an ellipse 
are parallel to QR, RP, PQ, prove that the centroid of P, Q, R 
is the centre of the ellipse. 

In G 4 any central conic is x:y : k = : I :t. 

Let p, q, r be the parameters of P, Q, R. Then, by 15-83 and 

15*85, ^2 _ q% ^ QQ ^2 ^ p^jq 

/. q = r = (o^p, where = 1 , w ^ 1 . 


R I A G 
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Hence the centroid, whose coordinates are 


[1594 


\{.P+q + r), J(l/^) + l/g + l/r), 

is the origin, i.e. the centre of the conic. 

The same must be true for an ellipse in G3. No such points 
exist on a hyperbola in G3. 


EXERCISE 15e 

1. If Pi, on xy = k^, prove that Pj Pg is 

(yi+y 2 )^+(^i+^ 2 )y = +^^ 2 ) ( 2 / 1 + 2 / 2 )- 

2 . Prove that tlie tangent at to xy = k^ is xfx^ + yjy^ = 2. 

3. Find the condition of conjugacy for the diameters of 

^ - , , X'.yik — f^ilU 

tiiroiigh h and 

4. Find the condition for ax^ + 2hxy + by^ = 0 to be conjugate 
diameters of xy = k^. 

5. Find the equation of the normal at to the hyperbola 

xy = of eccentricity e. 

In Nos. 6-9, find the asymptotes of the hyperbola. 

6. .ry— 3a;~22/ + 2 = 0. 7. 12a;2/ = 8a?— 3t/. 

8. a;{22/ — 3) = 3^/+ 2. 9. y ^ (ax + h)l(cx-\-d). 

10. Express the distances of the foci of xy = k^ from a point (x,y) 
on the curve as rational functions of x, y, k, e. 

11 . A line A BCD meets a hyperbola in P, C and the asymptotes in 
A,D, Provo that AB = CD. 

12. A chord PQ of xy = k^ passes through a fixed point (/, g). Provo 
that the locus of the remaining vortices of the parallelogram formed by 
drawing lines through P, Q parallel to the asymptotes is 

xy + k^ = gxAfy- 

13. The tangents at P, Q to a hyperbola meet one asymptote in 
L,M. Prove that PQ meets the asymptote at the mid -point of LM. 

14. A tangent to a hyperbola meets the asymptotes OX, OY at 
Q,R. The lines through Q,B parallel to OY,OX meet the curve in 
Uf V. Find the envelope of UV. 

15. Through a fixed point ^ of a fixed hyperbola, lines A ikf , AN are 
drawn parallel to th^ asymptotes, and PN, PM are drawn parallel to 
them through a variable point P on the curve. Show that MN passes 
through the centre. 
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16. Find the locus of the niid-point of a chord of 

GKcy + 6 a; + cy + d = 0 
through a fixed point (e,/). 

17. The line PABQ meets xy = Tc^ ‘m. A^B and its asymptotes in 
P, Q, DGD' is the diameter of ary = — parallel to the line. Prove that 
PA.AQ = GD^, 

18. PP' is a diameter of xy = and the tangent at P meets the 
asymptotes in Q, R, Prove that P'Q and P'R touch Zxy + k^ = 0. 

19. A circle through the foci of a hyperbola meets the asymptotes in 
P and Q, Provo that PQ touches the hyperbola or is parallel to the 
transverse axis. 

20. Given the base of a triangle and the difference between the base 
angles, prove that the vertex lies on one of two rectangular hyperbolas. 

21. Prove that if ahc ^ 0 two triangles exist in G 4 which are 
inscribed in xy = and have sides parallel to y = ax^ y — bx, y = cx. 
Find the condition for the existence of the triangles in (fg. 

22. Prove the property of Exorcise 14 c, No. 9, for any central conic 
by using the equation xy = 

23. EE^ is a fixed diameter of a central conic and the tangents at 
E, E' meet a variable tangent in T, T\ Prove that ET . E'T' is constant. 

In Nos, 24-39, the curve is a rectangular hyperbola. 

24. Provo that no two tangents are at right angles. 

25. The normal at P meets the transverse axis at G, Prove that the 
triangle POQ is isosceles, where O is the centre. 

26. The normal at P to a;y = k^ meets the curve again at Q. Prove 
that PQ — OP^jk^, where O is the centre. 

27. Provo that the diameter of xy = k^ conjugate to x — t^y = 0 is 
x + t^y = 0 . 

28. 8 how that the asymptotes bisect the angles between any two 
conjugate diameters. 

29. Show that I and J are conjugate points wo any rectangular 
hyperbola. 

30. A circle cuts ajy = 1 at P 4 . Prove that 

= 1 = 

31 . A circle of radius a meets a rectangular h 3 q)erbola centre G at 
P, Q,R,S, prove that GP^ + GQ^ 4 GR^ + GS^ = 4^2. 

32. Each of two perpendicular chords of xy = k^ subtends a right 
angle at P and the chords meet at Q, Prove that P and Q are conjugate 
points. 


21-2 
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33. Prove that chords of xy — which subtend a right angle at 
(/, g) envelop the parabola k^X^ + Y^) + (p + g^)XY + gX + fY = 0. 

34. Provo that the feet of the normals from (/, g) to xy = k^ lie on 
the curve xiyxl gt—ft^:g —ft : 1 — t^, 

35. If the normals at Pg, P3, P4 to xy = k^ are concurrent, prove 

that they meet at (x^ + x^ + x^ + x^, 2/i + 2/2 + 2/r + 2/4) prove that 

= yxVzVzyv 

36. Find the locus of the point of intersection of normals to xy = k^ 
at the ends of chords parallel io y = mx» 

37. In the figure of 15*93, if P describes the curve from P^ to Pg and 
then from P3 to A. discuss the changes in the value of Z. PA B—/_ PBA . 

38. Ji A^B,C are the points (t, Ijt) where t = a, b, c, prove that the 
circumcentre of ABC is 

(i(a + 6 + c4- l/a6c), J(l/a+ 1/6+ l/c + a6c)). 

39. With the notation of No. 38 if D is given by ^ = d, and 

1 , 

prove that the centre of the rectangular hyperbola through the circum- 
contres of the triangles POP, AGD, ABD, ABC is 

{i(a + 6 + c + d), i(l/a+ 1/6+ 1/C+ 1/d)). 

40. Show that the conic through (a, l/o), (6, 1/6), (c, 1/c), (d, 1/d) and 
(fd, 0 )isx^+p^y^-\-j) 2 ^y = Piir+j^32/, where Pi = a + 6 + c + d,p2 = 2a6, 
P3 = YiObCy p4 = abed. Find the Fr6gior’s point F of the origin wo this 
conic, and prove that the circles BCD, A CD, ABD, ABC subtend equal 
angles at P. 



Chapter 16 

S= KS' 

16-1 . Form of an Equation 

16*11. It is sometimes stated that whereas the procedure in 
pure geometry is tentative so that each problem calls for the 
exercise of some degree of ingenuity, the procedure in analytical 
geometry is almost automatic. 

This is only true in a limited sense. Consider, for example, 
the problem of Fregier’s point (7*44). ^ is a given point on a 
conic, AB and AC are perpendicular chords and the envelope 
of £C is required. It might be thought that the natural 
procedure would be to start with A,AB,AC and then to find 
BC, and lastly to seek its envelope. The simple analytical 
solution proceeds almost in the reverse order, beginning with 
BC which is taken to be the line [X, F]. And this is a typical 
rather than an isolated example. There is a technique to be 
learnt in analytical geometry; automatic processes too often 
lead to laborious algebra. 

An important idea, which often saves clumsy algebra and 
makes an analytical solution as simple as a solution by pure 
geometry, is the idea of the form of an equation. This idea has 
already been used in this book in numerous examples. See for 
example 4*6, 4*7, 4*8, 4*9, 5*15, 5*61, 7*44. 

The present chapter is concerned mostly with the form 
s — Ks' where 5 = 0 and 5 ' = 0 are often, but not always, the 
equations of conics. The imjjortance of this form of equation in 
elementary geometry is easily recognised. But it remains true 
that a simple problem of elementary geometry usually possesses 
a simple solution by the methods of pure geometry. This 
consideration may appear to discount the value of analytical 
geometry as a tool. It is to be remembered that it also has an 
important role in establishing the foundations of pure geo- 
metry, which can no longer be regarded as a subject apart. 
In connexion with the foundations of geometry the ideas of 
Chapter 8 are essential. 
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16 * 12 . The equation s == k 8 \ If 5 = 0 and 5'= 0 are two 
conics and /c is a constant, then s = ks' is a conic through the 
points of intersection of 5 = 0 and s' = 0 ; for the coordinates of 
any one of these points satisfy s = 0 and s' = 0 and therefore 
satisfy s = /cs'. 

If s = 0 and s' = 0 meet in the four points A, B,C, D, then 
any conic a which passes through J., B, C, D has an equation of 
the form s = ks' . For if is a point on cr, k can be chosen so 
that s = Ks' passes through P^, the value being Sn/Sn'. It is 
assumed that P^ is not on s' = 0 . For the value s^/sii' of /c, 
the conic s = ks' has five points in common with cr, and there- 
fore coincides with cr. Thus: 

s = ks' is a conic through the four points of intersection of 
s = 0 and s' = 0 and every conic through those four points 
has an equation of that form. 


16 * 13 . For its complete validity, this theorem must be 
regarded as belonging to The proof shows that s = ks' 
passes through any points of intersection that exist, but it is 
only in Gg that there are necessarily four points of intersection. 
For example the conics s = + 1 = 0 and s' = + 2 = 0 in 

G3 have no points of intersection. The corresponding conics in 
Gg are s = xy -\-z^ — 0 and s' = xy-{- 2z^ = 0 and these have two 
pairs of coincident points of intersection at (1,0,0) and 
(0,1,0). s = ks' also passes through these points and the 
tangents at the points are the same as for s = 0 and s' = 0; 
hence, by the convention, it is said to pass through the two 
pairs of coincident points. 

It is assumed in 16-12 that two conics cr = 0 and s = ks' 


coincide when they have five common points A, B, C,D, P^. 
Possible exceptions might arise when points such as J., P, Pi 
or A, P, C are colhnear. But, in 16 * 12 , P^ is an arbitrary point 
on s = ks' and so - 4 , P, P^ need not be collinear. If P, C are 
collinear, s and s' must be of the forms a/? and ay, where a = 0 
is ABC, and yff = 0, y = 0 are lines through P. Every conic 
through A, P, C,D then consists of a = 0 and a fine /? == /cy 


through P, and so 


cr = a(y^— /cy) = s — ks'. 


Hence the result of 16*12 is valid even in this exceptional case. 
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16 * 14 . There is one conic through the points of intersection 
A.ByCyDofs ^ 0 and 5 ' = 0 which does not have an equation 
s = Ks\ This is the conic s' = 0. Usually this exception leads to 
no inconvenience. It can be avoided by the use of ks = k's' 
where {k, k') is a homogeneous parameter. Theoretically the 
best form of equation for conics through four points is 

Xs + X's' = 0 , 

but in particular examples the form 5 is often convenient. 

See 4*73, 

16 * 15 . There are 00 ^ conics of the system s — ks'. The five 
degrees of freedom possessed by a conic are reduced to one 
degree by the conditions for passing through A, B, C\D. 

A unique conic of a system s — ks' passes through a point 
Pj. The name pencil’’ was first given to a system of con- 
current lines, but it is also applied to any system which has the 
property that just one member passes through an arbitrary 
point. Thus a system, s = ks', of conics is called s, pencil of conics. 

16 * 16 . Three conics of a pencil s = ks' are degenerate. If 
two conics of the system meet in A, B, C,D, the degenerate 
conics are the line-pairs AB, CD, and AC, BD, and AD, BC. 
The condition for Xs -f A'^' = 0 to be a line-pair is 

Aa -h X'a' Xh + X'h' Xg -f X'g' = 0. 

Xh + X'h' Xb + X'b' Xf+X'f' 

Xg + X'g' Xf+X'f Ac-fA'c' 

This is of the form 

dX^ + 6X^X' + 6'XX'^ + d'X'^ = 0 

and is a cubic for A : A' whose three roots correspond to the 
three line-pairs. 

The values of the coefficients in the cubic equation are given 
S = abc -f 2fgh - aP - bg^ - ch^^ 
d = Aa'-^ Bb' -h Cc' -f- 2Ff -f 20g' 4- 2Hh\ 
d' == A'a + B'b+C'c + 2Ff+20'g+2H\ 

S' = a'b'c' ■\-2fg'h' --aP^--b'g'^^c'h'^ 
where the notation of 0*6 is used. 
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16-17. The condition for As + A's' = 0 to be a parabola is 
; Aa + AV \h + X'h' = 0 
I AA + A'A' A6 + A'6' 

or 0A2 + (ah' + a'b - 2hh') AA' + C'A'^ = 0. 

This is a quadratic for A : A'. Hence two conics of the system 
are parabolas. Either or both of these may be a pair of parallel 
lines. 

16*18. The condition for + 0 to be a rectangular 

hyperbola iB A(o+6)+AV+i>') = ». 

If a + 6 = 0 and a' + b' = 0, this equation is true for all values 
of A, A'. Otherwise it is true for just one value of A : A'. Hence 
there is in general just one rectangular hyperbola through the 
points of intersection of two conics. But if the conics are both 
rectangular hyperbolas, then every conic through their four 
points of intersection is also a rectangular hyperbola. 

A pair of perpendicular lines is a special case of a rectangular 
hyperbola. If then the perpendiculars from A to BC and from 
B to AC meet in D, the four points A^B,C,D are the f)oints of 
intersection of the two rectangular hyperbolas AD, BC and 
AC, BD. Hence also AB, CD is also a rectangular hyperbola, 
i.e. AB is at right angles to CD, Thus: 

The perpendiculars from the vertices of a triangle to the 
opposite sides meet in a point (the orthocentre). 

Also 

Every conic through the vertices of a triangle and the 
orthocentre is a rectangular hyperbola. 

16*19. In order that Xs + A'^' = 0 may represent a circle, two 
conditions have to be satisfied by A : A', namely 

A(a-6) + A'(a'-“6') = 0 

and AA + A'fe' = 0. 

This is usually impossible. In general no conic of the pencil 
s = Ks' is a circle. 
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16 * 20 . Example. Find the equation of the conic through 
(4,0), (0,3), 2,0), (0,-1), (12, 12). 

Two of the conics through the first four of the points are 
the lines (4,0) (0,3) and (-2,0) (0,-1) and the lines (4,0) 
( — 2, 0) and (0, 3) (0, — 1). Hence an arbitrary conic through 
the four points is 

{x/4:-{-y/3-l){x/2+y/l-{-l) = kxy. 

This passes also through (12, 12) if 

6.19 = A;. 12. 12. /. k = 

Thus the required conic is (Sx+4y— 12) (a; + 2?/ + 2) = IQxy. 

16 - 21 . Example. Find the condition for the points of 
intersection of ax^ + 2hxy + by^ = d andp^^ + 2qxy + ry^ = u to 
be coney die. 

Any conic through the four points is 

ax'^ + 2hxy + by^ — d — k^'px^ + 2qxy + ry^ — u ) . 

This is a circle if 

a — kp = b — kr and h = kq. 

Usually it is impossible to choose k so as to satisfy these two 
equations. But they are satisfied by 

k = hjq = {(^ — b)l(p — r) 

provided that these fractions are equal. The condition is 
Hp-r) = q{a-b). 

The case ^ = 0,p = r is not exceptional. This can be seen by 
using ks — $' or ks = k' s' instead of 5 = ks', 

16 - 22 . Example. P, P' are points on an ellipse whose foci 
are S, S', and SP, S'P' are in the same direction. Find the 
envelope of PP' , 

Let PS, P'S' meet the ellipse x^ja^ + y^jb^ — 1 again in 
Q, Q'. Thenif PP'isXa;+ Yy-\-l = 0, QQ'isXx^- Yy—l = 0, 
and hence the parallel lines PS, P'S' are 

(Xx-\- 1 = K(x^la^ + yW-^)- 
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Since they are parallel, (X^ — Kla^){Y^ — Klb^) = X^Y^. Since 
they pass through the foci, a^e^X^—l = /c(e^— 1). 

Eliminating k, 

l)l(a^b^) = (Z2/fc^+ Y^/a^) (e^- 1). 

X^/b^+Y^b^/a^= l/(a^b^), 

. a^X^ + b^Y^ = aK 

This is the envelope equation of an elhpse with semi-axes 
a and b^/a along OX and OY. 


16-23. Example. Find the circumcircle of the triangle 
formed by 

ax^ + "Ihxy + by^ = 0 and lx -f- my + n — Q, 

Let }jx + qy = 0 be the tangent at the origin. Then the circle 
ax^ 4- 21ixy 4- by^ - {lx + my + n) {px + qy), 

where a — b = Ip — mq, 2h = mp -f lq> 

Therefore the circle is 

ax"^ -h 21hxy + by"^ {lx ^■my-\-n)x (lx + my-^n)y =0. 
a — b I —rn 

\ 2h m I 


16-3. The Equation S = kS' 

16-32. If 8 = 0,8' = 0 are the envelope equations of two 
conics, 8 = k8' represents a conic touching their four common 
tangents; and every conic touching these four lines has an 
equation of the form 8 = k8'. This is proved by the dual of the 
arguments in 16-12. 

16-35. There are oo^ conics of the system 8 = k8( A unique 
conic of the system touches a given hne. 

16-36. Three conics of the system are point-pairs. The 
condition for X8 + X'8' = 0 to be a point-pair is 

XA + X'A' XH + X'U' XO + X'O' =0, 

XH + X'H' XB-^X'B' XF + X'F' 

XO + X'O' XF + X'F' XC + X'C' 
and this is a cubic equation for A : A'. 
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16 * 37 . AaS + A'aS'= 0 is a parabola for one value of A: A' 
namely that given by A(7 + A'C" = 0 which is the condition of 
tangency for [0, 0, 1]. 

16 * 38 . Example. Find the parabola Avhich touches the 
lines [1,2], [2,6], [-3,6], [-1,0]. 

The points of intersection of [1, 2] [2, 6] and [ — 3, 6] [ — 1, Oj 
are given by 


X 

7 

1 

1 

i 

7 

1 

1 

2 

1 


! -3 

6 

1 

2 

6 

1 


-1 

0 

1 


i.e. (4Z-7-2)(3Z+7-f3) - 0. 

The points of intersection of [1 , 2] [ — 1 , 0] and [2, 6] [ — 3, 6] 
are given by (Jl — 7 + 1) (7 — 6) = 0. Hence any conic which 
touches the four lines is 

(4Z-7-2)(3A:+7+3) = 7+ 1) (7-6) 

The constant term is zero when k — 1. Hence the parabola is 
(4Z-7-2) (3X-i-74-3) = (X-7+l)(7-6), 
i.e. X^-^X=Y, 

EXERCISE 16a 

In Nos. 1, 2, find the conics through; 

1. (5,0), (7,11), (0, -3), (-2,0), (0,4). 

2. (2, -2), (2,0), (4, -3), (6, -3), (4, -2). 

In Nos. 3, 4, find the parabolas through; 

3. (1,3), (2,2), (1,6), (10,2). 

4. (-2,3), (6,7), (22,11), (-2,-1). 

5. Find the rectangular h3^erbola through (3,-1), (6,-1), 
(1,0), (1,4). 

6 . Find the rectangular hyperbola through the points of inter- 
section of _ I ^2^ 20^2 _ 4^ 

7. Find the common chords of + = 25 and x^-\’Xy + y^ 36. 

8. Find the conic through (r,r) and the points of intersection of 
x^-^y^ = and + 2hxy -f by^ = 1. 
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9. Find the conic through the origin and the points of intersection 
of 2/2 = 4a(a: — a) and (x — AaY-\-y^ = Qa®. 

10. Find the parabolas through the points of intersection of 
= 4 and + 2 £C 2 / + ^ 2/2 = 16. 

11. Find the rectangular hyperbola through the points of 

82/2 = a{x + 2 a) 

which are at distance a from the origin. 

12. Show that two pairs of common chords of a;2 + 2 /^ = 4 and 

2x^ + + 21/2 ^ _l_ Y^y -f 20 = 0 coincide with a; -f- 2 / + 2 = 0. Find 

also the other pair. 

13. Prove that all rectangular hyperbolas through the vortices of a 
triangle pass through its orthocentre. 

14. Find the conic through (6, —6) and the points where xy = 2 
meets Zx^ + y^ = 7. 

15. Give the general equation of the conic which meets 

x^/a^ + y^/b^ = 1 

at the ends of its axes. Can the conic be a parabola? 

16. The equation of AB,AD is bx^-^-ay^ = 0 and the equation of 

CB, CD is aa ?2 -f 2hxy + hy^ + 2gx + 2fy 4 - c = 0. Prove that the diagonals 
not through A of the quadrilateral formed by the four lines are at right 
angles if ^ ^ ^fgh + c(a^ + b^- h^). 

In Nos. 17--19, find the conic which touches the lines. 

17. [1,3], [0,1], [-2,3], [-3,7], [2,7]. 

18. [a,bl [a, -6], [-a, 6], [-a, -6], [c,0]. 

19. [1,1,1], [3,6,1], [-6,8,1], [-2,0,1], and the line at infinity. 

In Nos. 20, 21, find the point-pairs of the system S = kS\ 

20. S = a^X^ + b^Y^-l, S' = b^X^-ha^Y^-l. 

21. AS=X2+r2_exr-i, s '= x ^-^ y ^-\- gxy -~ i . 

22. Find the value of k for which 

(2X2 + 3Xy + 4y2 + 2X+l) = A;(^2_2xy + 3y2 + 2y+l) 
touches 03 + 2/4-1 = 0. 

23. Find the parabola of the system in No. 22. 

24. Find the value of A such that the conic 

A(a 2 X 2 + 62 y 2 - Z 2 ) = X 2 + y 2 
touches [Xj, y^, Zj]. Can this conic be a parabola? 
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16*4. The theorem of 16-12 applies when one or both of the 
conics 5 = 0, 5 ' = 0 is degenerate, and the particular cases 
which arise from degeneracy are important. 

16*41. 6* = kap is a conic through the points where the lines 
a — 0 and /? = 0 meet 6? = 0. 


/ 

16*42. s = k(x^ arises from s = kaji when It is a conic 

which touches 5 = 0 at each of two points on a = 0. It is said 
to have double contact with s = 0, 

16*43. s = kar, where T = 0 is a tangent to 5 = 0, meets 5 = 0 
at two points on a = 0 and touches it at the 
contact of T = 0. 

16*44. s = ka/i, when a = 0 and yff = 0 
meet on s == 0, gives a conic like that in 
16*43. 

16*45. s = kccT, where r = 0 is a tangent 
to 5 = 0, and a = 0 passes through the con- 
tact of T = 0, represents a conic which meets 
,9 = 0 actually in two points only, but the contact of r = 0 
counts as three points of intersection, and .5 = kar is said to 
have three-point contact with s = 0. 
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16 ‘ 46 . s = kr^, where r = 0 is a tangent to 5 = 0, ha^s four- 
point contact with 5 = 0 . 

16 - 47 . s ^ka passes through the two points where a = 0 
meets 5 = 0. But 00 ® conics have this property whereas s — kcc 
contains only 00 ^ members. If the geometry is homogeneous, 
the equation 5 = is replaced by 5 = Icclz. This has the same 
points at infinity as 5 = 0: the asymptotes of the two conics 
are parallel. 

The equations s = 0 and s = ka have the same second degree 
terms ax^ + 2hxy + by^. They are similar conics. See 15-63. 


16 - 48 . OL^ = ky8 is a conic through the four points of inter- 
section of the lines a,/? with the hnes y, d. 



16 - 49 . a/3 = ky^ arises from afi = kyd when d-^y. It is a 
conic touching a = 0, = 0 at their points of intersection with 

y = 0. This very important form gives the equation of a conic 
which touches two sides of a triangle at the ends of the third 
side. 

16 - 50 . = ky^ is a conic composed of two lines a = y^Jk 

and a = —y^k. 

The examples in 16-41-16-50 illustrate the cases in which 
5 = 0 and 5 ' = 0 have points of intersection ABCD^AABC, 
AABB,AAAB,AAAA, 

16-51 . Example. If PiN^, P 2 N 2 are ordinates of a parabola 
and the circle on N 1 N 2 as diameter touches the parabola, 
prove that + == -^ 1 ^ 2 - 
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Let the parabola be = Aax and let the chord of contact be 
X — b. Then the equation of the circle is 

“ 4ax = k{x — b)^, where k = — I, 



Hence at the points of intersection of the circle with the 

axis 2 / = 0, 4ax = (x — b)^. 

/. ^(4ax) = ±(x-b). 

If M is (h, 0), = b-x^ = N^M, 

and N 2 P 2 — ^2 — b ~ MN^- 

/. N,P,-^N2P2 = N,N2. 


16 - 52 . Example. Determine the circle which has four- 
X)oint contact with x^la^4-y^/b^ = 1 at (a, 0). 

Since x = ais the tangent to the ellipse at (a, 0), the equation 

of the circle is 

The coefficients of x^, y^ must be equal. 

Hence k = i/a^— l/b^ and the circle is 

x'^Ja^ + y^Jb^ — 1 4- (a^ — 6^) (x — a)^la%^ = 0, 

i.e. x^ + y^ — 2(a^ — 6^) x/a + — 26^ = 0, 


/ a^^b^Y , /b^Y 


or 
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16 - 53 . Example. Interpret the equations = 4ax and 
xy = as examples of 5 = ks\ 

It is necessary to consider the corresponding equations in 

Gfi. 




y^ = 4axz is an example of a/i = ky^. It touches x = 0 and 
z — 0 dbt their points of intersection with y = 0, i.e. at the 
vertex of the parabola and at the 
point at infinity on the axis. 

xy = is also an example of 
touches x = 0, y = 0 
at their points of intersection with 
z == 0: the hyperbola touches its 
asymptotes at infinity. 

16 - 6 . Special cases of S = kS' dual to the examples in 16-4 
are as follows. 

16 - 61 . S = kAB. This is a conic touching the tangents to 
S = 0 from the points A = 0 and B = 0. 

16 - 62 . S = kA^ arises frOm S = fcAB when B->A. It is a 
conic which touches /S = 0 twice, the tangents passing through 
A = 0. This gives the same figure as 16-42. 

16 - 63 . S = *AT, where T = 0 is a contact of /S = 0, is a 
conic touching the tangents from A = 0 to /S = 0 and also 
touching /S = 0 at T = 0. 

16 - 64 . S = MB, where A = 0 and B = 0 lie on the same 
tangent of ^ = 0, gives the same figure as 16-63. 
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16 - 65 . S = kAT, where T = 0 is a contact of aS = 0 and 
A = 0 lies on the tangent which ha^ that contact, is a conic 
which actually has only two tangents in common with /S = 0. 
But conventionally the tangent AT counts as three, where 
A and T are the points A = 0, B = 0. 8 — A;AT is therefore 
said to have three4ine contact with aS = 0 . 

16 - 66 . 8 — k^Y'^hoi^ four-line contact witYi 8 = 0. The tangent 
whose contact is T = 0 counts as four common tangents of 
0^8 = *T2. 


16-67. 8 = kAZ is a conic touching the tangents to aS = 0 
from A = 0 and the tangents from the origin {Z = 0 ). 

16-68. AB = kVA is a conic touching the lines ^(7, AD, BG, 
BD, where A,B,C,D are the points A = 0 , B= 0 , F = 0 , 
A = 0 . 

16-69. AB = kr^ arises from 16-68 when A->r. It is a 
conic touching AC eAj A and BG at B, The figure is the same 
as that of 16-49. 

16-70. A^ = kr^ is a conic composed of the two points 
A = rv*, A = -rv*. 

The examples in 16-61-16-70 illustrate the cases in which 
aS = 0 and aS' = 0 have common tangents abed, aabc, aabb, 
aaab, aaaa. 

16-71. Example. If (x = x,^ = y,y^2x — Zy+l, find the 
equation of the conic through ( — 3,1) touching a = 0 and 
/? = 0 where 7=0 meets them. 

By 16-49, the equation is 

xy = &(2a; — 3^+ 1)^ 

where — 3 = A( — 6 — 3+1)^ = 64A, 

i.e. 64a;2/ + 3(2a;— 3y+ 1)2 = 0 . 


R I A G 
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16 - 72 . Example. If a ± a;, yff = «/, y = 2a;- 3i/+ 1, find the 
equation of the conic touching a = 0 and yff = 0 where y = 0 
meets them and also touching 4a; + 5i/ = 1. 

Using Gg or G^, the vertices of the triangle formed by 
a == 0,/? = 0,y = 0 are Z = 0, 7+32 = 0,Z-22 = 0. Also 
the coordinates of 4a; + 5y = 2 are [4, 5, — 1]. 

By 10-69, the equation is 

(7 + 32) (X-22) = 

where (5 — 3) (4 + 2) = k, 

i.e. ( 7 + 32) (A - 22) = 122^ 

or, returning to G3, ( 7 + 3) (A — 2) = 12 
or A7 + 3A:-27-18 = 0. 

By 12*7 this is the same conic as 

4a;^ — 60a;^ + + 4a; — 6y + 1 = 0. 


16-73. Example. Prove that if a conic touches four given 
tangents to a given conic and the chord of contact of one pair 
of them, it also touches the chord of contact of the other pair. 



Let /S' = 0 be the given conic, and [X^, 7^], [Ag, 72J the 
chords of contact. The poles of these chords are /S^ = 0 and 
S 2 = 0, and these form a point-pair conic whose common 
tangents with S = 0 are the given tangents. Hence any conic 
which touches these tangents is 


8 = ik/Sj/Sg. 


This also touches [X^, 7i] if 8 ^ — fc/Sn/Sig, i.e. if k — l/zSig. 
For this value of k, by symmetry, the conic also touches 
[Ag, Tg]. The equation of the conic is 8 ^ 2 ^ = /S^/Sg. 



16 - 73 ] 


S = KS' 


339 


EXERCISE 16b 

1. Give the equation of an arbitrary conic circumscribing the 
convex quadrilateral whose sides are ±xla + ylb = 1, ±xla — ylc = 1. 
If this conic can be a circle, what relation do a, b, c satisfy and what is 
the equation of the circle? 

2. Give the envelope equation of an arbitrary conic inscribed in the 
square formed by the lines [ ± 1, ±1] and deduce the locus equation. 

3. Find the parabolas through the ends of the chords lx ± my — 1 
of ax^ + by^ = 1 . 

4. Find the parabola which touches the axes and the tangents 
from (P, P) to 4:k^XY = 1. 

5. If a circle has double contact with ax'^ -f hy^ = c, prov’^e that the 
chord of contact is parallel to a? = 0 or i/ = 0. 

6. QT is a tangent from a point Q on an ellipse of eccentricity e to 
a circle which has double contact with the ellipse, the chord of contact 
being parallel to the minor axis. QL is drawn perpendicular to the 
chord. Prove that QT = eQL, 

7. Give the general locus and envelope equations of the conics 
which have (i) three-point contact, (ii) four- point contact, with the 
parabola x\yxa^t^i2tilfxt the point 

8. Show that a circle cannot have four-point contact with a 
parabola except at the vertex. 

9. Find the circle which has three-point contact with the rect- 
angular hyperbola xy = at (kt, kjt). 

10. Find the rectangular hyperbola which has four-point contact 
witli = ^ax at (at^, 2at), 

11. Find the rectangular hyperbola which touches ^x + y = 2 and 
2a; + 32/ = 1 at ( 1 , J) and ( - 7, 6). 

12. If 5 = 0 and s' = 0 are two conics and s — s' is the product of 

linear factors a and prove that the conic kW + — 2k{s -f s') has 

double contact with both s = 0 and s' = 0. 

13. If ay^ = 0 is a line-pair of the system s = ks', prove that there is 
a conic which has double contact with s = 0 along a = Xfi and with 
s' = 0 along a = — Afi. 

14. State the relation of the conics 

x^/a^ + y^/b^—l = X{xla + ylb— 1) (xla-yjb-^- 1), 
aj®/a® 4- y^jb^ — 1 = Ky(y — b) 

to the ellipse x^ja^ + y^jb^ —1 = 0, and give the value of A in terms of 
K, b for which they are identical. 


22*2 
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15. State the relation of the conic K{aY^ — X) = (aX— 1)* to the 
parabola aY^ = X and discuss the special case k = 2a. 

In Nos. 16-24, interpret the equation. 

16 . x^ + y^ = K^x cos a + y sin a — a)^. 

17. (2/2 + 2kx) ( 2 /i 2/2 + kx^ + ^^ 2 ) = iVVi + + kx^) (yy^ + kx + kx^), 

where 2 / 1 ^ + 2kxT^ = 0 = 2 / 2 ^ + 2 kx 2 - 

18. xy — = \{x + yt^ — 2kt)^. 19. xy — k'^ = (Xx+iiy)y. 

20. 4A;2Xy-l = AF2. 21. aY^-X = /c(aX-2aF+ 1)^ 

22. aY^-XZ = Z2/4a. 23. a2X2 + 62Y2~ 1 = AX^. 

24. a2X2 + 62 Y2 - 1 = A(X - Y)2. 


16*8. Concyclic Points 


16*81 . A pencil of conics can be drawn to pass through four 
given concyclic points A,B,C, D. If the axes of one conic of 
the system are taken as axes of coordinates, the equation of that 


conic IS 


ax^-\-by^ + c — 0 . 


If the equation of the circle A BCD is 

2px + 2qy + r = 0, 

an arbitrary conic of the system is 

ax^ + by^ + c = k(x^ + y^ + + ^). 

The asymptotes of this conic are parallel to 
ax^-\-by^ — k{x^-\-y^) 

and therefore the axes, which bisect the angles between the 
asymptotes, are parallel to the axes of coordinates. Thus: 

All conics through four copcyclic points have parallel axes. 


16-82. The common chords of x^^-y^ + 2px + 2qy + r = 0 
and ax^ + by^ + c = 0 are degenerate conics of the system 

ax^ -h by^ + c = k{x^ + + ^p^ + 2gy + r) 

given by three special values of k (see 16-16). The axes of the 
line-pairs are their angle-bisectors, which are parallel to the 
axes of coordinates. Thus: 

The common chords of a circle and a conic taken in pairs 
make supplementary angles with the axes of the conic. 
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16 * 83 . The argument of 16*81 and 16*82 is applicable when 
ax^ + 62/2 + c = 0 jg replaced by = 4 ax. There are two 
parabolas of the system, and their axes are parallel to the axes 
of the other conics. 


16 * 84 . Eccentric Angles of Concyclic Points of an Ellipse. 
The chords of x^ja^ + y^fb^ — 1 joining points whose eccentric 
angles are are (by 14*31) a = 0 and /? = 0, 

where 

X 2/ 

as -cos ■¥(j>i) + ^ sin + $^2) - cos - ^2) 

X 2/ 

and ^ = “COS 1(^53 + $^4) + 1 sin 1(5^3 + 954) -cos 1(5^3 -5^4). 

The four points concyclic if and only if one 

conic of the system x^ja^ + y^lb^—l =: kajS is a circle. The 
conditions for the conic to be a circle are that the coefficients 
of x^ and y^ should be equal, and that the coefficient of xy 
should be zero. It is not usually possible to choose k to satisfy 
these two conditions. But the coefficient of xy is zero if 

cos + 02) sin 2 (03 + 04) + cos 1(03 + 04) sffi J(0i + f>^) = 0, 
i.e. sin 1(01 + 02 + 03 + 04) = d, 

i.e. 01+02 + 03+04 = "^riTT. 

The coefficients of x^ and 2/2 are then equal if 

^ - P = cos h{ 4 )y + 9^2) COS + 9^4) 

- P sin \{<j>i+^i) sin \(<}>^ + 

= cos2 + 9 ^ 2 ) + p sin® 1(01 + 02) j 

in which the coefficient of k is not zero. Hence if the condition 
S0 = 2 nn holds, k can be chosen to satisfy the second condi- 
tion. Therefore S0 = 2/177- is a necessary and sufficient condition 
for the points 0 i,02>03j 04 fn be concyclic. 
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16 - 85 . Example. On the chord of the ellipse 

x^fa^ + y^/b^ = 1 as diameter, a circle is described. Find the 
equation of the chord joining its other points of intersection 
with the ellipse. 

In the equation x^/a^ + y^jb^ — 1 = ka.fi of 16 - 84 , since the 
coefficient of xy is zero, kfi can be replaced by 

a|^ cos ^(9^1 + ^2) - 1 sin +ip^)-lcos ^(9^1 - $i2)| • 


The centre of the circle is the mid-point of the chord <j>x<j>2, 
given by Xx = a cos ^(9^1 + ^2) cos “ ^2)> 

= 6 sin 9^2) cos \{^x- ^2)- 


But Xxlyi is also equal to the ratio of the coefficients of x and y 
in the equation of the circle. 


a cos ^(^1 + 9^2) _ ^1 _ + l)cos 1(^1+ ^2) 

6sinl(9ii-h^2) ~ yi~ 


f + 1 _ a* 
l^~b^’ 

the chord is 


_a^+b^ 

~a^-b^’ 


X 

a 


If (t^ “}“ 

cos + 9^2) - r sin + 9^2) = “2— X2 cos \{^x - ^2)- 


6 * 


16 * 86 . Example. A circle meets H- = 1 at the ends 
of a diameter and at the ends of a chord through (/, g). Find 
the locus of the centre of the circle. 

Let the circle be so that the centre 

is The chords of intersection are 

(px-qy){p(x-f)-{-q(y-g)} = 0. 

This must be of the form 

{x-xxY+{y-yxY-rx^+4^2+$-^) = «- 

. p {pS+yg) ^ qjpf+yg) ^ p^ ^ -g^ 

2xx -2yx l + A/o* l-l-A/6*’ 
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a^-b^ ’ 

. f^i-m ^ aW + bW 

2 0 ^- 6 * ’ 

/. the locus is a^^ + b^^ = ^(a^ — b^){fx—gy). 

16*87. Example. Find the locus of the centre of a circle 
which has three-point contact with = 4a:r. 

The equation of such a circle is of the form 

— 4ax — KOCT, 

where r = 0 is a tangent to y^ = 4ax, and a = 0 is a line through 
the contact of r = 0 . 

Also, by 16*82, a = 0 and r = 0 make supplementary angles 
with OX. Taking t = x — ty-\-at^, a ^ x + ty — Zat^ and the 
circle is ^2 _ 4 ^^ — -\-ty — 3at^) (x — ty-i- afi ) . 

Equating coefficients of x^ and y"^, — 1 == a (1 centre 

is found by partial differentiation wo x and wo y. (See 12*52.) 
Hence it is given by 

— 4a = k{2x — 2at^), + 2^/ = Kt{ — 2ty + 4a^2). 

.*. a; = 2 a -h Sa^^, y — — 2at^. 

These are parametric equations of the locus of the centre. 
By change of origin to the point ( 2 a, 0 ), the locus of the centre 
becomes 21ay^ = 4a:^, a semi-cubical i)arabola. 

EXERCISE 16 c 

1. Prove that central conics with parallel axes meet in concyclic 
points. 

2. Prove that a central conic with an axis parallel to the axis of a 
parabola moots the parabola in concyclic points. 

3. Prove that the two parabolas through four concyclic points 
have perpendicular axes. 

4. Prove that the points of intersection of 

aj 2 __ 4 ^ 2 / + 41/2 + 42a; — 9^/ — 109 = 0 
and 17a?2 + 1 2xy + — 46a; — 9i/ -- 1 3 = 0 

are concyclic. 
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5. A BCD is a cyclic quadrangle; AB,DC are produced to meet 
at j&, and BC, AD are produced to meet at F» Prove that the bisectors 
of /_CEB and Z.CFD are at right angles. 

6. Two parabolas are drawn through the points of intersection of a 
circle and a rectangular hyperbola. Prove that the tangents at any 
one of the four points to the conics form a harmonic pencil. 

7. Given a conic drawn on paper, state how to find the positions of 
its axes. 

8. {w}. If {x/a + y/b— 1)^ = 2kxy is a circle, prove that and 

find k, 

9. {6>}. Give the general equation of a conic which meets the axes at 
(a, 0), (a', 0), (0, 6), (0, 6')> ^'-nd determine whether the conic can be a 
circle. 


16'9. Equations of More General Form 

16*91. If f(x,y) = 0 and g(x,y) = 0 are two curves, the 
coordinates of every point of intersection of the curves satisfy 
both equations. They therefore satisfy every equation which 
can be derived algebraically from f{x,y) = 0 and g{x,y) = 0 . 
Thus the derived equation represents a curve passing through 
all the points of intersection. 

In the special case of 16*12,/ = 0 and = 0 were conics and 
the derived curve f = Kg was also a conic. In general, the curves 
/ = 0 and ^ == 0 need not be curves of the same type, and the 
derived equation need not be of the form f — Kg. When it is of 
that form, k may be a function of x, y instead of being a con- 
stant. But the derived curve always passes through the 
common points of / = 0 and g = 0. 

In 4*8 an equation is derived from a = lx + my-\-n = 0 and 
5 = 0 which represents the pair of lines joining the origin to the 
common points of a = 0 and 5 = 0. This is an example of the 
general process of combining the two equations / = 0 and 
^ = 0, but it is not an example of / = Kg. 

Sometimes the process of combining the equations is 
modified so that the deductions are not applicable to all the 
points of intersection. In 16*94 the derived curve passes 
through three of the common points of the two conics, but not 
through the fourth point. 
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16-92. Example. Interpret the equation 
aoc^ = pfiy + qya + rajS, 

where a, /?, y are linear in x, y, z and a^p, q, r are constants. 

Consider the three lines a = 0, /? = 0, 7 = 0 and let their 
points of intersection be C. Then the coordinates of B 
satisfy a = 0 and 7 = 0; hence they satisfy the given equation. 
The same is true of the coordinates of G, but is not true of the 
coordinates of A. The equation is of the second degree. It 
represents a conic through B and C but not through A. 


A 



Since the equation can be written 

p^y — a{aa — rfi — qy), 

it passes through the point of intersection of 
y?=0, aa=^rp + qy, 
and through the point of intersection of 
7 = 0, aa = rP + qy- 

Thus aa rfi A- qy is the line joining the points other than B 
and C in which the conic meets AB,AC. 
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16*93. Example. Find the equation of the circle through 
the points of intersection of = x and {x — b)y^c. 

The coordinates of the points of intersection satisfy 

xy^ — by^ = cy 

and therefore satisfy 9.0 

x^ — by^ = cy 

and x^-\-y^—{b-\-l)y'^ = cy 

and + == (6+ l)a; + C 2 /. 

This is the equation of the circle. 

It should be noticed that this is not an example of 5 = ks\ 
This is because the circle does not pass through four points of 
intersection of the given conics. In Gg the corresponding circle 
does not pass through the point ( 1 , 0 , 0 ) of intersection of 
y^ = xz and {x — bz)y = cz^, 

16*94. Example. Find the equation of the conics through 
the points of intersection other than the origin of 

s = ax^ + 21ixy + by^ + ^gx + 2fy = 0 
and 6*' = a'x^ 4- 2Wxy + b'y"^ + 2g'x + 2f'y = 0 , 

where fg'^gf. 

The given equations are 

x(ax + 2hy + 2g) = -y(by + 2f), 
x(a'x^2h'y + 2g') = -y(b'y + 2f'). 

Coordinates other than ( 0 , 0 ) which satisfy these equations 
also satisfy 

cr = (ax-\-2hy + 2g)(b'y-i-2f')-(a'x-\-2h'y + 2g')(by-\-2f) = 0. 

This is therefore the equation of one conic through the three 
points and it does not pass through the origin. Evidently 
or + ks + k's' = 0 also passes through the three points for all 
values of k, k\ Since k, k' can be chosen to make 

or -\-ks-\-k's* = 0 

pass through two other points, any given conic through the 
three points has an equation of this form. 

A system (r + ks + k's' = 0 of conics is called a net of conics. 
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16*95. Pascal’ s Theorem, If A, B, (7, Z>, E, F are six points 
on a conic, then AB^DE and BC,EF and CD, FA meet in 
coUinear points. 

Let the equations of AB, BC, CD, DE, EF, FA be a = 0 , 
a' = 0 , yff = 0 , = 0 , 7 = 0 , 7 ' = 0 . Then otjSy = kcxfp'y' is a 

cubic curve, and it passes through the nine points of inter- 
section 

a = a' = 0 , a = yff' = 0 , a = 7 ' = 0 , 

= a' = 0 , A = /?' = 0, ytf = 7 ' = 0 , 

7 = a' = 0 , 7 = = 0 , 7 = 7 ' = 0 , 

since the coordinates of these points make both sides of 

a /?7 = kcd p'y' 

zero. In the figure the nine points are B,X,A, C, i>, Z, Y, E, F. 



Let k be chosen so that the coordinates of an arbitrarily 
chosen point G on the conic also satisfy (xfiy = kcxf^'y'. 

For this special value of k, the conic and cubic have 10 points 
in common. It follows from 7-61 that the cubic is degenerate 
and contains the conic as part of itself; the rest of the cubic is a 
line. But X, Y, Z lie on the cubic and not on the conic. Hence 
X, Y, Z are collinear. 

The dual of Pascal’s Theorem can be proved by a dual 
method, in which a curve of class 3 is used. 
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16-96. The Double Contact Theorem, If two conics both 
have double contact with a third conic, then the chords of 
contact are concurrent with a pair of the common chords of the 
two conics and separate these chords harmonically. 

Let ^ = 0 be the third conic, and let a = 0 and /? = 0 be the 
chords of contact. Then the other conics have equations 
s = kcx?, s = 

and these can be taken to be 

s = s = 

by alteration of a,/? by constant factors. 

One conic through the points of intersection of 5 = a^, 
5 = is s — = 

i.e. (a + /?) (a — /?) = 0. 

This is a hne pair, and is one of the pairs of common chords. 
The two hnes a+/S = 0, a—fi = 0 separate a = 0 and /? = 0 
harmonically. Thus the theorem is proved. Its dual can be 
proved by the dual method. 


16*97. Parabola Referred to Tangents as Axes 

Using homogeneous geometry, let A(a,0, 1) and JS(0, 6, 1) 
be the contacts of a parabola with the axes of coordinates. The 
envelope equations of A, B,0 are 

aX + Z = Q, bY Z = 0, Z = 0. 

Hence the envelope equation of the parabola is 
{aX + Z)(bY + Z) = /cZ2. 
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Also k = 1, since the equation must be satisfied by [0,0, 1]. 
Hence the equation is 

-abXY = Z{aX + bY), 

or, parametrically, 

aX:bY:Z= 1-T :T :T^-T. 


If the locus equation is required, the equations of AB, OB, 
OA are xja + yjb = l,x = 0,y = 0. Hence the equation of the 
parabola is {xja + yjb — \ )^ — kxy. 

Also k = 4jab, to make the second degree terms a perfect 
square. 

Hence the equation is 


ab a b 


or 



= 1 , 


or, parametrically, x = at^, y = b(l —t)^- 


EXERCISE 16 D 

1. Find the equation of tho parabola through the origin with its 
axis parallel to a; = 0 and passing through the points of intersection of 
y = k and ax^ + 2hxy + by^ = 0. 

2. Find the equation of the lines through the origin and the points 
of intersection of (x^ + y^)^ — 9(x^ — y^) and x^-\-4^y^ = 4. 

3. Find the equation of the circle through tho origin and the points 
of intersection ofx — y — 2 — 0 and x^-\-y-\-\ = 0. 

4. Find the equation of the circle through the points of intersection 
oi y — and xy = x-\- y. 

5. Show that xy = 2gx —fy passes through the points of contact of 
tangents from (/, g) to y^ = ^ax. 

6. Find tho circle through the points of intersection other than the 

origin of 2 / = + Zxy and x = ^xy-\-y^. 

7. Prove that xy + (2o -/) y = 2ag meets y^ = 4aa; in points P, Q, R 
concyclic with the vertex. Also show that P, R lie on 

x^ + (2a-J)x = Igy. 

8. Find the circumcentre, centroid, and orthocentre of the triangle 
PQR in No. 7. 
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9 . Examine the proof of Pascal’s Theorem given in 16*95 when 
A, E,C lie on one line, and P, D, F on another. 

10 . AA'BB'CG' is a hexagon circumscribing a conic and the 
envelope equations of the vertices are A= 0, A' = 0, B = 0, R' = 0, 
r = 0, F' = 0. Show that, if k is properly chosen, the curve 

ABF = kA'BT', 

of class 3, has seven common tangents with the conic, and from the fact 
that it must be degenerate deduce that AB\ CA\ BG' are concurrent. 
This is Brianchon’s Theorem. It is the dual of 16*95. 

11. If two conics both have double contact with a third, prove that 
the poles of the chords of contact separate harmonically two of the 
points of intersection of the common tangents of the conics. 

12 . If an ellipse touches both asymptotes of a hyperbola, prove that 
two of the common chords are parallel. 

13. If each of two intersecting circles has double contact with a 
parabola, prove that the common chord of the circles is midway between 
the chords of contact. 

In Nos. 14-19, prove the properties of the parabola 

X = al^y 

14 . The tangents perpendicular to the axes arc 

x-\-ycos(jj = ab cos (t) I (a -^b COSO)), y-\-oocoso) = ab cos o) / (b + a cos ro), 

15 . The directrix is (a d- 6 cos o))x-h(b + a cos o))y = ab cos o). 

16 . The tangent at the vertex is 

ir/(6 + acos w) + y/{a + 6cosa>) = ab j {a^-h'^ab cos (o + b'^). 

17 . The focus is x:y:l = ab^ : a^b : 4- 2a6 cos w + ft'*®. 

18 . The axis is bx — ay = ab(b^ -'a^)l(a^-^2ab cos o) + b^). 

19 . The latus rectum is 4o*62^in2 o)/(a^ + 2ab cos (o -|- b''^)K 

In Nos. 20-28, x, y, z are cartesian coordinates in three dimensions, 
a = 0 and /? = 0 are (linear) equations of planes, s = 0 and s' = 0 are 
(second degree) equations of conicoids, (7 = 0 and tr' = 0 are equations 
of spheres of the form + y* + 2^ + 2ux 4- 2vy 4- 2wz 4- d = 0. Interpret 
the given equation. 

20. ot=zkfi. 21. (r^k(r\ 22. cr = ika. 

23 . (7 = h, 24 . 8 = k8\ 25 . « = kafi. 

26 . s = koL^, 27 . a2 = k^^, 28 . s* = k^s'^. 



1697] 


S=^KS' 


351 


EXERCISE 16 e 

1 . Sogmonts LM of length c and L'M' of length c' of the oblique 
axes are such that LL' and MM' are parallel. Prove that LM' and 
ML' envelop a parabola which touches the axes. 

2. ABC is a triangle right-angled at C, CA — 6, CB = a. Write 
down the equation referred to axes GA and CB of an arbitrary conic 
through B, C such that its normal at G bisects A B. Find the locus of 
the centre of this conic. 

3. The linos joining (c, 0) to the points where [X, Y] meets = ^ax 
meet the curve again in two points. Prove that these points lie on 
[X', Y'] such that c^XX' = 1 and Y' = ^cYX'. Also if [X, Y] passes 
through one fixed point, prove that [X', Y'] passes through another. 

4. If (/i, fJi), (-/i, -Qi) and (/». g^). (-/„ -g^) are the ends of 
conjugate diameters of an ellipse, prove that the ellipse is 

Also use the properties GP^ -i- GD^ = -4- 6^ and p . CD = ah to show 

that the squares of the sum and difference of the semi -axes are 

(/i±9^2)H(9^iW- 

5. A conic through X(0, 4) and B(7, - 3) has double contact with 
2x^ + xy-\- 42/2 4- 6a; -f 42/ -f 1 = 0. Prove that the chord of contact passes 
through one of two fixed points and find their coordinates. Verify that 
these points separate A and B harmonically. 

6 . Find the equation of the circle through tho points of intersection 
other than the origin of 2(x^ -\-xy + y^) = x and Qx^ + 6y^ = y, 

7. A conic is drawn to touch two pairs of tangents to another 
conic. Prove that if it touches one chord of contact, it also touches 
the other. 

8. {w}. Find the equation of the rectangular hyperbola which 
touches the axes at (a, 0) and (0,6). 

9. Find the contacts of pXY + qX + rY + 8 = 0 with the axes. 

10. Interpret the equations 

(aX-\-Z){hY^-Z) = k(cX + dY+Z)Z, 
aX + hY-\-2Z = k{cX-^dYA2Z), 

and use them to find the locus of the centres of conics touching four 
given lines. 
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11. Interpret the equation 

(1+^2) (2/2 — 4^x) + {x — ty + at^) (x + ty + X) = 0, 
and find the value of A for which it has three -point contact with y^ = 4aa;. 

12. Interpret the equation 

(x^X + y,Y + z^Z)(x^X + y^Y + z^Z)^X(X^+Y^). 

What is the envelope of a line the product of whose distances from two 
given points is constant ? 

13. Show that the feet of the normals from {h, k) to ax^ + = 1 lie 

on the hyperbola {a — h)xy — akx-\-hhy = 0. 


14. If the normals to ax"^ 4- hy^ = 1 at the ends of the chords which 
are the polars of (x^iyi),(x 2 ,,y^) meet at (h,k), prove that 

axy^x^ = - 1 , hy^y^ = -1 

and h:k:b-a = yi + y^: -x^-x^ia^Xiyz + x^yi). 


15. If the normals to x^ja^ + y^jb^ = 1 at the points whose eccentric 
angles are a point (h,k), prove, by comparing the 

equations {a^-b^)xy+ b%x - a%y = 0 


and 


x^ y'^ 




where 


oc 

a = - cos i ({4i + ?5a) + - sin ^ j) - cos j), 

a 0 

/? = - cos i ((j)3 + 04) + 1 sin i (03 + 04) - COS \ (03 - 04). 

a 0 


that ^2 "I" ^3 *1" ^4 — ( 2/1 “I- 1 ) 77". 

16. In No. 16 show that kp can bo replaced by 

Qc y 

sec J(0i+02)4-"cosec J(04+03) + sec4(0i-0j) = 0. 
a 0 

Deduce that if the normals at 0i,^2»^3 concurrent, them 
sin (02 + ^3) + (03 + 0i) -f sin (0^ -f 02) = 0. 



MISCELLANEOUS EXERCISE B 

[These are arranged in sets of seven] 

1 . The joins of the fixed points (a, 0) (6, 0) and (0, c) (0, d) are divided 
in the same ratio at P and Q. Find the locus of the mid -point 
of PQ. 

2. Two parallel tangents to — = 0 form a square with 

two parallel tangents to (x + a)^-\-y^ — Prove that each diagonal of 
the square passes through a fixed point. 

3. Circles of constant radius k are drawn through the ends of a 

variable diameter of x^ja^ + y^jb^ = 1. Prove that the locus of their 
centres is ^^2 + b^y^ + a^b^) = k^a^x^ + b^y^)» 

4 . A, BfG,D are concyclic points on a rectangular hyperbola and 
P is the orthocentre of ABC, Prove that D and E are opposite ends of 
a diameter of the hyperbola. 

5. Bis a fixed point and « is a fixed circle. Prove that the envelope 
of chords of s which subtend a right angle at ^ is a conic with one focus 
at S, 

6. If a triangle is self -polar wo a parabola, prove that the joins of 
the mid-points of the sides are tangents to the parabola. 

7. Q is any point on x^ + y^ = 2ax and OQ meets x = a at R. The 
lines through Q, R parallel to OT, OX meet at P. Show that the locus 
of P has parametric equations 

x:y:a = + 

Find the points of infiexion and sketch the curve. Also find the locus 
of the point of intersection of tangents at the ends of chords through 
(2a, 0). 

8. Fixed finite lines AB, CD are divided in the same ratio at P,Q, 
Find the envelope of PQ. 

9. Two circles meet at A and B. A line through A meets one circle 
at P and the parallel line through B meets the other circle at Q. Show 
that the locus of the mid-point of PQ is a circle. 

10 . Prove that the circles through the focus of a parabola touching 
the curve at the ends of a focal chord cut orthogonally. 

11 . Find the envelope of the polars of the fixed point (h, k) wo the 
conic x^ja^ + y^jb^ = 1 when a and b vary in such a way that a® — 6® is 
constant. 
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12 . Lines joining a point P on = 1 to (Aa, 0), (A'a,0) 

meet the ellipse again in Q, R. Prove that the envelope of QR is 

x^ja^ + ( 1 - AA')2 yV{(l - A2) ( 1 - A'2) 62} = 1 

and discuss the case AA' = 1. 

13 . A circle has double contact with a hyperbola. From a point P 
on the hyperbola a line P® is drawn parallel to one asymptote meeting 
the chord of contact at Q, Prove that PQ is equal to the length of the 
tangent from P to the circle. 

14 . Show that the inverse of a central conic wo a vertex is a cubic 
curve through 1 and J. 

15 . If A(aa;2 + 2hxy -f by^ + 2a;) + ii(a'x^ -h 2h'xy + h'y^ 2y) + 2vxy = 0 
is a line -pair, prove that one line goes through the origin and that the 
other envelops (ax + h'y H- 2)2 = Mbxy. 

16 . Prove that any foui* coiicyclic points A,B,G,D can be taken to 

^be (^ 1 , l/«i), (^ 2 > l/^ 2 )» (^ 3 » i As)* (^ 4 » 1 A 4 )* where = 1 , and verify that 

BC .AD±GA.BD±AB,GD=^0. 

17 . If PSQ and F'SQ' are perpendicular focal chords of an ellipse, 

prove that (FS . SQ)-''^-h(P'S . is constant. 

18 . Given the position of the vertex A of a triangle ABC, the size of 
the angle A, and the line along which BG lies, prove that the circum- 
centre lies on a hyperbola focus A . Prove the same for the incentre, and 
find the locus of the nine-point centre. 

19 . A given circle has centre (c, 0) and radius r. The power of a point 

P(x,y) wo the circle is 62^2 where e is constant. Prove that the locus 
of P is a conic of eccentricity e, and that the directrices of the conic are 
given by ^ 2 ^ ^ __ 2e2ca; = r^. 

20. Find the equation of the conic through (a, b) touching the axes 
at (h,0) and (0,k), 

21 . Obtain the parametric equations x:y:] = a + : at + bt^ : i 

of the curve x(x^ + y^) = ax^ + by^. 

Find the relation between the parameters of two points which are 
collinear with (a, 0) and show that the circle through two such points 
and the origin touches the a;-axis. 

22. A point P has the siun of the squares of its distances from tn 
fixed points equal to the sum of the squares of its distances from n fixed 
lines. Find the relation between m and n so that the locus of P may be a 
rectangular hyperbola. 

23. Find the length of the common chord of the circles 

x^ + y^ — 2g^x-2f^y = 0 and a;2-f 2^2 _ 2 ^ 2 ^ — 2 / 22 / = 0. 
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24. The joins of the vertices A, A' of an ellipse to a variable point P 
of the curve meet the tangents Bit A\ A in Q, P. Find the envelope of 
QR. 

25. is a fixed diameter of a rectangular hyperbola. Prove that 
the circles which touch the curve and pass one through A and tlie other 
through B are equal. 

26. Prove that the points on = 4clx nearest to {3a, 0) are the ends 
of the latus rectum, and find the points nearest to (4a, 0) and ( Ja, 0). 

27. The line joining two points conjugate wo a given conic passes 
through a fixed point, and one of the two points lies on a fixed lino. 
Pr ove that tho other point lies on a conic through the fixed point and 
through the i:)ole of the fixed line and through the points of intersection 
of the fixed line and tho given conic. 

28. A chord of a^y = passes through a fixed point on the y-axis. 
Find the locus of the mid-point of tho chord. 

29. A line parallel to y — ax meets y — bx at B and y ~ cx Bt C. 
Find the equation of the locus of the point P in BG such that BPjPG 
is a constant, d, 

30. Sketch tho curves r = a cos 3^ and r = a con 60, and find the 
degrees of their cartesian equations. 

31 . Prove that the locus of tho circumcentro of the triangle formed 
by two fixed tangents and a variable tangent of a parabola is a line. 

32. Find the eccentricity of the hyperbola 

(x-\-y)^-(x-y- 1)2 = 5 
and the length of its latus rectum. 

33. Conics are drawn with given vertices. Show that the points of 
contact of tangents from a given point lie on a hyperbola through the 
given vertices. 

34. Chords of (px + qy)^ + 2gx-\-2fy = 0 through the origin make 
equal angles with the tangent at tho origin. Prove that the join of their 
other ends goes through the point 

x-.y.p+g^ =J-. -g-(qg-pf)(<if+pg)- 

35. The tangent at P to x(x^ + y^) = ay* meets the curve at Q and 
or at J2. The tangent at Q meets OY at S. Prove that RO = SOS. 

36. Prove that tho envelope of the radical axis of equal circles taken 
one from each of tho systems 

x^-hy^-h 2Ax -hc^ = 0 
and ir* 4 - y2 — 2fiy — = 0 

is a rectangular hyperbola. 


2V2 
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37. Find the angle between the lines 

(x^ + y^) (cos^ 6 sin® a + sin® 6) = (x tan cc — y sin 0)®. 

38. /S' is a focus and B is an end of the minor axis of an ellipse with 
semi -axes a, 6. BS is produced to meet the curve at D, Prove that 
BD = 2a®/(2a2-&®). 

39. The normal at P to the rectangular hyperbola xy = A;® meets the 
curve again at Q and makes angles 0, <j> with OX and the normal at Q. 
Prove that tan® ^ = 4 cot® 20, Also show that the pole of PQ wo the 
conjugate hyperbola lies on (pc^ — y^)^-\-4Jc^xy = 0. 

40. A circle through the ends of a diameter of ax^ + by^ = 1 also 
touches the curve. Find the locus of its centre. 

41. Interpret the equations: 

(i) (lx + my+l)^=z(la + mb-hl)^, 

(ii) (/® -f- m®) {(a; — a)® + ( 2 / — 5)®} = (la + m6 -f- 1 
(hi) (i® + m®) {(a: - a)® + (y- 6)®} = (lx + my 

42. Show that the pedal of 1 /® = 4aaj wo the point (6, 0) can be repre- 
sented by the equations x:y:l — (b — a) at ^ : 1 + and sketch 

the curve for 6 = — a. 

43 . Isosceles triangles QA B are drawn on a given base A B, Find the 

locus of the point of intersection of the perpendicular from A to QB and 
the circle on QB as diameter. ^ 

44. The tangent at P to the circle r = 2a cos 0 meets the bisector of 
the angle XOP at Q. Prove that Q lies on r cos 30 = 2a cos® 20. 

45. Prove that the common diameters of concentric ellipses con- 
gruent with aa;® 4- by^ = 1 bisect the angles between the major axes and 
are of lengths 2{acos®a4-6sin®a)~* and 2(asin®a + 6cos®a)-i, where 
2a is the angle between the major axes. 

46. A variable circle passes through two fixed points A, B, Prove 

that the loci of the points of trisection of the arcs A B are brajiches o£two 
hyperbolas. ^ 

47. If the tangents from P to a hyperbola separate harmonically 

the lines through P parallel to the asymptotes, prove that P lies ^ a 
similar hyperbola. ^ 

48. If the diameter of aa;® + 2hxy 4- by^ 4- 2gx + 2fy 4 - c = 0 parallel to 
the tangent at P passes through the origin, prove that P lies on 

g(Gx-^O)+f(Gy-F) = 0, 
where G = ab — h^, F = gh — afy (r = hf—bg. 

49. Find the envelope equation of the curve 

x:y:a==t:i:t(l+t^) 
and of the contact of the tangent 7a; 4- 2/ = 4a. 
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50 . PP' and Q Q ' are the parts inside a parallelogram of lines parallel 
to its adjacent sides. Find the locus of the point of intersection of PQ 
and P'Q\ 

51 . The lengths of the tangents from P to — r® and 

+ 2ax + 2hy = c^, where 0<r<c, are in the ratio A : 1 . Prove 

that the locus of P is a circle which for all values of A passes through 
two real points if c^<r^-\-2r + and find the value of A for 

which the locus cuts x^-\-y^ — orthogonally. 

52. A circle centre (p, q) cuts y^ ~ ^ax in four points of which three 
form an equilateral triangle. Show that the fourth is (p — 8a, —Sq), 
Also find the locus of (p,^?). 

53. Find the value of k for which the parabola kx^ =:b-^y has the 
closest contact with x^ja^ + y^jb^ = 1 . 

54. Prove that a chord of ax^ -f- by^ = 1 which subtends a right angle 
at (0, A;), whore ki^O, envelops a hyperbola if 

(a + h) {bk^ — 1 ) {abk^ ~ a — 6) < 0 
and an ellipse if (a + b) (bkr — ■ 1 ) < 0 and (abk"^ — a — 6) < 0 ; 
also discuss the cases a + b — 0, 1/6, k^ = l/a+ 1/6. 

55. The normal at P(a, 6) to x^ja^ + y^lb^ = 2 meets the curve again 
at Qy and the circle on PQ as diameter meets the curve again at R, 
Show that the equations of PR and QE are 

ax -{-by = + 6^ and xja — yfb = 2(a^ — 6*) / (a* -}- 6*) . 

56. Find the locus of the mid-points of chords of 

X af^^-ht + Cy 2/ = a't^ + b't + c', (a6' ^ 6a'), 

v/hich are parallel to lx + my = 0. 

57. Find the mid-point of the line joining tho origin to the point of 
intersection of xja + yjh = 2 and xjc + yjd = 2, and verify that it is 
collinoar with the mid -points of the other diagonals of the quadrilateral 
formed by those linos and the axes. 

58. What is represented by 

(ax -{-by + cz) {(px + qy + rz)^ + (lx + my + nzY) = 0 

and by the corresponding envelope equation ? Give separate answers 
for G5 and G®. 

59. Verify that ax^ — (ixy-\-ay^ + (fi^^2ci(x)x — ctfy + aa>^ = 0 repre- 
sents two lines through (a, /?) touching y^ = 4ax and find the angle 
between them. What is the locus of the point of intersection of tangents 
to y^ = 4aaj that intersect at a constant angle 7 ? 

60. Find the foci and directrices of the hyperbola 

(3ir-f 42/ -160)2 -2(4a;~ 31/ +25)2 = 3126O. 
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61 . A triangle has orthocentre (/, g) and is self -polar wo ax^ + hy^ = 1 . 
Prove that its vertices lie on bjy — agx = (b — a)xy and that the sides 
touch {fx)i + (-gy)^ = (l/a-l/6)i. 

62. If a = + ji^l^x + m^y+n^Zj y^l^x-^'m^y + n^z 

and p, g, r are constants, prove that a=0, y^ = 0, y = 0 form a triangle 
self -polar wo tho conic + + = 0. 

63. Find the centre of the conic 

xiyil = «2 + 4i_l:4e2_9«~4:<2 + I. 

64. Aj^,A2Q>Te(±a,0); Bj^,B 2 Q>Te (Oy ± 6); Oj, (72 are (c,d), (c/fc,d/Ar). 
B^ Ciy B 2 C 2 meet at A ; C^A^y G 2 A 2 meet at B. Find the equation of 
AB and verify that AB passes through the point of intersection of 

65. If XyyyZ are rectangular cartesian coordinates in three dimen- 
sions, what type of surface is represented by an ecjuation 

. x^ + y^-\-z^ =J(z)’i 

66. If the tangents at P, Q to an ellipse are at right angles and the 
normals at P, Q meet the curve in P', Q', prove that PQ, P'Q' are 
parallel. 

67. A circle s touches two fixed lines. Prove that the common chord 
of 8 and a fixed circle envelops two parabolas with perpendicular axes. 

68. A circle touches a given line and has two given points for 
conjugate points. Prove that the locus of its centre is a parabola. 

69. Prove that the points of contact of tangents from a fixed point 
to conics of tho system 5 = ks' lie on a cubic curve. 

70. Prove that chords of the Folium of Descartes x^ + y^ = 3axy 
which pass through (:!a, ja) subtend a right angle at the origin. 

71. Ai,A 2 ,As are (a;i,0), (a;2,0), (a;3,0) and P^, Pg* ^3 are (0,yi), 
(0,2/2), (^»2/8)- ^^ind the equation of the line through the points of 
intersection of AaP3,A3Pa and A^Bj^yAiB^ and AiP2,AaPi. 

72. Find tho locus of the mid -points of chords of x^ + y^ = 4c^which 
are at a constant distance c from (c, 0). 

73. Prove that the envelope of chords of y^ = kx which subtend a 
right angle at (p, 0) is an ellipse if p and k have tho same sign. If p 
and A; + 4p have opposite signs, prove that the chords touch a hyper- 
bola. What happens if 

(i) p = 0, (ii) A; + 4p = 0, (iii) k(k + 4p)<0'i 

74. If the tangents to x^la^~~y^lb^ = I at its points of intersection 
P, Q with xy = meet that hyperbola again in R, P, prove that the 
area of the parallelogram PQRJS is 2abk~^ ^{a^b^ + 4:k^), 
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75. ^ is a point outside a circle of which ABC is a diameter and 
A UV a secant. On CU a, point P is taken so that CP = A F. Prove that 
the locus of P is an ellipse centre (7. 

76. Find the inverse wo of 2x = ax^-\-by^ and of its 

circle of curvature at the origin. 

77. lixiyiz = l — ^: 2 + ^ — 3^^ express i in terms of 

Xyy,z, Find the locus and envelope equations of the conic given by these 
parametric equations and find the polar of (0,0, 1) and the pole of 
[0,0, 1]. 

78. A line given in direction meets two fixed lines at A and -B, and 
the circle on A B as diameter meets the lines again at A' and B'. Find 
the locus of the point of intersection of AB and A'B\ 

79. Prove that 

{a{x^ — c) — b{y^ - c)Y + 4t{axy -f- h(y^ — c)} [bxy + h(x^ — c)} = 0 ^ 
represents the sides of a rhombus, if ^ ah. 

80. Perpendiculars PX^PY are drawn from any point P to fixed 
conjugate diameters of an ellipse, and the perpendicular from P to the 
polar of P meets XY at Z, Prove that XZiZY is constant. 

81. Find the locus of the centre of a circle which touches two given 
circles. 


82. A rectangular hyperbola s with centro O cuts a line I m P, Q and 
the circle OPQ in B, S. When 0 and I are fixed and s varies, prove that 
the pole of ES wo s is fixed. 

83. Find the envelope of the minor axis of an ellipse which has a 
given focus and two given tangents. 

84. What is the nature of the curve a;* + 2/* = axy^ near the origin ? 
Obtain the parametric equations xiyia — t^:t^ : 1 + of this curve and 
find the condition of collinoarity of the points ^ 3 * 

85. A variable line through (x^, y^) cuts ax^ + 2hxy + by^ = 0 in B 
and the parallelogram BOAP is completed. Find the locus of P. 

86. Prove that the locus of the inverse of a fixed point wo a circle of 
a coaxal system is in general one of the orthogonal circles. 

87. Show that, whatever the value of k may be, the same circle 
circumscribes the triangle formed by the tangents at 

x:y:a=:t^:2t:l, 

where are the roots of (t—p)(t — q)(t — r) = k{l^-\- 1) and p,q,r 

are constants. 

88. Determine the conic with asymptotes ax^ -f 2hxy — by^ = 0 
which cuts ax^ + by^ = 1 orthogonally. 
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89. A parallelogram circumscribes x^ja^ + y^/b^ = 1 and has two 

opposite vertices on x^jh^ == !• Prove that the others lie on 

x^la^-y^b^ = l/(a2-62). 

90. A, B are fixed points and c, d are fixed lines. PA, PB are sepa- 
rated harmonically by the lines through P parallel to c, d. Prove that P 
lies on a hyperbola with A B for a diameter having asymptotes parallel 
to c, d. 

91. Show that the condition of collinearity for the points of 

the curve 

X'.y'.\ = Ojq -\ r <^ 2 1 “h (1^ ib^t^ -{-b^t • ^2^ 

is^i^ 2^3 = -as/^o- If^, 5,0 and are two sets of collinear points 

on the curve, prove that AP, BQ, GR meet the curve again in collinear 
points. ^ 

92. P and Q lie on y = 0. Piy + a = 0, P27 + ^ = 6 are lines 

through P and + A = 6 , q^y -f = 0 are lines b^, b^ through Q. Provo 

that the lino joining ai 62 ^ 

(Vx^i 7 + (?i ~ ^ 2 ) a + (Vi -P2)fi = 6. 

93. Provo that the locus of the pole of a fixed line wo a circle which 
touches two given lines is two conics. 

94. Discuss the maximum and minumun values of KP^, where K is 
a fixed point (k, 0) and P is a variable point on y^ = 4aa;. 

95. If A; is such that 2xy = k^ touches x^fa^ + y^jb^ = 1 , show that the 
points of contact lie on an equiconjugate diameter of the ellij^se. 

96. A part A 5 of the given line Ix + my = 1 subtends a constant 
angle y at the origin, O. Prove that the locus of the incontre of the 
triangle OAB is part of a hyperbola. 

97. Tlireo parabolas have foci A,B,C and directrices BG, GA,AB. 
Prove that their nine common tangents meet in sots of three at the 
circumcentre, incentre, and ecentres of the triangle ABG, 

98. Show that r* cos ^6 = a* represents the same curve as 

x:yia= l — — 

and that the parameters of the double point are ± ^J3, Sketch the curve. 
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In Nos. 1-56, sketch the cubic curve. No. 1 is an example of 
y = ax^ + hx^ -\-cx + d. Nos. 2-6 are examples of = ax^ + hx^ + cx + d. 
No. 7 is an example of xy — ax^ -{-hx'^ -\rCx-\-d. Nos. 8-56 are 
examples of xy^ + 2ey = ax^ + hx^ + cx-\-dy which may be written 
xy ^ —e± ^J(ax^ + hx^ + cx^ -{•dx + e^) ; in some of the given equations 
the factor x is included. Newton showed that every cubic could be 
reduced to one of these four forms. See 2-31. 

1. lOy = x^-i-x (Cubical Parabola), 

2. y"^ - x(x^ + 2x + 2), 3. y^ = (x-'^(x-\)^, 

4. y^ (x — 2)(x — Z)(x — 4), 5. = (a; — 5) (a;~ 6)*. 

6. y'^ = (a; — 7)® (Semi-cubical Parabola), 

7. 5xy = x^ + x^+ I (Trident), 8. 4(a;?/+ 1)^ = (a;+ I) (a? + 2)®. 

9. (xy+l)^ = (x+l)(x+\)(x-\-2)\ 

10. (a;y + 2)2 = (a;-i)(a:-l)(a:~2)(a!-4). 

11. (xy+l)^ = (x-\)(x-2)(x-\)^. 

12. 4{a;2/+l)2 = (a;-l)(a;-.4)(a?2+l). 

13. 4(a;y4- 1)2 = (a;- l)(a7-4) (37+1)2. 

14. (a;2/+l)2 = (a72-l)(a7~i)(a7 + 2). 

15. 371/2 = (a; -4)3. 1 ^^ xy^ ~ (x-4)(x-b)^, 

17. 372/2 = (37-4) (37-2)2+1. 18. xy^ = (x-4:)(x-2)^, 

19. 372/2 = (37-4)(37-2)2- 1. 20. xy^ = (x - A:) (x + Z)^ 

21. 372/2 = (3- -4) (37 + 3 ) 2 . 22. 372/2 = (37-4) (37 + 3 ) 2 + 1 . 

23. 372/2 =: (37-4) (37- J)2. 24. 3^2/2 = (37 — |) (37 - ^) (37 - 4). 

25. 372/2 = 2373 + 8372 + 837 + 1 . 26. 372/2 = (37 — 4) ( 37 — 1 ) 2 . 

27. 372/2 = 237® + 4372 + 237 + 1 . 

28. (372/+l)2 =(2-37)(37+i)(37+l)2. 

29. (372/+ 1)2 = (4-37)(2 + 37)(1 -.37)2. 

30. (372/+ 1)2 = ( 37 + 1) ( 37 - i) (37- 1) (2-37). 

31. (372/+ 1)2 = (^ + 37) (2 -37) (1 -37)2. 

32. (372/+ 1)2 = (1+37) (1 -37)3. 33. 371/2 = ( 1 - 37)3. 

34. 372/2 = (2-37) (1 -37)2. 

35. 372/2 = (1 - 37 ) (2—37) (3-37). 
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36. xy^ = (\-x)(2-xY, xy^ ^ (%-x)(\-\-xY. 

37. xy^ - 2 + ^x^-x^, = (20 — rr) (1 +a;) (2 + x). 

38. 2(xy+l)^ = (1— a;)(l+a;)(2 + a?). 

39. 2{xy+lY = (2-x)(l-x)^, 40. (xy + IY = (l-x)(l+x^). 

41. 4(a;2/+l)'* = (l-a;)(2-ic)2. 

42. 6(a;2/+l)2 = (l-a;)(2-a;)(3-a;). 

43. 2(a;2/+l)2 = (2-a;)(l-a;)2. 44. (xy + xf . 

45. xy^ - x^ + x— , xy^ x^ — x-\- y\^. 

46. ici/* = (a;— 1)2. 47. 0 : 2 / 2 = l+a;*. 48. oji/* = {a:-f 1)2. 

49. xy^ = x^ + x + 50. x(y^-l) = y+l. 

51. a:(2/2 — 1) = I/. 52. a:(2/2— 1) = 1. 53. a:(2/2+ 1) = y — 1. 

54. x(y^-\- 1) = 2 (Witch of Agnesi). 

55. xy^ =z y—l. 56. a:i/2 = 1. 


In Nos. 57-73, sketch the curve. 

57. i/(a: — 2) (a: — 3)2 = a:(a:— 1)2. 58. 2/(a: — 2) (a: — 4)2 = a:(a’ — 1 )2. 

59. y(x-l){x-S)^ = x(x-2)\ 

60. y(x-2)(x-4)^ = x(x-i)^(x-H)^. 

61. t/(a;-l)(a;-3)2(a;-6)2(a;-8) = a;(a;-2) (a:-4)2(a:-6) (a:- 7)2. 


62. y^ = (x— 1) {x-‘2)*. 
64. a;2(a:2/— 1)2 = a:— 1. 
66 . y^ = x^ — x^. 

68. a:* + 2 /^ = 2a:2/. 


63, x^y^ = y — 1 . 

65. (a:2-fi/2- 3u;)2 = 4358(2 — a;). 
67. x* + y^ = 2xy. 

69. a:® + 3/^ = ^xy^. 


70. a:® = 2/*— 2/®. 71. a:® = 2/^ — 2/®. 72. 2/ = 

73. y = e^i^. 


In Nos. 74-78, show how the curve changes as a increases from 
— 00 to +00. 

74. y(x^-\) - x + a. 75. + y’^ ^ xy(x + ay). 

76. 2/^a: = (a; — 4) (a: — a)2. 

77. (a:2+162/2-16)(a:2 + 2/2-4) = a. 

78. 2/(2a;2 + aa: -f a) = aa:2 4- aa: + 2. 
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In Nos. 79-93, sketch the curve. 

79. r — ad (Spiral of Archimedes). 

80. rd ^ a (Reciprocal Spiral). 81. r^d = a^. 

82. r(l + d)=^ad. 83. r=l-l/^. 

84. 2d — r+lfr. 85. r = 

86. r = 87. r = a sin 5^. 

88. r = acosec^. 89. r=:asin4^. 

90. = tan ^ 4. 

91. r r=z a ± 2a sin \d ( Freeth's Nephroid). 

92. r = 4 — a cos d, for a = 1, 2, 3, 4, 8. 

93. r” = cos nd, for n .= ± ±1, ±2,]. 
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1 . Q is any point on — 2ax and OQ moots a; = a at jR. Lines 

through Q, R parallel to a; = 0,i/ = 0 meet at F. Find the equation of 
the locus of P and sketch it. JS 

2 . Obtain the parametric equations x:y:a = 2:i + i®:H-i^of the 
curve (Witch of Agnesi) in No. 1, and use them to find the coordinates 
of the points of inflexion. 

3 . Find the locus of the point of intersection of tangents to 

x(y^ + a^) = 2a^ 

at the ends of a chord through (2a, 0). 

4. Obtain parametric equations of x(x^ + y‘^) = ax^ + by^. Prove 
that the circle through the origin and two points of this curve collinoar 
with (a, 0) touches = 0. Sketch the curve for a = 36 and for a = ™ 36. 

5. Find the inverse of xy = wo x^ + y^ = 2k(x-hy)* 

6. Obtain the equation of the locus of a point the product of whose 
distances from (a, 0) and ( — a, 0) is c‘^. 

7. Sketch the loci in No. 6 (Ovals of Cassini) for 

(i) c<a, (ii) c = a, (iii) a<c<a^2, (iv) c>a^2. 

8. Find the polar equation of the lemniscate in No. 7 (ii), 

9. Find the points of intersection of the lemniscate 

(x^-^y^)^ = k!^xy 

and the circle a;® + 2/^ = ktx^ and deduce parametric equations of the 
lemniscate. 

10 . Find the conditions for the points of the curve 

xiy la = t\t^ i\ + t^ 

to be (i) collinear, (ii) concyclic. Also find the condition for to 

be collinear. 

11 . A circle meets a lemniscate in A, By Gy D; AB meets the curve 
again at P and Q\ CD meets the curve again at R and S, Prove that 
PyQyRyS are concyclic. 

12 . Find the number of tangents of the curve 

X = ztl( 1 + P), y = zt^K 1 + 
which pass through a given point. 

13 . Tangents to a rectangular hyperbola intersect at a constant 
angle. Prove that the locus of the point of intersection is an Oval of 
Cassini. 
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In Nos. 14—26, prove tho properties of the Gissoid of Diodes. A is 
the centre and OB, CD are fixed perpendicular diameters of a circle of 
radius a. G is a variable point on tho circle, E is the point such that the 
arcs GO, GE are equal, and O-E/ meets the lines through O and B parallel 
to GD at P and F. The locus of P is the cissoid. 

14 . With O as pole, show that the equation of the cissoid is 

r — 2a(sec 0 — cos 6). 

15. Obtain the cartesian equation and the parametric equations 

x:yi2a — \ : \ + 

16 . Show that in the neighbourhood of O tho curve is approximately 
the same as = 2ay^. Also show that a? = 2a is an asymptote. Sketch 
the curve. 

17 . Prove that the pedal of a parabola wo the vertex is a cissoid. 
Find the asymptote and show in a diagram the position of the cissoid 
in relation to the parabola. 

18 . Prove that the inverse of 2/^ = — ^bx wo x^-{-y^ = 46^ is the same 
as the pedal of 2/^ = ^bx wo the origin. 

19 . Find the equation of the tangent to x i y :2a = \ -{-P and 

the parameter of the point where it meets the curve again. 

20 . Show that the cissoid x(x^ + y^) = 2azy'^ passes through I and J 
and find the points where the tangents at I and J meet one another 
and tho curve. 

21 . A rod LMN bent at right angles at M moves so that LM passes 
through a fixed point K, and N describes a fixed line whose pei pendicular 
distance from K is equal to MN. Prove that the mid-point of MN 
describes a cissoid. 

22 . If a parabola rolls without sliding on an equal fixed parabola, 
starting with contact at the vertices, show that the locus of the vertex 
is a cissoid. 

23 . Show that the locus of the poles of tangents to 

X : y :2a = P iP :\AP 

wo x^ + y'^ = and tho envelope of polars of points of the cissoid wo the 

same circle are both the same semi-cubical parabola. 

24 . Find the condition for the four points t^, t^, of the cissoid to 
be concyclic and determine the other point of intersection with the 
cissoid of the circle which has three -point contact at the point t. 

25 . Find the equation of the common chord of the cissoid and the 
circle in No. 24, and find the envelope of the chord when t varies. 
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26. A circle of radius 6 rolls without sliding on the outside of a fixed 
circle of radius a. Verify that the epicycloid which is the locus of a 
point fixed on the circiunference of the rolling circle can be represented 

6y a; = (a + 6) cos t — h cos(a + 6) «/6, i/ = (a + 6) sin « — 6 sin(a + h) tjh. 

Sketch the epicycloids given by a = 26, a = 36, 3a = 26. If pa = qb, 
where p and q are positive integers with no common factor, find the 
number of cusps of the epicycloid. 

27. A circle of radius 6 rolls without sliding on the inside of a fixed 
circle of radius a greater than 6. Find parametric equations of the 
hypocycloid which is the locus of a point fixed on the circumference of 
the rolling circle. Sketch the hjrpocycloids given by a = 26, a = 36, 
a = 46. 

28. Prove that the throe -cusped hypocycloid given by a = 36 in 
No. 27 is a curve of order 4 which has rational parametric equations. 

29. Prove that the four -cusped hypocycloid given by a = 46 in 
No. 27 is a curve of order 6 and class 4. 

30. Find the envelope of a line of constant length whose ends are on 
the rectangular axes. 

31. A circle of radius 6 rolls without sliding on the circumference of 
a fixed circle of radius a less than 6, the contact being internal. Show 
that the curve obtained as the locus of a point fixed on the circum- 
ference of the rolling circle is an epicycloid which can be obtained by 
rolling a circle of radius 6 — a on the outside of the circle of radius o. 

32. P is a variable point on a fixed circle, centre O, and the perpen- 
dicular bisector of OP meets a fixed radius of the circle at Q. Prove 
that the envelope of PQ is a two -cusped epicycloid. 

33. P is a variable point on a fixed circle centre 0, and Q is the point 

on a fixed radius of the circle such that Z.OQP = Prove that 

the envelope of PQ is a three-cusped hypocycloid. 

34. Show that any tangent to the three-cusped hypocycloid 

X = a(2 cos t — cos 2t), > y = a(2 sin ^ + sin 2t) 

meets the curve again in points at a distance 4a apart, and that the 
tangents at those points are at right angles and meet on the circle 

In Nos. 36-47, prove the properties of the cardioid r = 2a(l — cos d). 

35. The cardioid is the inverse of a parabola wo the focus, and the 
pedal of a circle wo a point on the circumference. Sketch the cardioid. 

36. When a circle of radius a rolls without sliding on a fixed circle of 
radius a, the locus of a point fixed on the circumference of the rolling 
circle is a cardioid. 
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37. The locus of the ends of a rod of length 4a which passes through 

the origin and has its mid -point on the fixed circle + 2/^ = 0 is a 

cardioid. 

38. Chords of a cardioid through the cusp are of constant length, 
and the tangents at their ends meet at right angles on a fixed circle. 

39. The cardioid is a quartic curve having double intersections with 
the line at infinity at I and J ; and /, */ are cusps the tangents at which 
meet at ( — a, 0). 

40. Find the points of intersection of the cardioid 

-h 2ax)^ = 4a2(x2 -f 1/2) 

and the circle + = Ai/, and obtain the parametric equations 

of the cardioid. Account for the eight points of intersection of the 
corresponding cardioid and circle in G«. 

41. The class of the cardioid is 3. 

42. Find an equation for the parameters of the contacts of tan- 
gents to the cardioid x : ^ : 4a = — 1 : 2t : (t^ -h 1)'^ that are parallel to 

y = kx, 

43. Obtain the parametric envelope equations 

4aX = 1 - 3^2, 4a r = - 3) 

of the cardioid and determine the double tangent. 

44. The points oi x ly 1 4a \ i2t : + \)^ are collinear 

if ^2 ^3 "1“ ^2 ^ ~ 

45. The locus of a point P such that the three tangents from P to a 
cardioid have collinear contacts is a circle. 

46. The intercepts made on the double tangent by three parallel 
tangents subtend at ( — a, 0). 

47. The locus of the point of intersection of perpendicular tangents 
to a cardioid is a degenerate curve consisting of a circle and a FascaVa 
limo/^on whose equation referred to a certain poiAt as pole is 

2r = 3a(^3 — 2 cos 0), 

48. A is the fixed poitit (a, 0) and P is the variable point 
(a cos t, a sin t). PQ is the line 

;rsia(^-l-5)--ycosG-f 5) = asina 

making an angle a with OP. Show that if 5 = ^, the envelope of PQ 
is a nephroid (two-cusped epicycloid). 

Also find the envelope when a = 2t, p, tt — 2^, ^7T — 2t. 
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49. AB is a fixed diameter of a circle and N is the projection on AB 
of a variable point P on the circumference. Lengths PQ, PQ' equal to 
PN are cut off along the tangent at P. Show that the loci of Q and Q' 
are cardioids. If the tangents at Q, Q' to these cardioids meet at T and 
the normals meet at show that the locus of P is a nephroid and 
that the envelope of TS is another nephroid. Also show that the 
envelopes of QN, Q'N are three-cusped hypocycloids, and if they 
touch their envelopes in R, R\ show that the envelope of RR' is an 
astroid {four-cusped hypocycloid). 

50. GPQ is a secant of the limaQon r =z a — h cos 6 drawn through the 
point G((a^ — b^)l2b, 0). Prove that GP . GQ is constant and show that 
the locus of the mid -point of PQ is another limagon. 
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EXERCISE iG 

2. (2, J77). 3. (2, -JTT). 4. (2, - Itt). 

5. (2, §7r). 6. {^|(a^ + h^), 

7. (V(a4 + 54)^ 8. (V(a^ + 6^), -Tr + tan-ifeVa^j. 

9. (-y/(ii;® + 2/^);tan 0,7r + tan“^2//^ifa;<0<2 /, — tt + tan“^ i//a; 
if X and 2/<0). 

10. (V3+1,V3~1). 11. (-V3-1, a/3-1). 12 . (a/3+1, -a/3+1). 

13. (4,3). 14. (-4,-3). 15. (-12,-5). 

16. ( — 99,20). 17. (p^cos^, />^sin^). 

18. (-/o*cos^6, -yo^sin^). 19. ^(13-6^3). 

20. 7. ^ 21. |yo|. 22. 8. 

24. (3cos20^ 90^^). 

25. r = i a/K^ + ^^2 ^ 2r^r2 coa - 6^2)}, 

cos ^ : sin ^ : 1 — cos 0^ + cos 0 ^ : sin 0^ + rg sin 0 ^ : 2r. 


EXERCISE IH 


1. 7i. 2. 22i. 3. 3. 

4. 12^. 5. 53. 6. V3. 


7. 142. 


8 . \ac\. 


9 . (6-c)(c-a)(a — 6) |. 10 . 

11. lOi. 12. 31. 

14. 1176. 15. 96. . 


23. 10, - 3. 26. i I a6 I sin <y. 

29. J. 30. 16+tA/3. 


il(m-ri) (n-p)(p-m)\, 

13. 3i. 

22 . 2 . 

27. i I 6(a — c) I sinw. 


EXERCISE li 

3. (2A/3o, 2A/36, 2 A /3c). 4. (^acot^, i6cotR, ^ cot O'). 

5. (a cos J5 cos O coseo 6 cos (7 cos A cosec R, c cos A cos B cosec C), 

6 . On BO; (2 A /a, 0,0); (0,iasin(7, Jasin R). 

7. (ff.If.lf). 9. (0.2A6/(6*-c»). 2Ac/(c*-6«)). 

10 . Px + Qfi+Sy *2. (7 cosec B, « cosec B). 
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EXERCISE Ij 

2. (o, 6, c)4- (a + 6 + c). 3. ( — a, 6,c)-^( — a-|-6 + c), etc. 

4. (sin 2 A , sin 2B, sin 2(7) -r 4 sin A sin B sin (7. 

5 . (tan A , tan R, tan C) tan A tan B tan (7. 

6. On BO; (1,0,0); (0,J,i). 8. 2J^(Px^la+QxJh + Rxjc), 

EXERCISE iK 

4. + + 2yz cos A + 2zx cos [i 4- 2xy cos v, 

S(xi -Xif + 2S(yi - 2 /j) ( 2 i - Zj.) cos A. 

6. On plane YOZ; on lino OX. 

7. Cube. 8. Octahedron. 

9. p ~ ^J{x^ + y^)f cos <p : sin <f>:l = xiyip. 

10. On cylinder, axis OZ ; on plane through OZ; on lino parallel to OZ. 

11 . r = "i" ^ ^ ^ ^ ^ = z: y/{x^ + y^) : r. 

12. On sphere, cone, plane, generator of cone, great circle of sphere, 

small circle. 

EXERCISE 2 a 

23. r — a cos 0. 24. (r cos 0 — a)(r sin 0 — h) (sin 0 — c cos 0) = 0. 

25. 4r2 = sin 46^. 26. r = o(H-cos(?). 

27. x^-\-y^ = a^. 28. x sin cl = y cos cl. 

29. y = a. 30. x^-{-y'^ = ax. 

31. (a;- + 2 /^)^ = 2a^xy. 32. ajsin {7r/y(a;^ + ;(!/‘'^)} = y co& {nl^{x^-^y^)). 

33. a;V«^ + 2/7^**^ = 1- (•»‘^ + 2/^)(a;-?>)2 = aV- 

EXERCISE 2 b 

1. 3, 2, 4, 6, 4. 4. x-y = 2. 5. 2a;+32/=2. 

6. ir+72/=ll. 7. xy^ = 2. 8. 27a?* = 16ay®. 

9. a;2-2/^=l. 10. (a; +3)716 + ( 2 /- 4)79 = 1. 

11 . c^a; = ui/* + c 62 /. 12. (a?® + 1/® ~ a^)® + 21x^y^a^ = 0. 

13. a;®-2/^=l. 14. x = tyy = t^. 15. x^ al^.y = at^. 

16. a? = 3 cosi, 2 / = f sin^. 17. a; = 3^ — 1, 2 / = 2 — 2^. 

18. a; = 6^- 1, 2 / = 6«~2. 19. x = bt, y --at-cih. 

20. x = t,y==llt. 21. x = at,y = alt^. 

22 . a? = 1 + ^, 2/ = ^ + 


24-2 
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EXERCISE 2 c 

8 . Origin. 9. OX. 10 . y = a?. 

11 . Axes. 12 . a; + 2/ = 0. 13 . Origin. 

14 . Origin. 15 . OX. 16 . y = nn. 

21 . Line parallel to OF. 22 . Two lines parallel to OF. 

23 . Lines parallel to O F. 24 . Lines parallel to OX. 

26. Lines through O. 26. Axes. 

EXERCISE 2 b 

1 . Line 8a;+ \4y = 33. 2. Line \%x-\-2y -\- 16 = 0. 

3. Circle + lOx + 9 = 0. 

4 . Circle Z(x^ + y^) + 22a; — 38^/ + 126 = 0. 

5. Circle a;^ + 2/* + +13 = 0. 

6. Circle a;2 + 2/2+ 16a; + II2 /— 26 = 0. 

7 . Parabola 2/^ = 10a; — 26. 8. Parabola a;^ + 4a; = lOt/ “ 29. 

9 . Ellipse 8a;2 + 92/2 - 18a; - 182/ + 18 = 0. 

10 . Parabola a;^ = 6a;+ 122/+ 16. 11 . Parabola y'^ = 4aa;. 

12 . Circle x^ + y^-\-x — y — 5 = 0. 13 . Lin© 2a; — 1 82/ + 39 = 0. 

14 . Two lines 16a;— \2y = 107, 16a;— I2y = 93. 

15 . Circle x^ + y^ — 16 . Line x = —c^/2a. 

17 . Circle a;® + 2/^ + + 2ax{c^ + 1 ) /(c^ — 1 ) = 0. 

18 . Line y = 0 between a; = ± o, and the branch ofy^ = (3a; — a) {x + a) 

for which x ^ \a. 

19 . X = la and y = 0, 

20 . Parts of circles given by +y^ — a^= 2\ay\, 

21 . Circle x^ + y^ =■ Jc®. 22 . Line x + y = \c. 

23 . Ellipse iPx^ + m^y^) (I + m)2 =r cHhn^, 

24 . Hyperbola ^xy = c^. 

25 . Ellipse 9a;2 — \2xy cos w + = 36c2. 

26 . r(8ec ^ + cosec ^) = c. 27 . a; + 2/ = Jc sec® J(t>. 

28 . a;® + 2/2 ± xy^^ = a®, with the fixed lines as axes. 

29 . Line a; + 1/ + c = 0. 30 . Line 2a; + .32/ = 8. 

31 . Circle a;® + y® = a;. 32 . Line x-^y = 1. 
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EXERCISE 2b! 

1 . ( - 1, 1 ), (7, - 7), (a - 4, & - 5), ( - 4, - 6). 

2. (6, 7), (0, 6), ( - 7, - 1). (o- 3. 6 + 3). 

3. 2a: + 32/ + 4 = 0, y = a:® + 2a:. 4. a!+y = 0, a:*4-(y + 6)* = 1. 

5. (-6, 1), (-6, 8), (a-c,6-i). 6 . (-3, 2), (1, -1), (-f, 1). 

7. (V3, 1), (iv'S-i- -W3-4). + -i® + i6V3)- 

8. (1, .y/3), (i'\/3 + ^ — i\/3)> (4®V3 — 4® + 4^ V3)- 

9. aj' + i/' = 0, 2a;'2 — 2a? V + 2/'^ = 1. 

10. 2.t'-- 22/V3 + 3 = 0, (a?' + y'V3)" = 

11. 2y' ^2 = x' 1, — 2a? V = — = 2c2, 40?'^ -f S^/'® =12. 

12. J cot-1 20. 

13. (h, — a — h ^2), x' = (v/' + a;' ^2)^. 

14. (1, 3), 9a;2 + 42/2 = 36. 15. 3a;2 + 2/^~ 10 = 0. 

16. Rotation a + /?. 22. Rotation — about origin. 

23. Image in a? = y. 24. Image in OX. 

25. Rotation + i^r about origin. 26. Treble scale of x. 

27. Double scale of y and take image in OX. 

28. Multiply scales by c. 

29. Translate to (6, c) after multiplying scales by o. 

EXERCISE 2f 

1 . Plane bisecting angle between ZOX, Y OZ. 

2. Planes FOZ, XOF. 3. Three coordinate planes. 

4. Plane parallel to YOZ. 5. Plane parallel to XOF. 

6. Planes parallel to XOZ, 7. Unit sphere, centre O. 

8. Cylinder axis OZ. 9. OZ. 

10. Bisector of X OF. 

11. Parallel to line in No. 10, through (0, 0, 1). 

12. Line equally inclined to the axes. 

13. Circle in plane FO-^, centre O. 

14. Circle: section of No. 7 by No. 1. 

15. Line OZ and plane XOY. 
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16. Cylinder with axis parallel to OX. 

17 . Planes parallel to Y OZ. 

18 . Set of lines through O, i.e. cone, because if t/j, 2i) satisfies the 

equation, so does (kx^, kz^). 

19 . Spiral on cylinder in No. 8 . 21. xy = z^. 

22. x^^z-\-%y. 23. x^la^ + y^jb^ + z^jc^ = 1. 

24. z = x^y xz = y^y etc. 25. Ax+^y = 17, ^/ + 4z = 7, etc. 

26. — 2/® = 1 , ajs = l + y, etc. 

27. 5a;~ 15:^-2 4-34 = 0, a; = (y-2)(y^l)y etc. 

28 (i) Line parallel to OZ; (ii) plane x — y= 2. 


EXERCISE 3 a 


1. 

2. 


2. 

4 

6* 


0. — g. 

4. 

0. 


5. 

None. 


6. —a/5. 

7. 

y — 2xAr ] 

no. 



8. 

32/ + 2a; + 1 = 0; no. 

9. 

3a; + 52/ = 

2; ye«. 



10. 

2x — y— 5; yes. 

11. 

X = 5; yes. 



12. 

x-\-2y = 3; no. 

13. 

7a; + 42/ = 

26; no. 



14. 

3a; = ly; yes. 

15. 

bx =: ay; no. 



16. 

jr + ^2/ = h + tk‘y no. 

17. 

aa; + 62/ = 

ap-\-bq; 

yes. 


18. 

a? = 4; yos. 

19. 

y = Xy/3; 

no. 



20. 

a? + 2/+ 1 = 0; no. 

21. 

yA-x^S = 

3 + 273; 

; no. 


22. 

2a? — 52/ = 26; no. 

23. 

q'a; = p2/; : 

yes. 



24. 

2a; + 52/ = 31; yes. 

25. 

X = 5; yos. 



26. 

30a; — 25?/ = 6; no. 

27. 

6a? + 82/ = 

6; yes. 



28. 

4a? — 11?/ = 8; no. 

29. 

dx — cy = 

da — cb; yes. 


30. 

3a;+ 72/ = 29; no. 

31. 

1 

II 

36; no. 



33. 

Zx — y — 2, a? + 32/ = 


EXERCISE 3 b 

1. (3,5). 2. (-1,3). 

3. (f?* - A)* -rf)* 

5. No solution if a =7; x = t, 2/ = ~-2-3« if a = 2; otherwise 

a; = (10-2a)/(a-7), y = (2a- 12)/(a-7). 

6. (0,a). 7. (a/(mim 2 ), a/mi + a/ma). 

8* (2aii^2/(^i "h 



12 . 

16. 

19. 

22 . 

24. 

26. 

28. 

30. 

32. 

34. 

35. 

36. 

37. 

39. 

40. 


37. 

iTT. 

cot“^ 9. 
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14. 0 + 6H-C = 0. 

17. 50. 

20. iTT. 

23. 2tan“^(6/a). 
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15. 9^. 

18. 21. 

21. tan'll f. 


tan“i {4m^n^l(m^ — n^)}. 
tan-iy4. 
ian“i I . 
tan-^dtanw). 

( 0 , 

x-\-y cos (Jt) — 0, y + x cos (o = 0. 

(y — 2) (3 — cosft)) = (x~ 1) (1 — Scosw). 

(oj — iCi) (6 — acos^i>) = ( 2 / — 2 /i)(a — 6 cos6>). 

38. (4i4i). 

( “■ CLf ”f" O/t^ *f* Ctt^ “t” Oit-y ^2 ^ 3 )* 

± (a^ 62 “ 5i) sin w 

% «2 + 61 ^2 “ (c«i 62 + «2 ^1) cos ( t ) ‘ 


25. tan-A f , tan“^ f , tan“^ ( — ^). 
27. tan-ij^. 

29. iw. 

31 . tan“^ {( 46 sin w)/( 3 + 1 0 cos w)} . 
33. 1 + (^1 + ^2) cos + = 0. 


EXERCISE 3 c 


1. f. 

3. ivio- 
5. 4^. 

7. a^(l+t% 

9. 3f. 

13. (3, -9), (-3,1), (0,-1). 


2. 4-1. 

4. 18/V13. 

6. Ja.y/10. 

8. ±{xx cos oc + 2/1 sin M—p), 
12. Same. 

14. c<6f. 


15. /-|-gr<6, 3/-2^>6,/+2gr> -4. 

16. 3a:— lly = 20, llx+3y = 30. 


17. 2x—y = 0, x+ 2y = 0. 18. x = n, y = 13. 

19. 220a:-t-7102/+3 = 0, 781x-242y-133 = 0. 

20. llx- 1432/- 186 = 0. 21. 21x- 77j/+ 188 = 0. 

22. x + y—6 = ±\^J^(y—x^j2 + l), upper sign acute angle. 

23. 47x4- 29y = (acute), 29x — 47y = — (obtuse). 

24. 7x-j/= 16. 25. 63x-133j/= 18. 
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26. 3a! + 2y = 32, -x + Zy = 4, 7x-4y = 27; (7. 5i). 

27. (-1-H). 

28. (10, -4i), (-369, 221), (48i, 78i). 

30. 70sin<<>/^(185— 104cos w). 

31. 4x-5y = 20, 5x + 2y = 6 , 88a:+ 121j^ = -92. 


EXERCISE 3d 

1. a:/4 + 3//(-3)= 1. 2. x/(-3)+y/(-4) = 1. 

3. x/(-3)+yli-2) = 1. 4. a:/(|-) + ?//(- 7) = 1- 

5. aicos sW+j/sin J;r = 2. 6. a:cos( — i7r)+2/sin ( — Jtt) = ^2. 

7. a:oos(-ijr) + j/sin(-fw) = ^.^2. 

8. X cos 0 + 2 / sin 0 = 3. 

9. a;cosa + 2 /sina = ^, a = tan-^^. 

10. a;cos( — j7r) + 2/sin(-i7r) = 6. 

11. xcos{n-fi) + ysin(7T-fi) = 4/^13, ^ = tan-^f. 

12. a?cos(-y^) + 2/sin(-)^) = 3, = tan-^ f §. 

13. xcoBfi + ysinfi = + P = tan“^(a/6). 

14. a; cos (tt — >?) + 2/ sin (tt — /?) = 6/V( 1 + «*)> = cot-^ a, 

15. a;cos(/^— 77-) + 2 /sin(/? — 77-) = cl^(a^ + h^)y p = tan“^(6/a). 

16. ia; + i2/=l- ■-ii» + f2/=l* 

18. ia;-i2/=l- a; + 2/ = 18. 

20. x — y— 5. 

21. a; + 2/ = a7i + 2/i(^i2/i>^)» ^“2/ = ^i-2/i (a^i2/i<0). 

22. fa; + |2/ = '7, 2a; + f2/ = 7. 23. y + x^Z=^^. 

24. 12a; + 52/=13. 

25. X cos J(«i + ^a) + 2/ sin + h) = V cos i(^i - 1 ^) ; 

r = p sec — = i(ii + ^a)* 

26. rcos/9 = c. 27. rsin^ = A;. 

28. 6 = 6^. 35. rcos(^-i7r) = ± 1. 

36. kjr = mcosd — BmO, 37. a6/r = 6 cos ^ + a sin 

38. r = cosec (a - fi) - 2 ^ 3 ^ cos (a - /?)}, 

cos^isin^: 1 = gsina~^?siny^:29Cosy^-gcosa:rsin(a--/?). 

39. cosec Ja. 

40. (iZ cosec Ja cosec i/?, i(a + /?)) . 
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EXERCISE 3b 


1 . 

lx-\-6y = 0 . 


2 . y-* 

= 1 . 


3. 

6 a; — 1 + 92 = 

0 . 

II 

P 2 /- 


5. 

-xlq+yip = 1 


6. 9a; + 

lOy- 

137 = 0. 

7. 

16a:-88y+66 = 

= 0 . 

1 

? 

+ 

y-\-amn = 0 . 

9. 

18a;— 341/ + 69 = 

= 0 . 




10 . 

13a; + 3?/ = 99, 

1 la; — 92 / 

= 63, * + 63 / = 23; (7, 

2§). 

11. 

r sin ^ = a sin a. 


12. rcos 

d = b 

cos 

13. 

cdjr = csin(^ — 

y) + d cos (O — y). 



14. 

6.,y3/r = sin(^- 

-10°) + ^ 

iV3 cos (0-10°). 



15. 

180/r = 141 sin 

88 cos 





EXERCISE 3f 



1. 

2,-2i. 

2. 

-3, -2. 

3 . 

-2i,f. 

4. 

-i,o. 

5. 

0, f. 

6. 

a/c, b/c^ 

7. 

— 1/a, — 1/6. 

8. 

m/c, — 1/c. 



9. 

— cos oc/p, — sin 

alp. 


10. 

- 100, 100. 

11. 

3a; + 41/ + 1 = 0. 

12. 

-a; + 62 /+ 1 = 0. 

13. 

a; — 2 /+ 1 = 0 . 

14. 

4a; + 1 = 0 . 

15. 

3a; + 4y + 6 = 0. 

16. 

62 /- 4 = 0 . 

17. 

Lines through the origin. 

18. 

0 . 0 . 

19. 

4X + 5F+1 = 

p 

p 

-2X+3y+4= 

: 0 . 


21. 

(3,-7). 

22. 

\ 3> eh 

25. 


26. 


27. 

X^X^+Y^Y^ = 

0 . 


28. 

Distant a from 

origin. 




29. 

±(X^Y^-X^y 





30. 

Z lA. 32 4 

4> 9 > 9* 






32. (yi-yi)l(xiyz-x^yi), (Xt-Xj)l(xiy^-Xiyi). 

33. ( Fi - T^)I(X^ F, - X, Fi), (X^ - Xi)/(Xi F, - X, Fj). 

34. + (a+yff+y)V2a/?r. a = Xj Fj-X, F„ etc. 
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EXERCISE 3g 

1. 4,-7. 2. -1,-1. 3. 1,0. 

4. 0, -f. 5. 3X + 4F+1 = 0. 6. 7X + 6r-l = 0. 

7. 2X+1 = 0. 8. y-2 = 0. 9. 4X-9F-6 = 0. 

10. The origin. 14. ^J{[{a^c^ — a^c^)^■\-{b^C 2 — h 2 Cl)^yCl^c^}, 

15 . (aiC2 + a2Ci)X + (6102 + 62^1) ^ + 2 ciC 2 = 0 . 

16. I, -J. 17. -cXi/(aXi + 6Fi), -cFi/(aXi + 6Fi). 

18. — I, f. 19. cql(hp — aq),—cp(hp-aq), 

20. — 0. 22. (jX ~ pY » 23. bx — dy, 

24. x^y = — 1. 

EXERCISE 4b 

1. Axes. 2. Origin. 

3. Two lines parallel to OX, OF. 

4. Two points on OX, OF. 5. One line [A, R]. 

6. Points ( ± 1, 0) and all lines parallel to OF, 

7. Four points ( ± 1, ± 2). 8. Two lines parallel to OX, OF. 

9. Two lines through the origin. 10. Nothing. 

11. Two lines x= ±y. 12. Points (^, ^), ( — J, — J). 

13. Nothing. 14. Lines x = ±y, x z=z ±2y. 

15. All lines parallel to a; = y. 

16. Perpendicular bisector of ( — 1, 2) (3, — 4). 

17. (0, — a). 18. [0,-1]. 19. Two parallel lines. 

20. 2, 1, 0 lines according as a® 4 - > , = , < 1 . 

21. (a; + 2)(2/-3) = 0. 22. (3a; + 2/+ l)(2a;-8i/- 1) = 0. 

23. xy(x~-y) = 0, 24. {x — 3)^ + {y + 5)^ = 0, 

25. {x^ + y^) + y^ — 2x — 2y + 2) = 0. 

26. {diX^biy-^-c^j^ + id^x + b^y + c^f = 0. 

27. (X-4)(F + 3) = 0. 

28. (4X+7F+1)(3X + 2F-1) = 0. 

29. X*+F* + 2X + 2F+2 = 0. 

30. {(X-l)a+F2}{X2 + (F-l)2} = 0. 
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EXERCISE 4c 


1. k<l; A; = 0, -1. 

3. 

6. tan“^ I ^34. 

9. 0, ± 1. 


2. k< or k> — i; k = 4, 


4. tan~^^. 
7. a. 

10. in. 


5. in. 

8. — a. 

11. tan“H>N/22. 


12. ^TT. 13. x^ + xy~y^ = 0. 

14. lla;2 + 36a;^- 111/2 = 0. 

16. kx^ — 4xy — = Q, 

18. a;2 = t/2. 19. x^ — xy — y^ = 0. 

21. 7X2 + 22Xy-7y2 = 0. 

23. 5a;2 + 4xy — ly^ = 0. 


15. xy — 0. 
17. x^=zy'i. 

20. xy = o. 

22. 3a;2 = t/2. 

24. (0,0). 


25. xiyil = — Zn (a H- 6) : ~ mw(a + 6) : am"^ — 2/i?m -f- hl^. 


EXERCISE 4d 

1. 15; 2a? — 2/ + ^ = 9, a; + 2/ + 3 = 0. 

2. :^6i; {5±V(25-4A)}a? + 2y + 2 = 0. 

3. 6; a? + 22/ — 4 = 0, a; + 32/-~9 = 0. 

4. A = 1, 2a? + 32/H- 1 = 0, a? — 1 = 0; 



A = 

— 5, 2a? + 2/ + 1 

= 0, 0? — 32/ — 1 = 

= 0. 

6. 

14; 

7a? + 3 = 0, 2y • 

-5 = 0. 


6. 

-22; 4x-1y-2 = 

= 0, 3a? H- 22/ 4- 1 1 

= 0. 

7. 

-2; 

(1. !),(-§.- 

-2). 


8. 

A = 

0,(1, !),(-!, 

> 

II 

T 

1), (h i)- 

9. 

12, ( 

-1, 0),(0, 2). 

10 . 

x^ — xy~ 2y^ 


11. a?2 + a?2/ — 2i/2 — 3a? + 3i/ = 0. 

12. a?2 + a?2/ ~ — a? — 38y — 56 = 0. 

13. 2a?2 — 3a?2/ + 2/^ = 0. 

14. 4a;^ + 3a?2/ — 22/2 — 25a?4'62/+16 = 0. 

15. a;2-a?2/ — 32/2 + 5a:-92/ + 3 = 0. 

16. -If. 17. 0,2. 18. -3±2V16. 

19. 63a;a + 32xy - 632/^ - 158a? + 942/ + 32 = 0. 

20. a?2-- 6a?2/ — 2/^+ 14a;+ 182/ — 41 = 0. 

21. a?2~2/^ + 2a? + 42/-3 = 0. 

22. + + + 
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EXERCISE 4e 


1. (2,4),(-i-S). 2. 

3. (1, 1), (i, -i). 4. (1,4), (3, 2). 

5. (1, 1), (1, 6), (2, 2), (3, 2). 6. (0, 0), (0, +V2). (± V2. <>)• 

7. (1, 1), («, -«). 


8. ({2a — 2a^(l — <*)}/<*, {2a± 2a^’(l — <^)}/«) if and ,<^0; 

(0, 0) if < = 0; no points if <*> 1. 

9. 7a:-8j/+l = 0. 10. 136a: -62?/ + 94 = 0. 

11. 18a; + 31j/-227 = 0. 12. %x+l\y = 0. 

13. x+Zy=6. 14. a:— 171/ + 33 = 0. 


15. 2a:+s/ + 4 = 0. 16. 206(6a:-72/) + 2204 = 0. 

17. 4a: + 101 / + 363 = 0. 18. x = y. 

19. (aia: + 6ii/ + Ci)(a2/+6jg' + Cj) = (a^x + bty+Ci)(aJ+big + c{). 

20. (a—c)y~nd—bc. 21. {ad — bc){x+my) = e{b—tna). 


22. 6a:- 162/- 61 = 0. 23. 244a: -23i/ + 287 = 0. 

25. (1,1). 26. (-i, i). 

28. ( ± 1, 0), ( ± 1, 4), (0, 0), (0, 4). 


29. (|,i),(-J,-i),(i.i),(-i.-f). 

30. {x — y){a — b) + 2a=^ 0, {x + y) (a + 6) — 7a = 0. 

31. 3a:* + a:i/— 2^“ = 0. 32. 30a:*— 19a«/ + 22 /* = 0. 

33. 4a:*+ 12a:2/ + 31/* = 0. 34. 4a:* + 9a:i/ + 3i/* = 0. 

35. 4a:* + 1 Ixy + 6i/* = 0. 


EXERCISE 4f 

1. [1.4],[3t,-lf]. 2. [i, ±J]- 3. [l,-2],[-l,i] 

4. [I/O, ± 1/a]. 5. [0, ±V3/(3c)]. 6. [± 1, 1], [0, fj. 

7. 3X + 7r=4. 8. 7X-r = 31. 9. (2,-6). 

10. (piX + ?ir + ri)(pjal + gjR+rj) 

= (PtX-^<lzY+rt)(PiA+q^B + ri). 

13. 3a; — 4j/=8. 14. ±a:±y=l. 


12 . [ 1 , 0 ]. 
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EXERCISE 4g 

1. Point and line. 

2. — ajcos jig-TT + y sin^TT = 1, xcos^n—ysm^n = 1. 

3. 17a;2 -l4:cy~17t/2-90:»- 1222/- 199 = 0. 

5. ^^2. 6. x^ — y^ — 3x — y + 2 = 0. 

7. Ij. 8. ab = h\ 2fgh = af^ + bg^, g^>ac. 

9. tan“^ (1-3 -y/3). 10. 3x^ — 4a^ — 5y^ = 0. 

11 . h = O cos Ce>. 12 . a + b ^ 2h cos w. 

13. kx^-2xy^X(ky^'\-2xy). 14. ^(h^--ab)l(bX^-2hXY + aY^). 

16. ({(6 — a) i — 2hm)l2dy {(a — b)m— 2hl}l2d) ,d=bl^ — 2hlm + am^, 

{i(bl — hm)ld, ^{am^hl)ld), 

17. x:y:l = m(fm — ^Z) — In : Z(^Z — fm) —mn t P + 

20. (cij 62 ■“ ttg — 4 (ct 2.^2 ”” ^2^1) (^1 ^2 ^2 ^1) ~ 0» 

21 . (aia2-^1^2)^+4(^1^2 + ^2^l)(^l«2 + ^2^l) = 0. 

22. + = 0. 23. a = c and 6 = cZ. 

24. (6 + d) (be + ad) + (a + c + e) (a — e)*-* = 0. 

25. b(x^ + y^) == 3axy(x-‘y); ± a^(2-y/3 — 3). 

EXERCISE 6a 

1. a;2 + 2/2 j4a7-62/-3 = 0. 2. a;2 + 2/2+ 2a;- 3 = 0. 

3. a;^ + 2/^ — 8a;+ lOy — 8 = 0. 4. a;® + 2/^ + 3a; + 42/ = 0. 

5. a;2 + 2/* — 2aa; + 262/ — 2a6 = 0. 6. ( — 1,3), 5. 

7. (-1,0), 3. 8. (li, -2),iV5- 

9. (-2,-S-),2i. 10. (0,-|),iVl4. 

11 . (a, 0), 073. 12. (6/2a, c/2a), ^(6* + c=*)/(2a). 

17. a:*+j/®+ 8®— lOy + 7 = 0. 18. + 38®+742/ = 0. 

19. ®*+y»-2cy + c2-169 = 0. 20. 19(®» + j/“)- 142®-442/ = 0. 

21 . 9(®“ +«/«)- 29® - 37j/ - 340 = 0. 

22. 3(®* + y^) - 86® + 61y - 52 = 0. 

23. 6(®i>+j/») = (a2 + 62)(®-a + 6). 
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24. (x~a)^ + {y-b)^=»5’-. 25. x^ + y^-lOx+S = 0. 

26. 6(a:* + y^) - 22x - 2y - 30 = 0. 

27. a:* + jr*-6a:+42/ + 9 = 0, a:* + j/» + 10a; + 20?/ + 26 = 0. 

28. a:2 + 2/2 + 2c(a:-2/) + c* = 0,c=6±2V3. 

29. x’‘ + y'‘-Sx + 4y - 0 . 30. c(a;* + j/*-a2) = j/(62 + c2- o^). 

31. x^ + y^-h^ = ±2y^(a^~b% 34. e(c-a) + d(d-b) = d. 

35. a:® + 1/2 -7a: +22/- 23 = 0. 36. a:2 + 2/®-aa:-62/ = 0. 

37. x2 + ^2_7a._2i2/+ 120 = 0. 38. a:® + 1/®- 10a:- 121/+ 61 = 0. 

39. (P + m*) (a2 + 1/® + c)' 

= 2a:(i +flm — gm^) + 2i/(w + glm —fl^) + 2gl + 2/w + 2. 
EXERCISE 6b 

1. 3a: + 4i/=26. 2. 6a:-12i/=32. 

3. x(xi-f) + y(yi-g) =/(a:i-/)+ff(i/i-fl') + fe“. 

4. 6a: — 2i/=29. 5. axKi + ^i/i = o^. 6. a;+10i/=39. 

8. 3a;-2i/=13. 9. a: + 22/=iV3- 5a:+13i/=13. 

11. 7a:-lli/= 148. 12. fc{a:a:i + i/i/i) + M(a: + a:i)+i>(i/ + i/i)+w = 0. 

13. a:2 + i/2+10a: + 8i/ + 26 = 0. 14. a:2 + i/2-4a:-6i/+12 = 0. 

15. (a:2 + i/2)(o2 + 62) = 0=. 16. a;2 + i/2 = 4 or 144. 

17. a:2 + i/2 = 9 or 529. 18. 1/0®+ l/b* = l/c*. 

19. 6,-12. 20. (-:^aVl0,-iWl0)- 

21. (l/+iJigr-l)2 = /i 2(12 + w 2). 22. y=zx^Z±2. 

23. 4a:-3i/=±10. 24. a = 0,-4. 

25. mx — ly = ±a^{P + nfi). >^26. 2a— 3i/+13 = 0. 

27. 3a+i/+l = 0. 28. 2^5- 

29. 2 V{c* -(«"&")/(«" + 6')}- 


EXERCISE 50 


1. 

16. 

2. 

0. 

3. 

81. 

4. 

-c®. 

5. 

2V15. 

6. 

4V285. 

7. 

6. 

8. 

2V14. 

9. 


10. 

V(/* + 9® + 2M//a + Zugr/a + w/o). 

11. 

36. 

12. 

60. 

13. 

-16. 

14. 

-2. 

15. 

4^. 

16. 

COS“^ f . 




19. a® + i/* + 2Ara — 6 = 0. 
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EXERCISE 6d 


1. a: + 2 /+l = 0. 

3. 26a:-23y-292 = 0. 

5. 2x = 5. 

7. 3:13, 13:23, 3:7, -9:11. 
9. 22(a:*+3/i>)-9a:-116^-146 

10. iVVl49. 

12. 66j|. 

14. (2-1, -3i). 

16. (0, ±V(6/a)). 


2. 6x — 5y + 4 = 0. 

4. 2gx+2fy+c + kr^ = 0. 

6 . (- 2 ,- 6 ). 

8. (3, 2), (2, 3). 

0 . 

11. (0,0), 2. 

13. (-| + iV5.0)- 

15. (H(9±V6).A(-3±8V6)). 


17. a; 2 + 2 / 2 = 100, a;2 + 2 /* + 20a; -56 = 0. 

18. (i-|,A). 21. 

22. A(a:‘*+ 2 /* 4 - 8 a; + 6yH-25) = /i(x^ +y^ - 4x- lOy + 29). 
24. (a:^ + + o^) ( 1 - A^) = 2 cia;( 1 + A^). 


25. (ACi* - ACj^) {x^ + y^) = 2 x(Ki^x^ - K2’‘Xi) + 2y(Ki^yi - K^^y^) 

- Ki^lXi^ + t/i*) - K^^Xi^ + y^^). 


KXERCISE 6e 

1 . r‘*4-2rsin0 — 3 = 0 . 2 . r = 2aeos6. 

3. h^ol(c^—r^). 4. Circle of radius fei through 0. 

5. CSrcle -b^) = r^- 2bkr cos d. 

6. x = 0. 7. c{x^ + y^) = k^y. 

8. or = A* cos ((?-«). 9. ( - Cflr/(gri> _ cf/(g» +/»)). 

10. 4. 11. x':y':l =t’‘:i+f‘:i+fl + i*+t*. 

12. r = i(l ~cos0). 13. a = r(l + cos^), r = -4acos^. 

14. + y^) = + hxy + cy^). 
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EXERCISE 5f 

1. 89x*-167a^ + 29y» = 0. 

2. (\-igX + cX^)x^-2UX-\-gY -cXY)xy + (l-2fY + cY^)y^ = a 

(p-c)X^-2fgXY^{g^-o) Y^-¥2gX + 2fY -\ = 0 . 

3. ~ 

4. — (h^ — a^) — 2a^hx + = 0. 

5. (gJi - sJi? - + g^) - + J?!®) + (Cl + cj) (S’! gt +fift) 

= J(Ci — Cj)^. 

6. 3x ± % = 76, Qx±y aJIQ = 150. 

7. 120, 100. 8. cos-1 1. 

9. V{2(fci* + - d* - (fei» - K^ld^}, = (A -A)" + (9-1 -g^Y. 

10 . x^ + xy + y^ — 7x — Sy-\-l0=^0, 

12 . c8in^(i)<p-{-g^ — 2fgcos(o; 

((/cos (o-’g) cosec^ (o, (g cos io —f) cosec^ o)) ; 

^{cosec^ 0){P + g^ — 2fg cos (o) - c}. 

13. x^ + 2xy cos (o + y^ ^ ± 2kx sin (o, 

14. x^ + 2xy cos (i) + y^ ^ ax -{■ by. 

15. x(xi 4- 2 /i cos (jj) + y{yi + a^i cos o)) = A;^. 

16. ( 2 / — 2a?) sin o) = ± ^{5 + 4 cos (o). 

17. (a sin a — 6 sin /?) sin 6 = {b cos j3 — a cos a) cos 6; 

{abl2r) sin (a — /^) = a sin {a — 0)-~b sin (p — 0). 

18. Circle: 2r = a cos (^ — a) + 6 cos ((9 — y^). 

22. r = a — 6 cos ^ with polo at ( 6 , 0 ). 

23. (a;2 + 2/2 + gra;+/ 2 /)^ = {g^-^P-c)(x^ + y^). 

24. (x — a)^ (ax — — c*)®}. 

25. Semicircle on AB. 

26. (oi — a^)^ — (r^ — rg)^ ; equation of the common tangents. 

28. {aj(ri + r^) - (a^r^ qp a^r^)Y + {y(ry^ + r^) ~ ( 61^1 + b^r^)Y 

= {a?( 6 j^ — 62 ) ” 2 /(%”"^ 2 ) + (®i ^2 

30. (aj~a)2 + (2/-6)2 + (2J-c)2 = 

31. ( “W, — V, — t/;), + + — c?). 
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MISCELLANEOUS EXERCISE A 

1. 6 . 2. = c2, x^ + iy^ = c^. 

3. tan”i ^" 1 , tan“^ f, — tan”^ 7. 4. 2r cos ^ + Aj = 0. 

5. 6. iTT. 

7. a(x — a — h) = ±y^{2ab + h^). 8. -y/93. 

10. x^’—xy^y’^ — 0. 11. 36. 

12. 61a; - 792 /- 908 = 0. 13. y = 6±2(x + 2)^2. 

14. (c2 - 62) (a;2 + 2/® + = 2aa;(c2 + h% 

15. (2i, lf),(10i?,7^^). 16. 150. 

17. y = xtQ,n{^(x^ + y^) — l}, 18. 38a;— \^y — 2. 

19. 71a;2 + 20a:2/-ll2/^ = 0. 

21. hx + ay + 2ab = 0; x^ + y^ + xla—ylb — c = /i{bx + ay-^2ab). 

22 . ((Ex)ln,(^y)ln). 

23. (19, -2), (1, 1), (-3, 9), (-7, - 15). 

24. - 2x1^1 + 52//2 V7 = 3/V7. 

25. a;2 — 7052/ +2/^4- 43a; — 382/+ 181 = 0. 

26. llX + 7y = 3. 

27. (G'/O, A/(7; notation of 0*6. 

29. (i,9i). 

31. y — h ~ (x — h)tSiXi\(oL-\- fi); y — k = {x — h)iQ,n\(cL + 

32. tan~^(J-y^l7). 33. c2 — 2cja cos a + 2jo2 = ^2. 

34. (10, 7), 10. 

35. a;(7 + 4cos w) — 2/(4 — 6cos w) = 13 + 24cosw. 

36. sec- 13 . 37. (48-^-, 78J-). 

38. x — y = 2a,lx — y= 14a. 39. tan-i2. 

41. 72/V73. 42. (-acl{a^ + b^), -bcl{a^ + b^)). 

44. .«2 + 2xy cos &> + 2 /^ = c2 cosec2 w, 

45. {uv,—uv). 46. a; 2 -j- 2 /*=l. 

48. a;'2 + 2/'2 + a;V2“32/V2+l = 0. 

49. 3c?a;^ — 2ca;2/ + dy^ = 0 ; ± Jc ->y3. 

50. (2, 3),tan-ii(l±V5). 51. a;+2 = 0, a;+2 = (2/-3) ^3. 

52. (7, 5J). 53. 208a;+132/= 15. 

54. a;2-91a;2/-“362/2 = 0. 55. 35±5V65. 

56. Circle, centre mid-point of AB, 


R I AG 


25 
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58. in. 59. 232a:-116y+l = 0. 

60. 2a!*+17a!y-y2-38a:-133/ + 32 = 0. 


61. 2r:F:l = (Xirj-Xjri)6+Xi-X2:(XaFi-Xirs)a + yi-Fj 


62. (3+Vl7)a:* + (3-Vl7)2/* + 28 = 0. 


:(X,-Xi)a + (F,-Fi)6. 


63. Cuts orthogonally the circle orthogonal to Sj, Sj. 


64. -2:6. 


65. Surface of revolution. 


66. 7. 67. tan~'^f. 

69. a:*+2/*-22a:-82/-81 = 0. 


71. ct2> ^a)' 

72. 138a!-63y-63 = 0. 73. \c-d\l.J{l+m^). 

74. 13if + 9F + 4 = 0, 2X+F+1 = 0. 

75. lx = 9y, 9x — 28y + 10 = 0. 

76. 2 V{(a/- 6?)““ - c(a2 + 6>“)}/V(o" + 6*). 

78. (a® + 6®) (a:® + j/®) ± 4abxy — (a® — 6®)®. 

79. (m+n) fc® + 2(1® — »im) fc — (m + n) 1® = 0. 

80. 16a:-8y=100. 81. a:®-2a:«/-3/® + 2a,--2y+ 1 = 0. 

82. b(x-xj)^-2h(x-xx)(y-yi)^-a(y-y-^)^ = 0. 

83. (a;— a)cos< + (y— 6)sm< = c. 84. C08~^j^. 

87. [-i,-i],[-t,+i]. 88. 2. 


89. (iiWj — i2®Wi)(«c — 6j/) + “(®%~®%) + 6(ii — 12) = 0. 


90. 2(a:® + y®) — 6a: — 21/ — 21 = 0. 

91 . a:i® + 2a:i y^ cos w + 1/1® + 2gra:i + 2fy^ + c. 

92. (/fj + /fa) »• = cos (<?i - 0^) ; 

cos 6 : sin 0 -.X = cos cos 

93. acosi(«-;ff). :/f2r,sin02 + /C2r2sinO2:(/fi + /fa)®-- 

94. x-\-y — 9, 6a; + 22/ = 34, Si/ = 29. 


95. 8aj2— 12a;i/ + 3i/2 + 4a; + 61/— 13 = 0. 

96. 2a. 97. a;y = = 3A;2. 

98. ( - k^gjc, - k^f/c), (k^/c) y/(g^ +P ~ c). 

99. 6J. 100. tan~^{(a2 — 62)^2a6}. 

102. a;2 — a;i/ — i/2 — a;+ I81/ — 61 = 0. 

103 . (1,2). 104 . i*3V23- 

105 . (-1, +l),(i, 1); a;®+2/®+102a: + 48y-23 = 0, 

+ y^ — 2x — 4:y -^3 = 0, 
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EXERCISE 6 a 

1 . — ax except the origin. 

2 . = ax in first quadrant, every point twice. 

3 . y = x^ in first quadrant. 4 . ( 4 , 2 ), ( 9 , 3 ). 

5 . ( — (If* ?)• ( 1 > 2 )» (i» l)> (i» M)* 

7 . (p, JA;), (life, |A;), -#). 8. (a, 0), (0, -h). 

9. a?- + + = 0, a;-- 2 /^ + a «2 = o, tx-\-y - at^-\-2at. 

10 . x + yt^^t^ = k{t^ + t^), X’\-yt^ — 2kt, t^x — y — ki^ — kjt. 

1 1 . x(t^ — — t^) + 2^ = a(t^ + ^1 + h)y — 2^) + ^2/ = a(t^ + 2^, 

2 rr - - 2 t)y = a(t^ - 2 t^ - 2 t- 2)/( 1 - <). 

12. rr(l-«i«2) + 2/(l + «i«2) = 2a(fjL4-«2)» ^(1 +2/(1 

.T( 1 + ^ 2 ^ - 2 /( 1 - = 2 a(^^ - 1 )/^. 

13. x{t ^ — 2/(^1 + ^ 2 ) ~ ^2/ “ 

3 ^ic — 2y = a/®, 2 a 3 + 3 /y = a<2(2 + 3 ^^). 

14. x{ti^-\~t^ -\-yt^t^ = + ^1^2 + ^2^)» 2u? + 2/i^® = 3A;/, 

t^x — 2 y = k{t^ — 2 /t^), 

15 . ajCa = a 2 Ci» «i «2 + Ci ^2 = 0 . 

18. a(l+^^). 22. — a, a^i + a^ 2 . 

24 . Ia{tj^ + t2^), a(^i + /2); ^1 + ^2 constant; y = a(/i + ^2)* 

EXERCISE 6 b 

2 . (A, A;sec^). 

3. 2/^2 — hx^Qo^'^Oj y'^ = kx'secO. 

4 . OX vanishing line, ^ =• Jtt; OX vanishing line, 0 = Jtt. 

5 . x'^la^ + y'^lb^=l, 6. + 2/'" = 

EXERCISE 6 c 

1 . rr cos + ^2) + 2/ ^{^1 + ^2) z= a cos 

a; cos 01 4 - 2/ sin 01 = a. 

2. (.c/a) cos 1(01 + 02) + iy/b) sin i(0i + 02) = cos J(0i — 02), 

(a;/a)cos 0 i 4 -( 2 // 6 )sin 0 i = 1. 

3. (a sec cos a, a sec/? sin a), (a sec/? cos a, 6 sec y^ sin a). 

4 . Chord 0i02; see No. 2 . 

5 . arc sec 0 i — by cosec 0i = _ 52^ 

6. Parameters are roots of — al) + 2 tbm + (w + cil) = 0 . 

7 . (i»/a)(l-«i«a) 4 -( 2 // 6 )(^i + /2) = (l+^i^- 

8. (ic/a) ( 1 — _j_ 2 tylb = 1 4- 2, 2 coincident, or 0. 

11 . 4 . 


2 * 5-2 
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EXERCISE 6d 

1. (1 +^ 1 ^ 2 ) ( 2 //^) (^1 + ^ 2 ) — 

(a;/a)(l+« 2 )- 2 ( 2 // 6 )« = 

2 a«a; + 62 /(l + « 2 ) === 

2. (ic/a)chi( 0 i + ^ 2 )-(y/^)sh 4 (^i + ^ 52 ) = ch 

(a;/a)ch^ — (2//6)sh^ = 1; aaj/(ch^^) + %/(sti^) = a2H-62. 

3. (a?/a)cosJ(^i — ^ 2 ) “( 2 //^) *5111^(^1 + 02) = cosJ(0i + 02); 

(ic/a) — (t//6) sin0 = cos0; aa; sin 0 + 62/ = (a^ + 0®)tan0. 

4. {xjd) (1 + ^ 1 ^ 2 ) — iyl^) (1 “■ ^ 1 ^ 2 ) ~ 4-^2 > 

(x/a)(l-^t^)-(y/b)(^-t^) = 2t; 
ax(l^t^) + by{l + t^) = (a2 + 62)(l-^^)/(2«). 

5. m= (1 -«)/(! + «). 6 . a 252 /(« 2 _|. 62 ). 

10 . c, 0; a^jc, b^jci where = a^ + h^. 

EXERCISE 6e 

2 . (i) ^1 + ^2 = (ii) ^ 1^2 constant. 

5. = ~" 1* tx*x — y^k{t^^--\)ltx» 

8. + ^1 ^2 "i" ^ 2 ^) — 2/ “ ^ 2 (^ 1 4* ^ 2)5 y = 2cf^i®; 

4a2X3 + 27y = 0. 

EXERCISE 6f 

1. cx—2aty = ch — 2adt — act^; X:Y:l = c: -2at:act^ + 2adt-cb. 

2. ar(«~l)2~2/(«'*+l)+l = 0;X=:(«-l)2, F = -<2_i. 

3. a;( 3 « + «3)~22/ = X : Y :l/a = :2 itK 

4. - 3) - 2 /( 3«2 _ 1) + 2at^ = 0; X : Y :l/a = -St: I- St^ : 2tK 

5 . (2 + «2 + ^ 4 )£ p 4 . 2 ^ 2 / = (2 + « 2 ) 2 ; X : F : -1 = 2 + «2 + « 4 . 2 ^ : (2 + « 2 ) 2 . 

6. a; cos it — y sin = a(t cos ~ 2 sin JO ; 

X:Y : 1/a = 1 : — tans : 2(tans — s). 

7. a; + 2/0 ^ 2(0 4" ^ 2 ) = <^(0^4" 004" 0^)* 

8. 3aj - 4(0 + 0) 2/ = 3 - 8(0 4- 0) “ 120 0- 

9. 22:^1 0 = 1; (f»> 4 A^a\/6)5 0) isolated. 

10. M*«3 = -1- 11- (lU, la^ff). 12. (4i, IJ). 

13. < 1<2 = — 1. 15. ( — a/2<, 4a<*). 16. +2. 

17. a;:^:l= 3 + 2«:3< + 2<’':«». 

18. y = t,x= l/(H-«®); (4a:i*yi*, ( 1 - 2 /i®)/ 22 /i) . 

19. a!:2/:l = 1 -«*:«-<*: (1 + f*) (9- 7«); hV. i)- 

20. sin 01 + sin 0, + sin = 0. 

23. xiy.l = <*:2 + «’:«* + (2 + «»)“, or = (x^ + y^)(2x^-¥2y^—y)^- 
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EXERCISE 7 a 

1 . O and, if a6 > 0, ( ± ± ^J{ajb)) . 

2. {k^ — 2k, k — 2); line is part of curve. 

3. O, O, (±V(1-A;2)/(1 + A;2), ±k^{l-k^)/{l + k^)); 0,0, 0, 0; O, O. 

4 . a = “6, O, 0; a = ± 26, O. 

5. O and, if 6/a< 1, t = ± -^/{(a — 6)/a®}; x = y. 

6. O, O and, if 6^ 0, < = a(a — 2b)jb^; a; = 0, a; = 22/. 

7. O, O and, if 6^ ^ 4a2 and — ± ^J{(b^ — 4:a^)lb^}; y = ±2x. 

8. 0, O and, if 0, ^ = {a^ + b^)la^; isolated. 

9. O, O and, if a + 6 5*^ 0, ^ = (a — b)^/(a + b)^; x = y, 

10. O, O, O and, if a^O, ^ = b{b^ — a^)la^; y = 0, y = ±x. 

11. O, O, O, O and, if 69^ 0, ^ = (b^ — a^)l(b^ — ^a^)la^; 

y = ± X, y = ± 2x. 

12. O, O, O and, ab^0,t = (a® + 63)/aW; a? = 0, 2/ = 0. 

13. O, O, O and, if a 9^: 0, ^ = — {a6 ± 6-^(a^ + a6)}/a® ; 2/ = 0. 

14 . O, O, O and, if a 0 and 6® + 4a’6 ^ 0, 

^ = { — 6^±-y/(6® + 4a’6)}/(2a®); a? = 0, 2/ = 0. 

15. (0, 0), (0, ± 1), ( ± 1, 0), (1, ± 1), ( - 1, ± 1); a = 0, 6 = 0; a = 46. 

16. |, — 16, 30; cusped like x^ = 302/^. 

17. 2/ = (1 ± ^J2)x^. 18. y ^ y — 2x^, 2/ = ~“ 

19. x — y^,y — x'^± yjx^, 20. y'^ ^ x, y^ — —x^, y ^ ± x'^. 

EXERCISE 7 b 

1 . 16a;2 4- 2Zxy + 62/^ — 64ic — 362/ + 48 = 0. 

2. (3a;-2/-13)(3a;-22/+l) = 0. 

3. 3X2 + XF + 2F2_4X-liy+9 = 0. 

5. aj2 — 2a?2/ + 32/2 = 62/. 6. (ic-f 2/) (3ir — 2/ — 5) = 9. 

7. ^ = ± 1, ± 2, ± 4. 8. Conic is part of cubic. 

10 . (2/(a + 6), 0). 11 . (k + U\-kt). 

13. x^ + \0x^y — 42/® •= x + 62/. 

14 . I and conic; conic is a line-pair. 

17. (0, 0), (0, 1), (0, -1), (1, 1), (1, 2), (1, 0), (2, 2), (2, 3), (2, 1); 

2/3 _ + Zyx^ — 2x^ 4- 3a?® — y — x=z0, 

18. (i) I and a quartic; (ii) s and a cubic; (iii) c and any one of 00^ 

conics; (iv) Z, s and any one of oo® conics. 

19. 14,4,8. 20. ^n(n®4-6n4-ll). 


21. ln(n4-3). 
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EXERCISE 8 a 

4. 2, 2 coincidont, 0, as | A; | < , = , > | a 1 . 

5. 2, 2 coincident, 0, as | ^ | > , = , < | » | • 

6. 2, 2 coincident, 0, as | A; | < , = , >5. 

7. 3, 3 (2 coincident), 1, as < , = , > 4^2. 

8. 0, 2 pairs coincident, 4, 2 and 2 coincident, 2, according as ^’< 0, 

A; = 0, 0<A;< 1, A; = 1, A;> 1. 

9. 2, 2 and 2 coincident, 4, 2 pairs coincidont, 0, according as A'< 0, 

Ic — Of 0<cA;'<'q>^3, Aj = 9-\/3, Aj^g-y^S. 


EXERCISE 8 b 

1. xiy:\ = -ac±h^(a^ + h^-c^): -hc+ a^(a^ + h^-c^)ia^ + h^: 

a^ + fe^ ~ c2. 

2. ((c2 + r2)/(2c), (c2~r2)/(2ci)). 

3. None; (2, ±t). 4. (4, 3), (3, 4) in both. 

5. (0, 0), (2, 4); (0, 0), (2, 4), (2w, 4^2), (2^3, 4w). 

6. (1, l),(i(-l±W7).|(5T*V7))- 

7. (2, - 1); (2, - 1), (i(3 ± i V423), i( - 21 ±i^m)). 

8. Gjonly: (0, t), (0, i), (±V3, *)• 

9. (p ± V(15* - S). - ? ± 2p - 3))> unless, in G,, p* < q. 

10. (4, i). 11. a: + j/i = 8 + 6i, X— = — 2 — 2i. 12. Zero. 

13. 1 if ( = 0; 2 coincident if t = {6 ± — o)}/2a or if a = 0 and 
t = 1/46; otherwise 2 distinct. 

EXERCISE 8 c 

1. (6, ±2>6, 1) ifa6>0; (c^ 4ac, 4a); (1, 0, 0), (1, 0, 0). 

2. (i, fc, 1), (-*, -A:, 1); (1. P, 1)’, (0, 1, 0); (1, 0, 0), (0, 1, 0). 

3. (1, t, 0), (1, 0, 0), (0, 1, 0), (6, -a, 0), (a, -b. 0). 

4. Two coincidont intersections at infinity. 

5. (1, 1, 0), (1, 1, 0), (2, 2, 6); (2, 1, 0), (2. 1, 0). (2, 1, 3); 

(3, 1, 0), (3, 1, 0), (6, 2, 7); (4, 1. 1), (8. 2, 3±V21). 

6. 4, —6, 0; 0, 1, 0; a, 0, c. 

7. 2; = 0, X = 0. 8. (fe±A:)X-aF = 0. 

9. X±F = 0. 10. 4X + (11±V66)F= 0. 

12. (1, 1, 0), (1, 1, 0), (1, 0, 1), (0, 0, 1). 
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EXERCISE 8d 

1. (a, ±6^,0). 2. (0,4, 0), /, J. 

3. ±ibla; (6, ±ai, 0). 4. (k, — 

5. (-1, -1), (i(l±V7), J(-.5 + V7)). 

6 . ( 0 , 1 , 0 ), ( 0 , 1 , 0 ), ( 1 , 1 , 1 ). 

7. (1, 1); (1, 1), (1, oj), (1, h 1); (1, 1, 1), (1, W, 1), (1, - 1). 

8. (0, 0), (9, 3); (0, 0), (9, 3), (9a}\ 3(o), {9o), 3o)^); (0, 0, 1), (9, 3, 1); 
, (0, 0, 1), (9, 3, 1), (9^2, 3w, 1), { 9 ( 0 , 3(o\ 1). 

9. (k, ± f 7(9 — but not in G3 if k^ > 9. 

10 . {{a^ + k^)l2k, (a^-k^)l2k) ifkj(:0; (1, 1 , 0), {a^ + k^a^-k\ 2k). 

11 . ( 0 , 0 , 1), {a^ + ab, ab + b'^, a^ — 4b^);yes. 

12 . (0, 0, 1), {a^J(a — b), b^(a — b), ±a^la); same unless a(a — 6) < 0. 

13. (0, 0, 1) thrice, {ab{b^-a^), b\b^-a^), a^);yes. 

14. (0, 0) four times; (0, 0, 1) four times and (1, 0, 0). 

15. X = 0 , y = 0 . 16. aX±ibY=0. 

17. aX2 + 6 XF + ar2=,0. 

18. x^^X^ + 2{xj^y^-^2k^)XY + yi^Y^ = 0 . 

20. /, /, J, J. 21. (x^ + y^) (ax-hby) = xy. 

22. (x ± iy)^ + 2gxz + 2jiyz + cz"^ = 0; /, / or J, J. 

23. 32; 272, 273, 4. 

EXERCISE 9a 

6 . (ac/(6 — c), 0) ifbi^c; (ca, 0, b — c). 

7. {acl(b~c), bdl(b — c)) iib^c; (ac, bd, b — c). 

8 . ay' = A{bx' — cx' — ac) ; ay' = X(bx' — cx' — acz'). 

9. ay' — da;' — da=— Xab ; ay' — dx' — das;' = — Aabz'. 

10. {c^a;' — a{b^ — c^)Y + c2a22^'2 _ a^l,^(b^ — c^) ; 

{c^a;' + a(62 + c2)}2 _ = a^b^{b^ + c^). 

11. (a?' + fa)2/a2-2/'V&a = |; ay'^ = 62a;'; (a;'- 3a)2/8a2 + y'2/62 = 1. 

12. (6(6 — c — a)/(6 — c), 0) if (7 is (c, 0). 

13. tt?/'(a;' + a)2 = (6a;')2; (a2/')^(^' + <^) = 

14. ay'(x' + az')^ = (bx')^; {ay')^ {x' + az') = (bx')^. 

15. (ai 62 + 20 rj 6 + Cl) a;'2 + 2(/ii 6 +/i) x'y' + 61 a^y'^ 

+ 2(^i6 + Ci)a;' + 2/ia2^' + Cia2 = 0; 

(«2 62 -\-2g^b-\- C2) a;'2 4- 2(^2 b 4-/2) a?'!/' 4- 61 a^y'^ 

4- 2(gr2 6 4- C2) a;'«' + 2 f ^ a^y'z' + Cg a22;'2 = 0. 

16. Points on x' = — a; points on 2 = 0. 

17. Parallel lines by 4- ebz — cx — kabz. 
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EXERCISE 10 a 

1. 2. AP = PB. 3. GP = BA. 

5. Both or neither between A and B. 

6 . x^itxi^x^; if {ABCD) = 0, D=Ci{ A^ B; 
if {ABCD) = l,D=Bi{A^C. 

7. -q{p + q + r)lrp. 11. - J, -3, f, 4, |, 

12. (i)to(vi) 5, A -4. t. -ii 

(vii) 100, -99, - 0 %, ^ 9 “- 

9_ __.iQ i£ 19 10 9 . 

(Vlli; “lo* 9 » 10> 9 » 19» 19* 

16. 1/A, 1-A, 1/(1~A), A/(A-1), 1-1/A. 

EXERCISE 10 b 

2. « = 0 gives no point; (1, 0, 0) is given by no value of t, 

3. No value of t gives ( — a, 0). 

4. — 

6 . (p-pq)l(q-pq); -pl(l-p); (ap-ah)l{bp-ab); ajb. 

7. k^k^'/kik^', 8. tlt';2;2kl{k^l);2. 

9 , X :y :c ^ — li -tfici-i- btj.; {t^ — #2) (^3 “ ^4)/(^i ^4) (^3 ~ ^2)* 

11. (F^- Y)l(YX,-XYr); {X'^-X^){X^--X,)/(X^-X,)(X^--X,). 

12. (cj(ad — bc)y —al{ad — bc)); — 3 . 

EXERCISE 11 A 

1. 12. 2. i, 2, i. 4. /: + F = 0. 

8 . (a^h^-a2hi)x^-^(a^b^ — a2bi)xy + {hib2-hzbi)y^ = 0 . 


EXERCISE 11 B 


1. 

II 


2. 

2 , 

- 10 , 3; 2 A, - 10 /fc, 3i^, 

5. 

XB^G^, 


10. 

11 

•62. 

11. 

Four determinants like 


0^3 

04 

must not all be zero. 



b2 

^8 

64 




Ca 

Ca 

C 4 
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EXERCISE 11c 

2. ax + hy = 0, 3. (Fj, 0). 

4. ^XXi + H(XFi+FXi) + i5FFi = 0. 

5. {x^X^ + y^Y^ + l)(x^X + y^Y+i) 

+ (x^X + y^Y-\-l)(x^X^ + y^Y^ + l) = 0. 

8. (Zia?i + mi2/i + Wi2:i)(Z2a; + m22/ + ^22^) 

4-(Zii» + mi2/ + ni2)(Z2ii'*i + m22/i + n22i) = 0; 
X{axx^) + Xf(yzy^ + zy^) = 0 . 

EXERCISE 12a 

1. -2:1. 2. —{ax^ + hyy^ + c)i(ax^ + hy^ + c). 

3. 2:1, 1:2. 4. 7±Vl46:24. 

11. Sii + 25i2 + 522 = 0. 12. 1:4,3:2,114:211. 

13. Opposite. 14. h^<4£ic, 

15, axi^x^ + h{x^y^ + 2x^x^y^ + c{y^ + "^y^y^^ + d{2x^ + x^) + e; 
ax^x^^ 4- h(2x^X2y2 + oc^^Vi) + ^(%i2/2 + y%^) + 
line; conic; Pj lies on curve. 

EXERCISE 12 b 

1 . ax^^ + by^^ = c; ax^x + by^y = c. 

2 . a;i2/i = 1; xy^ + yx^ = 2. 

3. + 4 ^ 1 2/1 = 5; 3a;:ri + 2(a;^i + yx{) = 5. 

4. x—^y = 4:. 5. 3a: — 42/ = 6. 

6. 4(2/ i 2 - ax ^ - 62/1) (2/^ - ax - by ) = {2^2/1 ~ + x ^)-^ b(y + y ^)}^. 

7. a:^— 10372/ + 2/^ + 98a;— 102/4- 1 = 0. 

8. (6 4- c) a;2 = a(2/ 4- b)^. 

9. 24a;2 — 60xy — 252 /^ — 72a; — I 6 O 2 / — 196 = 0 . 

10. a;a;i 4- 2 / 2/1 = xxja^ — yyjb^=l, 

12 . 2 / + 2/1 = 2a7a;i. 

13. (4xi+yi-l)x + {Xi-6yi + 2)y-{Xi-2yi-2) = 0. 

14. Uy = 5{x + ^). 15. 2x-ly=2. 16. l2x + 24^ = 2. 

17. (i, I). 18. (-5,3). 19. (J-, f). 

20. (1,1). 21. (-a/26, c/6). 22. (*, ¥)• 

23. (0, — 2a/6) if 6* 5 ^ 4ac. 24. a^/i + = 2A:®. 
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25. (i) a(a;- 6)2 + 62/2 = 0; 

(ii) ax^ — hxy — ay^ + (2a2 + 6^) a; + ahy + a® = 0. 

28. (i) (0,0); (ii) points on a? = 0. 29. x + yt^ = 2kt. 

31. gra; +/2/ + c = 0, x^ + y^-\-gx+fy = 0. 34. (3|, 5'). 

35. €L(hyi — 1 ) a;2 — 2a6 x^ 2/1 xy + h{ax^ — 1 ) 2/® = 0. 

37. a;2 + 2/2 = x + a = 0, z(x + az) = 0. 


40. 


X 

Xi 

O 


y 

Vi 

F 



EXERCISE 12 c 

3. xxi — yyi=^a^zzi. 4. 072/1 + 2/^1 = 2 ^ 22 : 2 :^. 

5. k(xxi + 2 / 2 / 1 ) + + zx^) +/ ( 2 / 2:1 + 2 : 2 / 1 ) + czz^ = 0 . 

6 . x + y + az = 0. 7. 12 a 7 + 232 /— 172: = 0. 

8 . a?! xja^ - 2 / 1 2 / 2 /^^ = 1 ; 071 ^ 2 ^^ “ 2 /i 2 / 2 /^^ = 2 : 1 2 : 3 . 

9. 07i2/2 + 0J22/i = 2A:2; 0712/2 + ^*^ 22/1 = 

11. ao;ia72 + 6(o7i2/2 + o722/i) + ^2/i2/2-”^* 

12 . A;(a;i 073 + 2 / 1 2 / 2 ) + 2=2 + ^2 2 ^ 1 ) +/(2/i 2^2 + 2/2 2 = 1 ) + 02:1 2 : 3 . 

13. (62, 4a6, 4a), (1, 0, 0); (6, 2a, 0). 

14. (c, 0, aA:). 15. (30, 8, -21). 

16. ((h7n-hl)lnG, (hl — am)lnO) if nC^O, and no point if n = 0; 

no point unless / : = a ; A, and then any point on 

a(aa7 + hy) = — IJn 

17. (6m — 62, hi — am, nC) if O 0; no point unless l:m = a:h, and then 

any point on an(ax + hy) + lz = 0, 

18. (Za7 + m 2 / + ni + n 2 ) (/a7i + m 2 /i + nj + 712 ) = (% — 713 ) 2 , unless Pi is 

midway between the lines. In Gg, Pi may be any point except 
(-m, Z, 0). 

19. y^ — 2 aa; = gy — 2 a/. 20. 2xy = gx -\-fy, 

21. amx = hly. 22. (0, 0, 1), (0, 0). 23. (0, 0, 1), (0, 0). 

24. (1, 0, 0), none. 25. (1,-2). 26. (7|f, -4^Sf). 

27. (12, -6, 7). 28. Any point on 3x-4y= 2. 

29. Any point on 2 : = 0. 

30. k(ax + hy + g)+ink(hx + by+f) + (gx+fy + c) = 0; 

(aa; + 62 / + gr) + m(6a7 + 62 /+/) = 0. 

31. (1, 0, 0), (0, 1, 0), (0, 0, 1); conic is degenerate. 
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EXERCISE 12d 

1. XVo+ rV6 = l/c. 2. x^ja+y^jb = z^jc. 

3. 4Xr=l. 4. x^ + 2yz = 0. 

5. c2X2 + 2(2tid-6c)Xr+62y2-2acX-2a6Y+a’“ = 0. 

6. a*X2-6®r2=i. 7. 4A;2Xr=l. 

8. Jtc(X‘ + r^) - (/X - fif F)2 - 2kZ{gK +fY) + = 0. 

9. 8X2-4XY+5r2-24X+6F+9 = 0. 

10. 19X‘‘ + 27F2-2^;i“-2F^-2ZX+14XF = 0. 11. x^+y^ = k^. 

12. (Sx — ^ — 2)“ = 0; conic is dogenerato. 13. (X— F)* = 0. 

14. {(m-m')X-(l-V)Y+(l'm'-Vm)}^ = 0. 15. 0 = 0. 

16. 2/ + 2 = 0 joins the points (3X + 2F — 1) (X — 2F + 1) = 0. 

17. The pole of [p/c,/ /c] has no equation and lines through ( GjG , FjC) 

have no polos. 


EXERCISE 12 E 

I. [3. 0], W]. 2. [H, - 8, 21 [0, 3, 2]. 

3. PXXi + QFFi = l. 4. X/Xi+F/Fi = 2^/.Zi. 

5. (-1,0). 6. (16, 3, -7). 7. 8. 1,2. 

9. (X+1)(11X+12F-13) = 0. 

10. (aX+2aF+I)(a.X-2aF+l) = 0. 

11. (0, c, b), (c, 0, a), (6, a, 0). 

12. 2aFFi = X+Xi;2aFFi = XZi + XXi. 

13. X = 1. 14. X-7F+82 = 0. 

15. ffX + PF+OX = 0. 16. [2,-11. 

17. {F(FL-GM-HN), G{GM -HN - FL), H[HN - FL- GM)). 

18. 2(XiX2+ Fi Fa) = Fi.Za+ F^X,. 

19. 2^91^2+7x72 = 2rir2. 20. (0, 0). 

21. (1, 1,-1). 22.(1,-!). 23. (6, a, 0). 

24. ( — c/a, —6/a). 25. x^ja+y^jb = Ijo. 26. ky^ = 2zx. 

27. (» - a*)* + (y - 62)* = r»2*. 28. + 12a:y + 2y2 + IO9: + 8y + 3 = 0. 

29. The meet PiPa. 30. c(X“+ F®) — 27X — 2/F+a + 6 = 0. 

31. -S^ij = ^i*;a + 5 = 0. 32. (bX^ + aF^) V = (XFi- FXJ*. 

34. x^:y^: 1 = bc(b—d):ad(c — a) :ab{bc—ad); 
on ac(6 + d)a:“ + 6d(o+a)y® = 6c+od. 
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EXERCISE 12f 

[The answers to Nos. 1-4 are not unique] 

1 . X’.yiX = \ + 

2. x;y:l = l — 

3. x:y:l = 4-5t:4t-Bt^:l + 2t + 3t’‘. 

4 . x:y:l = 6<®-17«-12: - 16t*- 10f+2:6«* + 4«+2. 

5 . (x-y)^ = 25(y-4). 6 . (2x-y)(2y-x) = 9. 

7. 202a:* - IZBayy + 19?/* - 40a: + 6y + 7 = 0; 

3X* + 20XY + 24F*+10X + 40y-17 = 0. 

8 . 102a:* — ^9xy + 12?/* + 90za: — 3\yz + 202* = 0; 
X*-20Xr-60r*-20X2-48F.Z + 4.Z* = 0. 

9. [2, 16, - 10]. 

11. a:(ii —• ^ 2 — 3) + 2/(3 ^i^2 — — 6) = ^1^2 ^2”^* 

12. [4u — ^v+6w, — 7?^+ 12«— 11??;, 6?t— 11?:+ lOu:]. 

13 . (1, 1, -1). 14 . (1, 1, -1). 

15 . [1, -1, 1], [-1, 2, 2]. 16 .. V2. 

17. (if, -i^);(»-6y-l)(9a: + 4?/-3) = 0; 

parallel to 41a?* + 58a?2/ — 41?/* = 0. 

18. ( — I , i) i parallel to a?* — 12xy — ?/* = 0. 

19. f = — 4; 12a? + 4?/ = 7. 

20. The point (%, Og, a^) or ^3) ar (c^, Cg, Cg). 

22. (dy 4- 2ef )* = 4(aa? + cy + e*) (6a? H-/*). 

23. 2/^ = 4a:®, X® = -27F2. 24. Four points ( ± 1, ± 1). 

25. y^ = 4aa?2, aF^ = 4X2. 26. (a;/2a)l + (2//26)l = 1. 

27. (a:-2/+l)^ = 4rr, XF + X4-F=0. 

28. a;* + 2/^ = 1. 29. 2W + y^ = 27a;*. 

30. Touches four lines [ ± 1, ±1]. 

EXERCISE 13 a 

1. oo? — 62/4-6* = 0. 2. {x -- y a) (x — 2y + ^a) 

3. <7* = a* 4- 6a/ 4-/*. 4. 2y^ = kx. 

5. 4“ ^2 constant. 

7. 4- 2 F^i 4 - 1 la = 0. 

9. ±i7r. 
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EXERCISE 13 b 

1. a;±2/ + a = 0. 3. 4acosec2a. 

4. (7x-y)^ = 276x + 32y-506. 

5. (a; + 2i/)2 = 56a;+122/-~184. 

6. (4a; — 32/)^+ 148a; + 1641/ — 964 = 0. 

13. r = a( 1 H- cos 6) with pole S and initial line SA . 

14. rcosd = a cos 20 with pole at (—a, 0). 

EXERCISE 13c 

1. 1 1/2 — 4aa; |/4a. 4. 6, — 26cosa>. 

6 . (4aa; — 1/2) (4a2-f _ ^2/2 i/2 = 46a; — A;2 (axes of 1 3*75). 

EXERCISE 13d 

1. 3a; — 1/ = 33. 

2. (6-2i/i)a;-a2/ = (6-2i/i)a;i-ai/i. 

3. a; + i/ = 2a. 5. A;m(2H2 + m2) + Z2n = 0. 

6. (i) 1/ — 3a; + 33a = 0; 

(ii) i/ + 3a; = 33a, 2i/-f ( - 3 ± V5)ii; = 2a{- 12 ± 5y/5), 

7. (a(2 + ^i2^^^^^^^^2j^ — a^j/a(^i + ^2))* 

9. 2a cosec 0, 4a sec2 0 cosec 0, 10. y\x + 2a) + 4a2 = 0. 

11. 1/^ — 2ay^x + 4a2i/2 + 8a^ = 0. 

12. 1/2 = 16a(a; — 2a ± 4a). 19. 2.r + ^2/ + 4a = 0. 

EXERCISE 13e 

1. a; = 0, 1/ = 0, 3. 2. i/ = 0, a; = — 2, 5. 

3. 1/ = 2, a; = 1, 4. 4. a; = — a, 26i/ = a2 — c, 2 | 6 |. 

5. (-l,0),a; = -2. 6. (0, - 1), i/ = 3. 

7. ( — 6/a + a/4, 0), a; = —6/a — a/4. 

8. (a — 62/c+ l/4c, — 6/c), a; = a — 62/c— l/4c. 

9. a; + 2/ = 0, (0, 0). 10. a;-2i/+ 1 = 0, ( -J, f). 

11. a; + 2i/-8 = 0, (4, 2). 12. 6a;+ 12i/ + i = 0, ( -2^, 1). 

13. 7a;-i/-19 = 0, (3, 2). 14. 7a;- 24i/+ 1 = 0, ( -^, #2^5). 
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15. X = (u^/g) sin a cos a; ({u^fg) sin a cos a, (u^l2g) sin^ a) ; 

{2u^lg) cos^ a, 

16. gra;2 r= — 2yu^ cos^ a. 

19. x(} —ti)/a + ytjb = — 20. 13a. 

21 . gro; -- 2btiy ga — 2bt^f— bgt^^; 46x = 4a6 - g^. 

22 . xiyxl = — 2acc? — ba^ : da^ — 2abc — dc^ : 46^ + 4d2. 

23. r sin^ d = 4a cos d; r cos d = a sin^ 0, 

24. Parabola with focus the pole. 

25. See No. 24: 2ar = /^^(l + cosd). 

EXERCISE 13 F 

1. acosec'^d, asec^d, 2a cosec d, 4a sec® d cosoc d. 

3. Parabola with focus at centre of given circle. 

11. 2a; f 15 = ±2/V5. 12. 2a;+ 3595 = ± (2/+ 171) V221. 

16. 6a;-4a2/-f 16a® = 0. 19. 1 + (^o + ^i) (^0 + ^2) = 6. 

20. (^2 ^3) ( ^ “J" ^1^) • (^3 ~ ^1) ( 1 "f ^2^) • (h ^2) ( 1 + ^3^)* 

EXERCISE 14a 

1 . 12a?-- 72/ = 85. 2. a? = 0, 2/ = ““l- 

3. a?-f 32/ = ± v^4*l. 4. 3a? — 562/ = 3. 

5. 6®ca? — d^dy = 6®c® + a®d® — a®6®. 

6. x = —ka^, 7. 3a? -f- 42/ + 5 = 0. 

8. 6®i5a;-f-a®m2/ = 0. 

9. 249a?2 + SOOxy -f SOy^ - Oa; -|- lOOi/ - 259 = 0. 

10. 16a;2+12x2/-592/®~76a; + 942/ + 29 = 0. 

11- (—3^. A)- 12 . ip-r^p.O). 13. (-15, -12). 

14. (a<‘u, b’‘v, 0). 15. (Z- 1) (IIX- 12r+ 13) = 0. 

16. a^b\mX -IY)^= (aH’^ + b^m^) ZK 

18. ( — aHnKbhn^ + a®/®), — b^mnl(b^m^ + a®^®)) . 

19. n^(x^la^'\-y^lb^) = (i5a? + m2/)®. 

20. a?®4'2/^ — 6a? — 42/+ 11 = 0 . 21. ^(a®sin®^ + 6®cos®^). 

23. 9a® + 3662 = 4. 24. (-^aH/n, -b^mln), 

26. Perpendicular tangents from (a?, y); no tangents from (a?, y), 

27. ^1^2 = “I* (<i + ^2)/(l "”^1^2) constant. 
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29. 6^(1 — — ^ 3 ^ 4 ) “^“^ 2 ) (^3 “^”^ 4 ) — 

30. (a(l~VV)/{(l+^i")(l+« 2 % h{h + h){l + hh)m-^h^)(l-^hm- 

31. <^>i—<f>2 = (2^^+l)^, 62cos^iCos^2 + ®^sin95isin^2 = 

32. (f>i+(f >2 is constant. 33. 4kx^y^ = b^x^ + a^y^. 

35. {x/a) cos ^(ff + (y/b) sin = cos 

— (x/a) sin i<f> + (ylb) cos = sin 
(a, fetanj^^), ( — r/, 6coti55). 

40. x.^l{a\b^- + (P)} 4- }fl{b\P + c*)} = l/(62c2 + a^rfz). 

EXERCISE 14 b 

1. 2^3 in. 2. 4 in. 3. f. 

4. (±4.^2, 0); x= ±1^2; 1^2. 

5. (0, ±2V10); ,(/ = ±fS-Vi 0 ; I-a/io. 

6. ( 2 , - 1), (-|, -|); a: + 2/ = 3, .v+i/ = -5; 

7. (0, 0), ( — fpcosa, — Jpsina); 

rcosa + ysina = a:coaa + ,i/sina = —gp; }. 

8. ’V2,V3- 9. ^21,1. 10. iV2. ava- 
il. JV77,|. 12. ±.i!V7±%=16- 

13. l + = + 6(1 15. ll(l -e^), 11^(1 -e^). 

27. x2 + ;(y2 = 2ax + b‘^; = 2a:, 2a;-f 1 = 0. 

EXERCISE 14 c; 

1. bKv-\-aHy = 0; parallels to b^x-\-a^sy = 0. 

2. bl^l^ + anij^tn^ = 0. 6. hV + arn^ = 2abit^. 

8. n{mx — ly) + {a^ — b^)lm — 0. 13. {a^x’‘ + b^y^)^ = {a*x^ + b*y'^)-. 

16. aj^cf* + y^jb^ — ± exja. 

17. (a® + 6“) {x^la^ + y^jb^Y = b^x^ja^ + ai^y^jb^, 

21. Find G by mid-point loci of 14-71, and use 14-81. 

22. - 25 Ai-^ 2 . 23. -W. 24. -SjS. 

EXERCISE 14x) 

11 . a^x^l(2a^-b^Y + y^lb^ = h 

14. {x^/a’‘ + 2/2/62)* (a«/a:2 -f 6Vy2) = (a* - 62)*. 

20. 26; 3a262V3/V(a2-|-62)s. 23. x:y.a^ + b^ =/■. -g-.a^-b^. 
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EXERCISE 14e 

1. 4a:* + 92/® — 64a; +64^ + 30 1 = 0. 

2. 16ic2 + 4a;2/+19y2_34ii;-23i/ + 4 = 0. 3. 

4. 2x + y = 7, 2^5, x^ + y^ — 6x — 2y + 5 = 0, 

5 and 6. (a;+ 11)>^3 = ± Sy, Sx— 11 = ± 4^y. 

7. (x^ + 2/^)2 = k^(x^/a^ + 2/2/62). 

8. 2ab^x{x^ + y^) = k^{b^x^ + a^y^). 10. Circle. 

20. (xcos(ff-\-ysin<f>)^/ai^ + {x8m(^ — ycos(f>)^/bj^— 1. 

23. — a;2/(a2 tan 7 + 6^ cot 7)4-622/2 

= (a2 — 62)2 (a 2 sin 27 — 62cos2 7 ) 2 /(a 2 sin 27 + 62cos27)2. 

25. x^l{pc)^ + y^l(qd)^ = r^, where 

p:q:r = b^c^ — aM.^ — a^b ^ : — 62c2 — a^b^ : 62c2 + — a^b^, 

EXERCISE 16a 

1. 2£r+122/=l. 2. xla=:±ylb. 3. z = 0, 

4. a2X = A;62F. 5. z = 0, 6. 5x-2y-S = 0, 

7. (2x-y){5x-2y-Sz) = 0, 8. = b^Y^. 

9. {x — a) {(62 4- A;2) a? — 2aky — (62 — A;2) a} = 0. 

10. l/a2 — 1 /62; no such diameters exist if 62 < a^, 

11. (1 -«i 2)(1__^^2)>0. 12. «i«2=l. 

13. (^1 4- ^2)/( 1 + ^2) constant. 

14. cb^i^i 4" ^2) (^3 ^4) "h ^ ^1^2) ( 1 ^3^4) ~ 9. 

15. a; : 2/ : 1 = a( 1 » ^i2^^2) . 5(^5^ 4- ^a) (1 “ ^1^2) ^ ( 1 “ ( 1 ~ ^2")- 

16. a;2 4-2/2 = a2__/,2 

17. (l-4-^i«2)^«/a + (l-^iy2//& = «i + «2; (l + «i")ic/a + (l-«i")2//^ = 2^1 

a(l-«i2)a;~6(l4-«i^)2/ = (a^+,62) (1 -«i^)/(2«i). 

18. (Za 4- nib) 4- 2nt 4- (la — m6) = 0. 

19. (u 4- w) xja + (u — w) yjb 4- 2?; = 0. 

20 . xiyil = a(ZiZ2+ 1 ) -^(^1^2“" 1 ) ^^1 + ^2* 

21. xiyil —a(u-hw):b(u—w):2v. 

22. (a;/a) ch a — (2//6)sha = 1. 

23. (xja) cos 4(^1 - ^2) - (y!^) i(^i + ^2) = cos + ^2) y 

(xja) = (2//6)sin^ 4-cos^. 

24. 7*2 = a2 QQg 2^. 


25 . a;2^2 _ ^21^2 _ 52^2^ 
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EXERCISE 15b 

7. Except when APB = RP + PC7. 8. Half a h 5 ^erbola. 

12. ( i -^5, 0), a? = + *5 ^/5, ^<^5. 13. ( ± -^13, 0), x = 

14. ( + 13, 0), a; = ± 1*. 15. (1 ± V2, -2), a: = 1 ±^V2. V2- 

16. 3. 4V7- 17. 2V2.V2. 18. 2f, JVl3- 

19. i iV5- 20. a“6V{«” + «>*)• 

21 . “(ai^ - 2 / 2 )» + 4o2a: V = 0- 22. a«/a:* - 6*/?/* = (o^ + 6^)2. 

23. a:*/(a“ + 6“)-2/V6“ = 1. 24. {(a + %b^la)ch^, -bah^)). 

EXKRCISE 15 c 

1 and 2. xja^yjb = 0. 3. (x — a)(bx—ay) = 0. 

4. (x + ^y)(x~iy) -0. 5. (2a: + 2/)(2a;-2/) = 0. 

6. (a:— 2 /+ 11) (a; + 2 /+ 1) = 0. 7. (a: + ^ — 3) (a: — i/— 1) = 0. 

8. (7a:-2/-6)(a! + 7y-8) = 625. 

9. a:*-42/'“ = ± 11; iV5, ^5. 10. 1 / 61 ^+ l/ej» = 1. 


EXERCISE 15 D 

2. (ash^, 6ch^), (— ash^, — 6ch^). 9. Aa^ — Bb^. 


EXERCISE 15e 

3. «ii‘+<a“ = 0. 4. A = 0. 

5. a!{6*a;i - (2 - e®) yj - 2/{eVi - (2 - e“) a^i) == 6»(a;ii‘ - 

6. (x-2){y-3) = 0. 7. (4x+l)(3y-2) = 0. 

8. (2a: -3) (22/- 3) = 0. 9. (cx+d){cy-a) = 0. 

10. x + y±2kle. 14. A similar hyperbola. 

16. 2axy + {b — af)xi-{c — ae)y — (be + cf) = 0. 

21. abc<0. 

36. + i/) (a; — my) = A;2( 1 — m^) (1 + m^)^. 

40. (Pl/(l+P4).W(l+P4))- 


RIAG 
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EXERCISE 16 a 

1. 441»3/ = 11(4* + 6j/ — 20) (3a!+ 21/+ 6). 

2. 3a:* + 12a^ + 8i/2 + 6a:-8i/-24 = 0. 

3. (2a: + 3j/)* = 72a: + 93i/ - 230, (2a:-3i/)* = 24a:+69i/-182. 

4. 1/2 = 4a! + 2i/+ll, (a:-2i/)(a:-2i/ + 8) = 0. 

5. (a:-l)(i/+l) = 0. 6. 6(a;2-i/«) = 3. 

7. lla:2-26a;i/+lli/2 = 0, {x+y)^ = 47, (a:-2/)2 = 3. 

8. {{a + 2h + b)t^-l}(x^ + y^-r^) =rHax^ + 2hxy + by^-l). 

9 . 4aj2 — = 4aaj. 

10. {a: + (l±V2)2/}® = 7±3V2. 

11. 4a:2-4i/2-aa: + 2a2 = 0. 12. (a; + 2)(i/+2) = 0. 

14. 12a:2 + 13xy + 4y* = 64. 

15. x^la^+y^/b^—'i- = A:a:i/; degenerate parabolas if fc = ± 2/ab. 

17. r=l+X + X2. 18. 62X2 + (c2-o2) F2 = 62c2. 

19. X2-3rX + 2^X = 0. 

20. (a2 + 62)X» = 1, (a2 + 62)r2 = 1. 

21. (X±y)2=l. 22. 2|. 

23. x2+6xr+r2+2x-2r = 0. 

24. (Xi* + + 62 ; only X2 + F2 = 0. 

EXERCISE 16b 

1. (xja + ylb-l) (a:/a+j//c+ 1) = kxy, o* = 6c; 

a:2+2/2 + (c— 6)i/ — 6c = 0. 

2. X*-l = A:(F2-1); a:2/A + i/2/(l-A) = 1. 

3. (om* + 6Z2) 1/2 + 2afa: - U2 - a = 0, (aw2 + 612) _ 261a: - + 6 = 0. 

4. 8fcXF+X+F = 0. 

7. (i) (y2 - 4aa:) = (a: - li/ + al2) {p(a: - ol2) + q(y — 2ol)}, 

(aY^-X) = (oX-2alF+l2){p(oX-<2) + g(aF-l)}; 

(ii) {y^ — 4ax) = p{x—ty+at*)^, (aY^ — X) = g(aX— 2olF + <2)2. 

9. t»(a:2 + i/2)_)!;(3t4+i)a;_fc«2(<2 + 3)y + 31:2«(««+l) = 0. 

10. a:2 - 2txy - 1/* + 2a(3t2 + 2) a: - 2ol®i/ + = 0. 

11. 21a:*+19a:i/-21i/2+19a: + 732/-71 = 0. 

14. Touches at B, meets at A and A'; Kb*l{Kb^ — 2). 
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15. Double contact along x~a\ hyperbola, centre O. 

16. Focus O, directrix oj cos a + 2 / sin a = a, eccentricity /c. 

17. Double contact with + 2kx = 0 along 

18. Four-point contact with xy = at (kt, kjt), 

19. A diameter and an as 3 nnptote in common with xy = k^, 

20. Not meeting xy = k^; asymptote a; = 0. 

21. Four-line contact with = X on [1/a, 1/a]. 

22. Circle of curvature at vertex of aF^ = X. 

23. Double contact with ellipse along minor axis. 

24. Double contact with ellipse along x + y = 0, 


EXERCISE 16 c 

8. (a — 6 cos (jj) /a^b. 

9. (x/a -f yjb — 1) {x/a' + yjb' — 1) = kxy; if aa' = bb\ 


EXERCISE 16d 

1 . ax^ -f- 2hkx + bky = 0. 2. _ 40y4 = 0. 

3. x^ + y^ + Zx + Zy ^ 0, 4. x'^-^y^ — x — ^y^ 0. 

6. 20:^2 + 202/2+ 1 3a; -f 342/- 11 = 0. 

8. {a + \f, y), (f/-|a, 0), (/-6a, -\g). 

20. Plano collinear with a = 0, = 0. 

21 . Sphere through common circle of cr = 0, cr' = 0. 

22. Sphere through common circle of cr = 0, a = 0. 

23. Sphere concentric with <t = 0. 

24. Conicoid through common curve of 5 = 0, s' = 0. 

25. Conicoid meeting s = 0 in two conics (double contact). 

26. Conicoid having ring contact with s = 0. 

27. Two planes collinear with a = 0, /? = 0. 

28. Two conicoids through common curve of s = 0, s' = 0. 


26-2 
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EXERCISE 16 e 

2 . (ax-¥hy — ah)(hx-\-ay) = kxyi 2{x^-y^) = hx-^-ay, 

5. (3, 1), (~21, 25). 

6 . 62 a ;2 + 622/2 — Sa ;— 172/+ 1 = 0 . 

8. (bx + ay — ah)^ cos w + (a^ + 6^ — 2a6 cos o)) xy = 0. 

9 . {plr,0), (0,plq). 

10 . Conic touching joins of (a, 0, 1 ) (0, b, 1 ) to (0, 0, 1) and (c, d,sl); 

centre of conic; join of mid-points of diagonals. 

11. Circle touching y^ = 4aa; at (at^, 2at); A = — 

12. Product of perpendiculars from Pg to [X, F, is constant; 

conic with foci at the given points. 


MISCELLANEOUS EXERCISE B 
1 . (2a; — a) (c — d) = (2y — c) (a — b), 

7. (fa, ±\a^Z)\ xy^ = a^. 

8. Parabola touching the hues. 

1 1 . Parabola touching the axes. 

12. When AA' = 1, QR is paraUel to OF. 

18. Hyperbola with focus at the foot of tho perpendicular from A to 
BC. 

20. xy{ak + 6/fc — hk)^ = ab{kx + hy — hk)^, 

21. bt^tz^d. 22. n = 2m. 

23. 2 |/ifl^2— + 

24. a;Va2+2/2/462= 1. 26. (2a, ± 2aV2), (0, 0). 

28. %x^ — 2o^yA^a^yi’=^0, 

29. {b{c - a) + dc(b — a)} a; = {(c — a) + d(b - a)) y. 

30. 4; 6. 32. ^2; ^10. 37. 2a. 

40. 4Mb(hx^ A ay^) = (a — 6)^. 

41. (i) Parallel Lines, one through (a, 6), Za; + m 2 /+l = 0 midway 

between them; (ii) Circle, centre (a, b) touching Za; + m2/ + 1 = 0; 
(iii) Parabola, focus (a, 6), directrix Za? + m 2 / + 1 = 0. 

43. Circle, centre B, 

49. 4(aX+l)3 + 27a2F2 = 0; 4aX-.8aF+5 = 0. 

50. The diagonals. 51. (r^j2)l^{r'^ + c^). 
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52. 92/^ = 4a(a; — 8a). 53. bl(2a^), 

54. a + b = Of parabola ualess — — 1/a; Fr^gier’s point if = 1/6; 
there is only one chord if = l/a+ 1/6. 

56. (al + a'm) {a\x — c) — a{y — c')} = J(6Z + b'm) (ab' — a'b), 

57. {ac{b — d)l(bc — ad), bd{c — a)l{bc — ad)), 

58. Gg: Line and point, point and line. Ggt Three lines, three points. 

59. tan~i ~ 4aa)}/(a + a)]; (y^ — 4:ax) cos^y = (a; + a)^ sin^y. 

60. '(14±16V3, 27±20V3); 3x + 4y= 150±^^-^3, 

63. The origin. 

64. (6a7+a2/) (^+ 1) = 2(6c4-ad) + a6(A;— 1). 

65. Surface of revolution. 

71. 2[Xiyi{x{y2-y3)-y{x2-X3) + (x2y3-X3yi)}] = 0. 

72. r = c + ccos^. 

73. (i) Chords pass through (^, 0) ; (ii) there is only one chord ; (iii) there 

arc no chords. 

76. 2x(x^ + y^) = k^(ax^ + by^) ; 2x = k^b, 

77. x + yix-y + zix + ^y-hz; (x-y + z)^ = (x-hy) (x-h2y + z), 

(X^Y + Z)^ + 12{X-Z)(X-^Y^2Z) = 0 ; 

[1, -3, 2]; (-17, 5, 25). 

78. A line through the meet of the given lines. 

81 . Two conics with foci at the centres. 

83. A parabola. 

84. Ordinary branch and cusp ; Zg ^3 + h h + ^2 + = 0. 

85. ax^ + 2hxy + by^ - 2x(ax^ + hy^) + 2y(hx^ + 62/1) • 

88. ax^-^-'^hxy — by^ = (6 — a)/(6 + a). 

94. k > 2a, max k^ and min 4a(A; — a) ; ifc ^ 2a, min k’^. 


MISCELLANEOUS EXERCISE D 
1. aj(2/2 + a2) = 2a3. 2. (|a, ±\a^j3), 3. xy^ = a^, 

4. x:y,\=a-\-bt^iat + bt^il+t^* 

5. {x^ + y^-2k{x-{-y) + 2k'^}{x + y-2k)-\‘2kxy = 0. 

6. (£ c 2 + y^Y - - y^) + = 0. 

8. r2 = 2a2cos20. 9. x:y ik — tit^ + 

10 . = 0 = Z 2 ^Z 2 ^ 3 ^ 4 ““ Ij — 1> Zj^ ^2 Z3 ^2 "h = 0. 
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12. Six. 15. x(x^ + y^) ^ 2ay^, 17. The directrix 

19. x(t^ + 30 — 2y = 2at^; — 20. ( — a, 0, 1), ( — 2a, ± ai, 3). 

24. "i" ~ 0; — 

25. (lt + t^)x — ^y = 2ai®; 24c'^y\2a — x) — 343a;®. 

26. q, 

27. X — (a — 6) cos i + 6 cos (a 6) 06, y = (a — 6) sin ^ — 6 sin (a — 6)06. 
30. a? = acos®0 ^?/ = «sin®^. 

40. The origin and (4aA®(4a® — A®)/(4a® + A®)®, 16a®A®/(4a® + A®)®); 
two intersections at I and at J and three at 0. 

42. A;^® — 3i® — 3A;< 4- 1 = 0. 43. x = \a, 

48, Four-cusped epicycloid; three-cusped epicycloid; four-cusped 
hypocycloid; three-cusped hypocycloid; four-cusped hypo- 
cycloid. 
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Adams’ Theorem, 285, 315 (No. 15) 

amount, 6 

angle, 47, 98 

angle-bisectors, 52, 70 

Apollonius, 102, 297 

areijp, 14, 125 

areal coordinates, 18 

astroid, 368 (No. 49) 

asymptote, 128, 313, 318 

auxiliary circle, 125 

axes, 4, 20 

axioms, 207 

axis of conic, 119, 126, 128 
axis of projection, 179 

Bary centric, 3, 19 
bilinear, 193 
bipolar, 13, 25 
bisector, 52, 70 
Brianchon, 350 (No. 10) 

Oardioid, 366 (Nos. 35-47) 
cartesian, 4, 24 
Cassini’s Ovals, 364 (No. 7) 
central conic, 168 
centre, 126, 128, 226, 228, 239 
centroid, 9, 10 
change of axes, 36, 183 
chord, 223, 227 

chord 120, 130, 249, 272, 306, 
318 

chord of contact, 221, 226 
circle, equation of, 90-92, 165, 169 
circular points, 169 
cissoid, 365 (Nos. 14-25) 
class m, 152 
coaxal circles, 100, 171 
coincidence, 142, 171 
collinearity, 14, 133, 135 
(jommon cartesian geometry, 158 
common lines of envelopes, 83, 153, 
171 

common points of loci, 78, 151, 171 
complex geometry, 160, 168 
conchoid, 107 
concurrence, 46 
concyclic points, 294, 340 
conic, 65, 148, 159, 164, 168, 238 
conic section, 184, 280, 309 
conical projection, 179 


conjugate axis, 128 
conjugate diameters, 290, 315 
conjugate hyperbola, 316 
conjugate lines, 234 
conjugate points, 227 
contact, 65, 233, 237 
contact, double, etc., 333-337 
conventions, xiii, 142, 171 
coordinate, 1, 21, 62 
coordinates, areal, 18 
bary centric, 3, 19 
bipolar, 13 
cartesian, 4, 20 
cylindrical, 21 
homogeneous, 16, 163, 168 
polar, 12 
ratio, 3 

spherical polar, 21 
cross-ratio, 187, 193, 195, 197 
cubic curve, 28, 133-139, 361 
cubical parabola, 361 (No. 1) 
curve, 26, 41, 65, 141 
cusp, 133, 135, 139, 145, 173 
cylindrical coordinates, 21 

Degeneracy, 66, 75, 169, 333, 336 
degree of freedom, 26 
Desargucs, 210 
Descartes, 4 
determinant, xiii 
diameter, 228, 257, 289, 315 
director circle, 287, 311 
tlirectrix, 121, 265, 282, 310 
distance, 1, 7, 13, 50, 159, 161, 164 
double contact, 333, 348 
double generation of conic, 238 
double point, 133-139, 144, 161, 173 
duaUty, 61, 64, 153, 208, 336 

Eccentric angle, 125, 274, 341 
eccentricity, 281, 310 
ecentre, 10 
ellipse, 124, 165, 271 

geometrical properties, 126, 279 
envelope, 64, 247 
envelope coordinates, 59, 165 
epicycloid, 366 (No. 26) 
equal roots, 142 
equation of line, 43, 54-59 
equation of locus, 28, 40, 159, 164 
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Factorisation of s, 8, 74, 169 

focal chord, 264 

focal distance, 283 

focus, 121, 281, 310 

Folium of Descartes, 358 (No. 70) 

form of equation, 325, 344 

freedom, 26 

Freeth’s nephroid, 363 (No. 91) 
Fregier’s point, 149, 267, 300, 325 

Gi to G7, 158-177 
general equation, 141, 148, 217 
generalisation, 166, 170 
gradient, 43 
graph, 24, 361 

Harmonic condition, 202 
harmonic construction, 207, 209 
harmonic property, 204 
harmonic section, 201 
homogeneous coordinates, 16, 163, 165, 
168 

homogeneous parameter, 192 
hyperbola, 127, 129, 166, 305 
geometrical properties, 128, 308 
hypocycloid, 366 (No. 27) 

I and J, 169 
incentre, 10, 52 
inflexion, 135, 172 
in general, xiv 
initial line, 12 
intercept form, 54 
internal and external, 220 
intersection, curves, 78, 151, 171 
lino and curve, 171, 249, 272, 306, 
318 

lines, 45, 170 
inverse, 105 

isolated point, 145, 161, 173 
isotropic line, 161, 168 

Joachimsthal, 218, 225, 231 
join of 0 to intersections, 81 
join of point to meet of lines, 79 
join of points, 67, 61 

1 C 2 : #ci, 2, 8, 218, 225 

Latus rectum, 262, 283, 310 
lemniscate, 364 (No. 8) 
length of perpendicular, 50 
lima9on, 367 (No. 47) 
limiting point, 101 
line, xiii, 28, 41, 43, 159, 164, 168 
coordinates of, 59, 166 


line at infinity, 164, 168 
line-pair, 66, 68, 73 
lines through 0, 76 
locus, 29-34, 40, 159, 164, 168 

Magnitude, 6 

major and minor axes, 126 
meet, 61, and see intersection 
metrical geometry, 184 
multiple point, 146 

Neighbourhood, 142 
nephroid, 367 (No. 48) 
net, 346 

Newton, 28, 292, 361 
normal, 121, 249, 260, 273, 297, 306, 
319 

normals, concurrent, 260, 297, 313 
(Nos. 28-31) 
notation, xiii, 219, 232 
numbers of geometries, 158, 176 

Oblique axes, xiii, 4, 20, 38, 258, 292, 
316, 348 

order n, 141, 160, 182 
ordinary point, 144 
origin, 1, 4, 20 

orthocentre, 71, 255, 320, 328 
orthogonal curves, 98, 102 
orthogonal projection, 123, 183 
Ovals of Cassini, 364 (No. 7) 

Pair of tangents, 221, 226 
parabola, 119, 165, 249, 263, 348 
geometrical properties, 121, 251 
parallel, 46, 159, 164, 168 
parameter, 27, 191 

parametric equations, 27, 41, 90, 119, 
124, 127, 130, 138, 243, 246, 265, 
271, 305 

Pascal, 347, 367 (No. 47) 
pedal, 108, 252, 283 

envelope property, 253, 284, 311 
equation, 253, 284, 291, 311 
pencil, 196, 199, 327 
perpendicular distance, 60 
perpendicularity, 47, 69, 169, 161, 164, 
168 

perspective, 210 
plane, 41 

point, xiii, 43, 62, 159, 161, 164, 
168 

point at infinity, 164, 166, 168 
point-pair, 67, 73, 166 
polar, 213, 221, 226, 229, 239 
polar coordinates, 12 
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polar equation, 55, 104, 267 
polar graphs, 24, 363 
pole, 215, 233, 235, 239, 250, 273, 306, 
319 

pole (origin), 12 

power, 96, 97 

product, scalar, 6 

projection, 179 

projective geometry, 184 

projective property of cross-ratio, 198 

proper representation, 191 

Ptolemy, 107 

Quadrangle, 204, 240 
quadrilateral, 15, 205, 241 
quintic curve, 230 

Radical axis, 99 
radius, 90, 165 
range, 187, 194 
ratio, 2, 8 
ratio -coordinate, 3 
ratio equation, 219, 226 
ray, 196 

real homogeneous geometry, 162 
reciprocal property of polar, 227 
rectangular hyperbola, 130, 168, 313, 
328 

rotation of axes, 37 

5 = 8 = kS', 325, 330 

scalar product, 6 

section of cone, 184, 280, 309 

self-polar triangle, 240 

semi-cubical parabola, 361 (No, 6) 

sign of ax ~\-by+c, 50 

similarity, 107 


simple point, 144 
special curves, 361-368 
spherical polars, 21 
surface, 40 
symmetry, 29 

Tangent, 65, 143 

equation of, 94, 120, 131, 132, 221, 
226, 236, 249, 272, 306, 319 
length of, 97 
tetrahedron, 21 
three-point contact, 333 
transformation, 36, 107, 183 
transverse axis, 128 
triangle, area of, 14, 159 
triangle of reference, 17 
triangles in perspective, 210 
trident, 361 (No. 7) 
trilinear coordinates, 16 
triple point, 145 

Uniqueness of harmonic point, 209 
unit vector, 6, 21 

Vanishing line, 179 
vector, 5, 21 

vertex of conic, 121, 126, 128 
vertex of pencil, 196 
vertex of projection, 179 

Witch of Agnesi, 364 (No. 2) 
wo, xiii 

X and y axes, 4 
z and Z coordinates, 163, 165 
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